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BekTopbl  KOOPAUHATI

BexTOpbl 1 KOODAMHATHEL — 3TO Ba’XHEHIIINE MOHATUA COBPEMEHHOMH
maremaTuku. OHM MCHONB3YIOTCA M B APYTHX HayKax: (DU3HKe, acTpo-
HOMHM, reorpadun. B aroif raase peub mOMAET O TOM, KAK OHM IIpUMe-
HAITCA B IeOMETPHH.

§ 1. Nonsatne BekTopa

1.1. CkanapHble M BeKTOPHbIE BeJIHYHHBEI.
HanpagjieHHBIE OTpPe3KH

MHoOrue BeJMYMHBI IOJHOCTHI XAaPAKTEPU3YIOTCH
CBOMMM YMCJIEHHBIMH 3HAYEHHAMHM: AJIHHA, IJIOILIALD,
o0BéM, Temmeparypa, mMacca, IleHa u T.n. Takwue Be-
JUYAHB] HA3bIBAIOT CKANAPHbLIMW BeNnUYMHaAMMWU
uiy, Kopoue, ckanapamu. Ho ecty u Takue Benu-
UUHBI, KOTOPEIE XapaKTepPU3YIOTCH He TOJLKO CBOMMU
YUCJIEHHBIMM B3HAYEHUAMU, HO M HaIpaBJIeHUEM: CH-
Jia, CKOpPOCTh, nepemelnenue. Hanpumep, Maio 3HATE,
4TO CKOpOCTH aBTOMOOMJIA paBHa 50 KM/4, — HAUO
elllé 3HATh, B KAKOM HAIpPABJIEHHUH JBHIKETCSA ITOT aAB-
ToMmo0usb. Enié npumep: Mel 3HAEM, UTO TYPHCTHI IIe-
pemectuanck Ha 10 kM. Ho kyza? Ha ceeep, Ha 1or,
Ha sanajn, Ha Boctoxk? Hapmo elné 3HaTH HalpaBJIeHUe.
Ero o6bIuHO yKasblBaWOT cTpeskoi (puc. 1).

BenuuuHEBI, KOTOPBLIE XapaKTepPHU3YIOTCA YUCJIEeH-
HBEIMM 3HAYEHHUAMH M HaIPaBIeHHUIMH, Ha3BIBAIOT
BEEKTOPHbBIMWA BenuYMHaMM HIH, KOpoye, BEeK-
Topamun. YucieHHoe 3HAUeHMe BEKTOpPa Ha3bIBAIOT
ero momyJsem (uiau aGcoaroTHOoi BeaumuuHoi). Takoe
OonpenejieHHe BEKTOpPa HaéTcs B Kypce (PU3UKH.

Ilpocrefimunii npuMep BEeKTOPHOH BeIHMUYHHLI
npeacraBisgeT Iepemelnenue. IlepemelneHue xapak-
TepHUayeTcsa pPaccTOSHHEeM H HampaslieHHeM. Ecau Te-
JIO II€PEeMEeCTHJIOCh M3 TOUYKH A B TOUKY B, TO 3TO  Puc. 1
nepeMellleHue €CTECTBEHHO M300pas3UTh OTPE3KOM,
HalpapJIeHHBIM H3 TOUKH A B TO4Ky B (puc. 2, a).

Tax nosBasercsa HanpaBNeHHbIA OTPe30K.
HanpasiesHBIM OTpe3KOM HA3LIBAIOT OTPE30K, Yy KO-
TOPOro yKasaH HOPAJOK KOHIIOB: IEPBBIN KOHEI OT-

[ 8 1. i MNoHaTne sBekTopa 0



pe3Ka CUMTAIOT ero Hauaiom, a BTOpOﬁ — TaK H Ha-

3BIBAIOT KOHUOM.
PucyioT HanpaBJIeHHBIH OTPe30K CO CTPEJIKOH Ha

kouie (puc. 2,6). O6o3HavaOT HalpaBJIeHHBIH OoTpe-

—_—
30K ¢ HauaJoM A u xoHuoMm B rax: AB.
Ilee Touku A m B 3ajaiorT aBa HaIpaBJeHHBIX
—

S
orpesxka: AB u BA. Y1 B To BpeMa Kak oTpe3xu AB
u BA — 210 1Ba pasHBIX HA3BAHUA OJHOIO U TO-

- —_—
ro ke OTpe3Ka, HamnpaBJeHHble oTpe3ku AB u BA
Pa3JIMYHEL. "

loBopsAT, YTO HampaBJieHHble OTpe3ku AB wu

CD napannenbHbl (NepneHAMKYNAPHbI), ec-

M mapajieabHbl (IepHneHAUKYJISAPHBI) npsamMble AB
u CD.
Ins o603HAYEHUA HAPAJJIEIbHOCTH U IlepIeH-

IUKYJIApHOCTA BeKTOpoB AB m CD ynorpebasiorcs

—_— —— e e
oberuasie cumBoJibl: AB||[CD u AB 1.CD (puc. 3).

HanpaBieHHBIEe OTPe3KH B IeOMeTPHH KpPATKO
Ha3bIBAIOT BEKTOpaMM.

ByneM roBopuTrh 0 BeKTOpax, Kak 00 oTpeskax:
éexmop Jaexum Ha OaHHOU npamoil, eexmop nep-
nenduryaapen (MaIu napannenen) aHHOU NPAMOL
U T.I.

BzauMHO neprneHAMKYJApPHbIE BEKTODBl TaKiKe

HA3BIBAIOTCS OPTOrOHAaNbHBLIMUW BEeKTODPaMHU.
Moayns BeKTOpa ﬁ — 3TO AJIHHA oTpe3ka AB:

IEI = |AB|. IloaToMy B reoMeTpuu MOAYJb BEKTO-

pPa Has3bpIBaeTCHA TaK)Xe ANWUHOW BeKTOpa.
Onpepnenenve. KonnuHeapHbIMWU Ha3bIBa-

IOTCA BEKTOPHI, KOTOphie Hapa/IeJbHbI WJIHA JIeXKaT
Ha ONHOU NpaAMO (puc. 4).

G Cnpaeka cnosecuuka. Cy0oBO vector JIATHHCKOE
¥ B IepeBOJie O3HAYAET NnepeHOCuUK (NnepeHocAulull,

Hecywuir). Bektop AB Kak 6Bl IepEeHOCHUT HAYAJO
BeKTOpa TOYKY A B ero Koser, — TO4YKy B.

CrnoBo m0dysb IPOMCXOOUT OT JATHHCKOTO CJIO-
Ba modulus U mepeBOIUTCA KaK Mmepa. Cnosa Mmo-
dynb, moda, modugurayusn (u3meneHue ) — OFHOKO-
PEeHHBIE CJIOBA.

B cioBe woanuneapubulii naTMHCKAs NPUCTABKA
col MMeer 3HaueHHUE C-, CO-, A& JATHHCKHH KOpPEHB
linea osHayaer HNPAMYIO JHHHIO, T. €. 3TO CJIOBO TO-

Puc. 2

Puc. 3

Puc. 4
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BOPHMT O BeKTOpax, udywux émecme ¢ Hexomopoi npsamoii. (O6parure
BHHMaHHUe, 4YTO 3Ta JKe IPHCTABKA B CJOBAX KOJLJIE2US, KONLEKMUS,
KOMLNEeKUUSA.)

CnoBo opmo20HaNbHbLL B TIepeBOJe C TPEYECKOr0 O3HAYAET NPAMO-
Y20NbHDbLIL.

R N Ty R

1. Hem oTnnyaeTcs BEKTOPHaA BENWYMHA OT CKansipHoOn?
2. MNpueeante NpuMepbl BEKTOPHBLIX U CKansapHbIX BEAWYWH.
3. Yo Takoe HanpaeneHHblit 0TPE30k? YeM OH OTnvM4aeTcs OT oTpes3ka?

4. Kakve HanpasieHHble OTpe3ku Ha3biBaloTCA napannenbHbiMU? nepreHauky-
NApHBIMK?

@ CmoTpum

1.1. Jan upamoyroasauk ABCD. HazoBure BEKTODPSHI, 3aJaHHbIE BEPIIH-
HaAMM OpaAMoOyroabHuka. Kakme m3 HuX: a) jgexxaTr Ha npamoun AC;
0) mapajutesbHbl npsmoi CD; B) nepneHguKyJIsipHbl npsamou BC?

1.2. B napannenorpamme ABCD guaroHanu nepecekarmTcs B Touke O.
HasoBuTe BEKTODPHI, 3aJaHHBIE €r0 BEPLIMHAMH M TOYKOH Ilepecede-

—_—
Hua auaroHaneii. Kakme m3 Hux: a) xounnuueapuwsl AB; 0) xKoanu-

HeapHEI A_é ; B) KOJLIMHEaPHBI 56?

1.3. Han kBagpar ABCD. Ha3oBuTe BEKTOpPEHI, 3aJlaHHbIe €I0 BepIINWHA-

MU U [epHeHAUKYJISApHBIE: a) ﬁ; 0) E; B) AL_d

1.4. B paBHOcTOpOHHEM TpeyroapHHUKe ABC mnpoBegeHbl MeguaHel AK
n BM u cpepusas nuaus KM. HazoBuTe KOJJIMHEapHEIE U B3aUMHO
NepreH UKYAIpHEIe BEKTODHI, 3afaHHbIe Toukamu A, B, C, K, M.

1.5. Jar npamoyroabsHbi napannenenunen ABCDA,B,C,D,. Ykaxure
BEKTOpD, 3aJaHHBIA €ro BepIIMHAMH H: a) KOJJIUHEeapHbI# BEKTO-

—_— —
py AD; 6) KoquinHeapHBI BeKTODY AB; B) KOJJIHMHEAPHBIH BEKTO-
—_— —_

py AA,; r) KoqnuHeapHBI# BeKTOpPYy AC; 1) nepneHAMKYJIAPHBIH

—— e
BeKTOPY AD; e) nepneHAUKYJSAPHBIN BeKTOopy BD; X) mapajjelb-
HBIN TIocKocTy BB,C,; 3) NepneHAMKYyIApHBINA miaockoctu CDD,.
1.6. B npaBuibHOM 4YeThIpEXyroJibHO# nupamuge PABCD ¢ ocHOBaHHMEM
ABCD eé G0KOBBIE I'DAHHM SABJIAIOTCA IPABHILHBIMH TPEeyIroJbHHKA-
mu. HazoBuTe B3aMMHO NepHeHAHKYJISADPHBIE BEKTOPHI, 3aJaHHBIE
BepUIMHAMHM nupamugbl. ECTh JIU CpegH 3TUX BEKTOPOB TaKHe, KO-
TOphIe JexaT Ha OOKOBBRIX pébpax nupamuabi?

l_§_1__l MoHaTue BekTopa 7 _'



Pucyem

1.7. HapucyiiTe mpaMyI0 @, & 3aTeM BEKTOD: a) JiesKall[Uil Ha IPAMOH a;
6) mapaJLTebHBIH NPAMOU a; B) NEepHeHAUKYJIAPHBIA NPAMOH 4.

1.8. Hapucyiire Kaxoi-1u00 BEKTOD, & 3aTeM BEKTOP: a) NapaJlesbHbIN

naHHOMY; ©) KOJIJIMHeapHbIX JaHHOMY; B) HepPHeHAMKYJIAPHBIN

JAaHHOMY.

1.2. ConanpaBJeHHOCTh BEKTOPOB

Ci0BO HanpaéJjerue dYalle BCEro CBA3aHO C JABMXKEHUEM: Iellexoja,
kopabsas, camoaéra, moesxa (puc. 5) ¥ T. II

Korga rosopAr, 4ro Kopabau UAYyT B OZHOM HAIpaBJIeHHH, TO UMe-
IOT B BAAY, YTO OHH CJIEAYIOT APYI 3a APYIOM MJIH MAYT IapajiesbHbI-
Mu Kypcamu (puc. 6,a). Ix mepememeHuss u3o6passaTcsa BEKTOPaMH,
UMEIOIMMHA OZWHAKOBEIe HampasieHusa (puc. 6,6). O Takmx BekTOpax
TrOBOPSAT, YTO OHM COHanNpaBfeHbl.

HarnsageaeiM OpegcTaBIEHUAM O COHAIIPABJIEHHBIX BEKTOPAX MOMKHO
JaTh TOYHOE OIIpefiesieHHe. JTO MOXKHO cZejlaTh Io-pasHoMmy. Ilaa Bek-
TOPOB, JIEXKAUIUX HA OAHOIM IIJIOCKOCTH, MBI IIOCTYIIMM TakK.

—_ —_—

Onpenenenune. JIBa BekTopa AB u CD Ha IJIOCKOCTH (a Takike

ayud AB u CD) Ha3bIBAlOTCA COHANPABNEHHbIMM, ecau jayuu AB

n CD nexxaTr B KakKoH-IH00 OZHOH NOJNYIIJIOCKOCTH 3TOH IIJIOCKOCTH
U IepHeHJUKYJAPHBI eé rpaHune (puc. 7).

Puc. 5

a 6

o
y, A C

R [] [
Puc. 6 Puc. 7

8 | Inaeal. | BekTopbl 1 KOOpAMHATLI



.
Ha nnockocrn BekTopel AB u CD (a Takxe Jy-
yu AB u CD) conanpasjensl, ecau ayuu AB u CD C
NepHneHIUKYJIAPHE HEKOTOPOH NpPAMOM H JIeKaT B
C OAHOI CTOPOHEI OT Heé.
W3 aroro ompeneneHus cpasy ke CleayeT, 4To A
coHanpasiernHble 6eKmopvl KOJAJLUHeapHbl, T.e. Ia-
pajIeIbHBl MJIM JIEYKAT HA OJHOM ITPSMOM.

_— —_
fcno, uro eexmopst AB u CD, nexawue Ha 00-
HOIL NpAMOl, cOHANPA8aeHb. mozda u MmoabkKo moez-
da, rKozda odun u3 aywei AB uau CD codepicum
dpyzoit ayw (puc. 8). A napaanenvHvie 8eKMmMOpbL

—

—
AB u CD coHnanpaénenb. mozda u moavko mozoa,
Kozda aywu AB u CD nexcam no o0HYy cmopony om
npamoii AC (puc. 9).

Eciu BEeKTODH KOJIMHeapHBI, HO He COHaIpaB-
JIeHBI, TO MX HA3BIBAIOT MNPOTWBOMOJNIOXHO Ha-
NpaBneHHbIMMU.

— —_—

Ecnu BekTOpH AB u CD coHanpaBJeHbI, TO IIH-
myT ETT (ﬁ)’ Ecin BeKTOpHI E 17§ C_15 IIPOTHUBOTIO- B

_ —_—
JIOXKHO HampasJieHsl, To numyTt AB|{CD.
Yro6Bl yCTAHOBUTH COHAIPABJIEHHOCTH MOBYX D L
BEKTOPOB, MOXKHO (KpoMe oIpelneleHUA COHAIIPAB-
JIEHHOCTH) HUCHOJB30BATH NPU3HAK COHANDPABNEHHOC- A
mu: ABa BEKTOpa, COHAIIpABJeHHbIe ¢ TPETbUM BeK-
TOPOM, COHAIIPABJEHBI. K

JoxrazareasctrBo. Ilycrs BekTOpEl AB 1 CD co- C
HanpasieHbl ¢ BekTopoM KL (puc. 10). HokaxeM, puc. 10

4TO ET? (Tﬁ

Tax Kax ETT E, 1o ayuu AB n KL nexar B
HEKOTOPO# TMOJVIIJIOCKOCTH O, ¥ HepIeHJUKYJSDPHBI
eé rpaHune — npamoi p (puc. 11).

—_— —

Ananornyno nockonsky CD11 KL, 1o ayun CD

u KL je)ar B HEKOTOPOH MOJYIJIOCKOCTH 3 U mep-
NeHAMKYJIAPHBI €€ rpanuie — npamoi ¢. ITockois-
Ky npsAMBIe p U ¢ NEePHeHAUKYIAPHBI npsamoui KL,
TO OHH NapajajenbHBl (Mam cosmagaioT). Cnemosa-
TeJILHO, OJHA U3 IOJYIJIOCKOoCcTel o0 uau B comep:KuT
APYTYIO IOJYIIOCKOCTh (Ha pucyHKe 11 aro momy-
ujaockocTs f). B 9TOM MONYIIIOCKOCTH M JIEXKAT BCe
Tpu nyua AB, CD, KL, n Bce OHH IepPHeHIUKYIAP-

HbI eé rpanune. Uraxk, AB{ICD. m Puc. 11

i §1. i MoHaTue BexkTOpa 9
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IIpuBeaém npuMep U3 NPAKTUKH, WLIIOCTPUPYIOIIMNA 3TOT NIPHU3HAK:
KOorza KomMaszup (aarMaHCKOro Kopabis KOMaHAYyeT OCTAJIBHBIM Kopab-
JIAM CJIeZOoBaTh TeM e KYpCcoM, KOTOPBIM cJjaeiyeT ero Kopabuasb,
TO OH TeM caMbIM ofeclieduBaeT OZMHAKOBBIM Kypc JiIOOBIM ABYM Kopab-
JAM ackanpsl (cM. puc. 6, a).

A OGpaTtumca Temepb K BEKTOpaM B mpocrpaHcTBe. UTo6bl ompe-
JEeJIATH COHANPABJEHHOCT: BEKTOPOB B IPOCTPAHCTBE, NOCTATOYHO 3a-
MEHHUTH B JAHHOM BBILIE ONPeNeeHUH CJIOBO NOAYNAOCKOCMb HA CJIO-
BO noaynpocmpauvcmeo (puc. 12). ITockonbKky rpaHUIed HOJIYIpO-
CTpaHCTBA SABJSETCA IJOCKOCTb, TO B A0KAa3aTeJIbCTBe IPH3HAKA
COHAIIPABJIEHHOCTH peYb MOMAET He O IPAMEIX, & O IJIOCKOCTAX, IIep-
HNeHAUKYINAPHBIX ofHOM mnpamoi KL (puc. 13). IToBropuTe 3TO HOKAa-
3aTeJbCTBO AJIA IIPOCTPAHCTBEHHOrO caydas. V

1. Kakve gBa ny4ya Ha NNIOCKOCTW Ha3bIBAIOTCHA COHANpaBieHHbIMU?

— —
2. Kakue nsa sektopa AB u CD Ha3sblBalOTCA COHanpasneHHbIMWU?
3. Kakve pBa BekTopa Has3biBAOTCHA NPOTUBOMOMIOXHO HanpasneHHbIMWU?
4. B 4&M COCTOUT NPU3HAK COHanNpaBneHHOCTW BEKTOpPOB?
5. Kak onpenenute COHanpaBNeHHOCTb fly4eid N BEKTOPOB B NPOCTPaHCTBE?

T e
..\...A

ELY-YXT]

@ Cmorpum :

1.9. B napannenorpamme ABCD puaroHaju nepecekamrcs B Touke O.

St
Hagzosure BekTOpBHI: a) coHampaBJeHHBIE ¢ BeKTOpoM AB; 6) coHa-
_—
npaBJieHHbBIe ¢ BeKTOpoM AC; B) NPOTHBOIIOJIOMKHO HAIIpaBJIEHHBIE
—_—
BeKTOopy DO.

10 | rnasal. I BekTopbl U KOOPAVUHATBI



1.10. B tpeyroasauke ABC nposepmennl cpennue gunuu KL, LM, MK.

HaszosuTe napsl coHanpaBJEHHBIX ¥ IIPOTHBOIIOJIO0XXHO HAaIpaBJIeH-
HBIX BEKTODOB, 3ajaHHBIX Toukamu A, B, C, K, L, M,

1.11. Tax npamoyroabHbiit napannenenunes ABCDA,B,C,D,. Vkaxure

BEKTOp, 3aJaHHBIA €ro BepIIMHAMM H: a) COHATIDABJIEHHBIH C BEK-
—_— ——
Topom AD; 6) coHanpaBieHHBIH ¢ BeKTOpoM AB; B) nmporusono-

e
JIOKHO HampaBJIEHHBIA BeKTOpY A A,; I') COHalpaBJIEHHBIH C BeK-

TOPOM AC.

Pucyem

1.12. HapucyiiTe kKaKoi-1ub0 BEKTOp, a 3aTeM BEKTOp: &) COHAIIPABJIEH-

HBIA ¢ HApHCOBAHHBIM BeKTOpoM; 0) HanmpaBJIeHHBEIH HIPOTHBOIIO-
JIO’)KHO HapHMCOBAaHHOMY BEKTODY.

O Mpepcraensem

—— —
1.13. Yto MOKHO CcKasaTh O HaIpaBJeHHH BeKTOpoB AB u BA?

WL S

1.14. Touka M nexur Ha npamoir AB. B kakom ciyyae BekTOphl AM

e
u BM comanpasieHbl? A Korjga OHHM HAIIPaBJIEHH HOPOTHBOIIO-
JIOMKHO?

- TF -
1.15. UasecTHO, uT0o allb u bl c. KakoBo B3aNMHOe pacmojioyKeHHe BeK-

— —
TOPOB @ U ¢?

1.3. PaBeHCTBO BEKTOpPOB A

BekTOpBl NOJHOCTBI0 XapPAKTEPH3YIOTCSA IJIMHOH M

HalpaBJIeHHEeM. H03TOMy naguM Taxoe c
Onpepnenenue. J[IBa BeKTOpa HAa3BIBAIOTCA B

PaBHBIMMW, €CIH, BO-IEePBBIX, MX JAJHHBI DaBHEI

M, BO-BTODBIX, OHM COHAmpasyieHBl (puc. 14).
Hrax, E = ﬁ, ecJH: D
1) |AB| = |CD| u 2) AB11CD. Puc. 14

49TO

W3 sToro omnpeneseHus M NPU3HAKA COHAIPABJIEHHOCTH CJEIYeT,
pPaBeHCTBO BEKTOPOB 00JiagaeT OOBIYHEIM CBOMCTBOM:

NEPBbLIA NPU3HAK paéercmea eéexmopos. /IBa BekTOpa, paBHBIE TPETHEMY
BEKTOpPY, paBHBI.

L§1. | MNowsitue sektopa -~ 11



) JDe#ACTBUTEIBHO, €CIH AB =KL u CD = KL, T0, BO-HepBHIX,
|AB| = |KL| u |CD| = |KL|, r.e. |AB| = |CD|. Bo-BTOpBHIX, ETTE
u E’BTTE, T. €. ETTED'.

Tax xax |AB| = |CD| u ETTED: 10 AB=CD. n

—p
Ecau sanaH BekTop AB u nana Hexoropas Touka C, To Haiigérca

—_— —

e/lMHCTBeHHaaA Touxka D, taxkas, 4ro CD = AB, T.e. om 2000iL mouxku
npocmparHcmea MOMNCHO OMJAOH UMb 6EKMOpP, PABHbLIL OAHHOMY, U NpU-
mMoM MmoOJAbKO 00UH.

[0 Yrob6sr mocTpouTh 3Ty TOYKy D, m3 touku C npoBeAéMm JIy4d p,
coHanpaBiIeHHBIH ¢ Jaydyom AB (puc. 15,a). Takoit ayd p Jums
OJlMH.

Teneps Ha aydye p oTkjaxsiBaeM oTpe3ok CD, paBHBIA OTPE3KY
AB (puc. 15,6). Touka D mocrpoena. flcHo, 4TO Takad TOYKA JIHUIIL
ojHa. M

—_— _

Eciu CD = AB u Touka C He JeXXHT Ha IpaMoi AB, TO 4eThIpEX-
yronbHUK ABDC — mnapaJuieynorpaMMm (HaIlOMHHM, YTO 4ZembLpéxy2olib-
HUK, 8 Komopom 08e NpOMuUE0NOJNONCHbLE CMOPOHbL PA6HbLL U NApa-
JenvbHbl, — napaanenozpamm). BepHo u o6paTHOe yTBEPKIEHHE: eCau

yemulpéxyzoaviux ABDC — napannenozpamm, mo CD = AB (puc. 16).

—_— —
HeiicTBUTEILHO, B 3TOM ciydae BeKTopsl CD u AB coHampaBieHBI
¥ UMeIOT DaBHBIE IJIMHEL.
O0BeguHAA 3TH ABA B3aWMHO OOPATHBIX YTBEDPXKIEHHH, IIOJydaeM

BTOPOW NPU3HAK pasencmeéa 6exmopos. Ecam touka C He JIeKHT Ha
—— e

npavoit AB, to CD= AB Torga M TOJBKO TOIJa, KOIIa YeThIPEXYTOJb-

HUK ABDC — mnapajaiejorpaMmm.

Pucynok 16 moackasbsiBaeT HAM emié OLWH MNPU3HAK DAaBEHCTBA
BEKTODOB: Belb TO, UTO UYETBIPEXYroabHUK ABDC — napajuieiorpama,
MOYXHO YCTAHOBUTH, MCIOJb3ysA NPUMEHEHHBIM IPH3HAK IIapaJuieorpam-
Ma, o Jiro6o# M3 ero map IPOTHBOMOJIOMKHEIX cTOPOH. IToaromy

D
a 6 e 2
e P a "
Coe C - — C
@ N Py o B
A B A B
A
Puc. 15 Puc. 16
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Y

Puc. 17

TPETUMA NPUSHAK pasencmea sexmopos. AB = CD Toraa M TOJABLKO TOT-
na, korna AC = BD.

0 9ToT NPU3HAK CIpaBefauB u aasa Touek A, B, C, D, nexamux Ha
ogHOUM mpamoi. Beeném Ha aTOI mpAMO#l KOOPAMHATY X, H IIYCTH YHC-
Jna X, Xg, Xp, Xp — KOOpAMHATHEI 3TuX Touek (puc. 17). Torza ycnosume

-y e
AB = CD o03Hauaer, 4TO BBIIOJHEHO PABEHCTBO
Xp— X4 =2p— %ps (1)
Was pasencrtBa (1) BeITeKaer
Xeg — X4 = Xp — Xp. (2)

—_ _
A pasenctso (2) u osmauaer ans BexkTopoB AC m BD, nemxamux
HA OJHOM NpPAMOM, PABEHCTBO MX NJHH M HUX COHAIPABIEHHOCTb, T.e€.

AC=BD.m

1. Yem onpepensieTcs paBeHCTBO ABYX BEKTOPOB?
2. Kakve BaM WM3BECTHbI NPU3HAKWM paBEHCTBA ABYX BEKTOPOB?

i O

@ CmoTpum

1.16. [lan npsamoyronsHuk ABCD. Cpean BeKTOpPOB, 3aJaHHBIX €ro Bep-
IIMHaAMH, VKa)XUTe DPaBHLIE.

1.17. Mausi: a) otpe3ok AB u ero cepeaguHa O; 6) mapajerorpaMm
ABCD m gBe ero AuaroHalm, mepecekaloiiuecsi B Touxke O.
Cpenu BeKTOPOB, 3aJaHHBIX dTHMHM TOYKAMH, YKaj)XHUTe DaBHEIE,

3
Pucyem

1.18. HapucyiiTe npaMyio ¥ Ha HeH ABe Touku A m B. a) Hapucyiite

—

BEKTOP AB u BEKTOP ?(f = ‘-_tl_é 06) Hapucyiite BexTop BA u Bek-
TOP AD = BA. B) PaBHBI I BEKTODHI AD u BC?

‘§1 ‘ MoHaTue Bektopa 13



1.19. HapucyiiTe BeKTOp a m Kakyo-HuUOyAb TouKy A. OTI0XKHTE OT Heé
—_— = — o s
BeKTOp AB = a. Or Touku B ornoxkure Bektop BC = a. Hapucyii-

T YRS

Te Takyoo Touky X, uro XA = a.

Hapucyiite xy6 ABCDA,B,C,D,. a) Cpeau BeKTOpPOB, 3aJaHHBIX
€ro BepIIMHAMH, yKaxXuTe paBHbIe. 6) OT TOUKH A OTJIOXKHUTE BeK-

1.20

Top, paBHmiii: DA, CD, DD,. B) BeinosHuTE Te ’Ke 3aflaHUA, YTO
¥ B OpeABIAYINEM IYHKTe, AJA cepeauHsl pebpa B,C,.

O Mpeacrasnsem

1.21. CKonbKO Iap paBHBIX BEKTOPOB 3aJalOTCSA BEPIIMHAMU TPEYroJb-
HOM NpHU3MBI?

V.‘

‘w’] Uccnepyem

1.22. IlycTe AB = CD. Kaxue €lllé¢ paBHBIE BEKTOPHI MOYKHO 3aJaTh 9TH-
Mu Touxkamu A, B, C, D?

1.23. Hapucyiire tpeyronsaux ABC. Hapucyiire Touky K u orioxure

BEKTOPEI ﬁ = ﬁ, LM = B_C}, H= R’ Yro BEI 3aMeTnan? Kaxr
Bbl 3T0 OOBACHUTE?

1.24. HapucyiiTe TpeyroasHuk. OT BCeX €ro TOYEK OTJIOMKHUTE PaBHBIE
BeKTOphl. KOHIBI 9THX BeKTOpOoB o6pasyioT HOByIO ¢urypy. Cpas-
HHTEe €€ C HapMCOBAHHBLIM TDPEYTroJbHHKOM. KaKoe mpenmososkeHme
BEI cMoO:xeTe caenatsk? CMo)keTe nH BBl ero o60cHOBATE?

PemuTe aHaJsoruuHble 3ama4du OJIA OKPYHOCTH H OJdA I{yﬁ&.

1.4. O moHATHH BeKTOpa

Korza rosopsar ompesox AB, TO UMEIOT B BUAY, YTO 3aJaHBI €r0 KOH-

usl A 1 B. Ho Korpga roBopATr 3adan 0mpe3ox @, TO UMEIOT B BUIY, YTO

M3BECTHA JIMIIb JJIMHA OTPe3Ka M MOXKHO B3ATH JII000H M3 OTPE3KOB 3TOH
—_—

Anunbl. Tak um ¢ BexkTopamu. Korga rosopsar sexmop AB, TO umeror
B BHUJY HAaNpaBJIeHHBIN OTPe30K, y KOTOPOTO M3BECTHBI €ro HadvaJo

A, ero xomey B, a IIOTOMY M3BEeCTHBI €ro [IJIHHA |AB| u ero Hanpas-
JeHue — or A k B. Haumsaa uaydaTh BE€KTODPbI, Mbl B . 1.1 roso-
PHJIM, YTO BEKTOpPAMH HAa3bIBAIOTCA BEJHWYHHBI, KOTOPBEIE XapaKTepusy-
I0OTCA YMCJIEHHBIMH BeJIMYMHAMHK M HAIpaBJIeHHWAMH. B reomerpuun
YHACIeHHAsA BeJMYUHA BeKTOpa — 3TO ero anuHa. Iloaromy B reomerpum
BEKTOD 3ajlaeTcs (XapaKTepuayercs) CBOEM MJIMHON M HANpPABJIEHUEM,

T
14 | Mnasa |. | Bektopbl 1 KOOpAMHaTHI



a 3a7laTh TAKOH BEKTOD MOXKHO JIOOBIM HAIpaBI€HHBIM OTPE3KOM JTOMH
JJHMHBI ¥ 3TOr0 HANPAaBJIEHMSA: BCe TaKue HAIpPaBJIE€HHbIE OTPE3KH DaB-
Hbl Apyr apyry (m.1.3). OT Kakoift TOYKH OTJOKEH TAKOH BEKTOP —
HecymecTBeHHO. IIOCKONMBKY AauHa 11060r0 OTPe3Ka MOJOMKHTEeNbHA, TO
Te BEKTODEI, KOTOpPEIE 3aJal0TCA HanpaBJIeHHBIMH OTDEe3KaMH, Ha3bIBa-
10T HeHYJLe8bLMU.

Henynesoit BeKTOpP HAIJIAAHO IpeACTABIAIOT BCerja KakKk Hampas-
JIeHHBI# OTPE30K, HO KaKOH U3 paBHBIX APYr APYTY HAIpPaBJEHHBLIX OT-
pe3koB Oepérca — 3T0 Ge3pasnuuHo MO0 OIpeNeNseTcs AONOJHUATEIb-
HBEIMH COOOpa’KeHUAMH.

E ——
Eciu HanpaBieHHBIN 0Tpe3ok AB 3afaéT BeK-

—_—

— — =
TOp @, To nuiieM AB = a u rosopum: «Bektop AB A

paBeH BeKTOpy a» (pHC. 18). Moaysem aTOTO BEK- \
dl = |AB.

e
TOpa @ CYHTaeTcA AJNHHA OTpe3xa AB:
M3 Bcex BeKTOPOB 0COOBIH ciyuail MpencTaBifA-

eT HYNeBOW BEeKTOp, UJIM HYNb-BEeKTOp: ero Pwuc. 18
MOAYJb pABE€H HYJIIO, a HallpaBJIeHUA OH HE HMeeT.
—

O6osnauaerca HyJab BeKTOp Tak: 0.
Mo’KHO CKa3aTh, YTO HYJEBOM BEKTOpD 3aJaércs JII00H TOYKOM, KO-
TOpas paccMaTpHUBAaeTCA KaK HAYAJNO M KOHEI 3TOr0 BEKTOpa.

-

S—

ITosromy pasencmeo AB = 0 o3navaem, umo mouku A u B coana-
dawom.

ITocre TOro Kax MOSABHJICA HYJIL-BEKTOpP, V)K€ HEJIb3s CKa3aTh, 4YTO
Ka)XJblil BeKTOp 3aJaéTcsa HaNpABJIEHHBIM OTpPe3KOM (KasKAbIi, Kpome
HYJIEBOT0).

Hyav-aexmop ciumaemcs KOJLJIUHEAPHbLM U OPMOZOHALbHLLM JLIO-
bomy eexmopy.

B sToM nyHKTE MBI PACIIMPHUJIH HOHATHE BEKTOpa. Bo-mepBhIX,
OompeAeSuJu HYJb-BeKTOP. BO-BTODBIX, HEHYJIEBOH BeKTOP MBI TENeph
IIOHMMAEM B JBYX CMBICJAX: U KAK HANPABJEHHBIM OTPEe30K, M KaK JIo-
60if U3 paBHBIX APYTr APYry HAIpaBJIeHHBIX OTPE3KOB.

Taxas ABOMCTBEHHOCTh IOHMMAHUA MOJKET IIOHAYAJIY BHI3BATH 3a-
TpynHernue. He Hamo cMymiaTbCid — K Hell NIPUBRIKHEIIs IO Mepe H3y-
YeHHA BEKTOPOB M OOpalleHus ¢ HHMH.

1. Kak 3anaéTca BeKTop B reoMeTpum?
2. Kak 3apaérca Hynb-BekTop? Yemy paBeH ero mogyns? EcTe NW y HEro Ha-
npaeneHue?

P
=
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@ Paccyxpaem

1.25. Kakue yTBepXIeHHA MOXHO NOJYYHUTh, €CJIH HM3BECTHO, 4YTO:
a) KL = 0; 6) AB = BA; B)alb n alb?

1.5. Yron mMeskay BeKTOpaMM

HauHéM ¢ IIPOCTOTO YACTHOIO CAyYaf: eCcalu 8€KMmo-
pbL COHANPABJLEHbL, MO Y201 Mexcdy HUMU noraza-
emca pasnvim 0°. B obmem ciyuae (Korja BEeKTODHI
He COHAIIpaBJIeHBI) NAETCA TaKoe ollpelelieHUe.

OnpepeneHune. Yrnom mexany ABYMA He-
HYJieBbIMW BeKTOpaMWM Ha3blBaeTcsa BeJHWYMHA
3aJaHHOTO MMM yIJIa, KOIJa OHHU OTJIOMKEHEI OT OJ-
HOH Toukm (puc. 19).

O6GosHauaTh yroj MexJay BeKTOopaMu a u b Oy-

v
=
o | \c-l
©
51 /

IeM Tak: /ab. Takum obGpasom, Zab= £ AOB, ec-

—_— — — — — B
au OA=a n OB =b. b
Ob6paTuTe BHUMaHHE HA TO, UTO YrOoJd MEXXKIY
BEKTOpaMH — 3TO BeJIMYMHA, a He (urypa.

W3 paHHOrO OmpefesieHUA TaKKe cJefyeT, UTO
yzon medxncdy npomueononoNHO HANPABLEHHbLMU
éexmopamu paeer 180°.

JlanHOE ompejeNeHHe yrja MeKAY BEeKTOpaMH
TpebyerT YTOUHEHHUA: CIeAyeT YCTAHOBUTH, YTO BEJIH-
ypHa yraa AOB He 3aBucuT oT BhIGOpa TOuKHM O. 0
(Kak roBopAT B MaTeMaTHKe, TpeOyeTcA YCTAHOBHUTH L
KOppeKmHocmb NAHHOTO OIpefeleHHd.)

B camom pene, mycTh MBI XOTHM HAHWTH yroJa

]| &
i

]|

b
MeXJy BeKTopaMu a u b. X MOKHO OTJIIOMHTH OT

no0oi Touxku (puc. 20). Bosaukaer Bompoc: a OyayT Ay
JY paBHBI IMOJyYeHHBbIe IpH 3ToM yrabl? OTBeT Ha Puc. 20
BTOT BOIIPOC AAET cJIeAyIOIIas Teopema. :

UEEXEEC) (06 yeaax ¢ conanpaenennvimu cmoponamu). Yrasi,
CTOPOHBI KOTOPBIX COHAINPABJEHbI, PABHBI.

HoxasaTeanscTBo. PaccMoTrpuM gBa yriia, CTOPOHBI KOTODBIX COHA-
npassensl: Zab ¢ Bepmunoit O u Za,b, ¢ Bepmunoit O, (puc. 21). Cun-
TaeMm, uro alta, u bl1b,. Ilokaxkem, uto Lab= Za,b,.

OriokuM Ha Jy4aX a@ ¥ @, paBHBIe ApPYyr APYry orpesxkm OA
u O,A,, a Ha ayyax b u b, pasuble Apyr Apyry orpesku OB u O,B,

(puc. 22). Tak kak OA= 0,4, n aftla,, TO O_A' = 0,4,. U3 srtoro pa-

16 | Mnaga |. ! BekTopbl U KoOpOMHaTLI
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Puc. 21 Puc. 22 Puc. 23

—_—

BEHCTBA U TPEThero IPM3HAKA PaBEHCTBA BEKTOPOB ciexayer, yro OO0, =
—AA, (puc. 23).

AnanornyHo rak kak OB = 0,B,; u bl1b;, 1O OB = 51__’.& u @; =
= ﬁ ITockounsky OO‘1 =AA', " OO'1 = BB,, TO E = ﬁ Cne-

— ——
nosarenbHo, AB = A,B, (CHOBa IO TpeTbeMy IIPU3HAKy PaBEHCTBA BEK-
TOPOB).

Hrak, cOOTBETCTBEHHBIE CTOPOHBI TPeyroJbHuKoB OAB u 0,A,B,
paBuel: OA = 0,4,, OB= 0,B,, AB= A,B,. Ilosrtomy L AOB= £ A,0,B,,
T.e. Zab= Zab;. W

Emé pas moguepKHEM, YTO IIOHATHE YIJIa MeKAY BEKTOpPaMM, a TaK-
JKe COHAIIPABJIEHHOCTHA M IIPOTHBOMIOJIOMKHOM HANIPABJIEHHOCTH BEKTOPOB
onpefeNseTcAa JHUIOb AJA HEeHYJIeBBIX BEKTOPOB.

© Bonpock ansi camokoHTpons B

1. B 4ém cocTouT Teopema 006 yrnax ¢ coHanpaeneHHbIMM CTOPOHaAMK?

2. Kak onpenensietca yron Mexay HeHyneebiMW BEKTOpamu?

3. Yemy paBeH yron mMexmny COHanpasBneHHbIMWU BeKTopamu?

4. Yemy paBeH yron mexpy npoTMBOMNONOXHO HanpasBneHHbIMW BeKTopamun?

Pucyem

1.26. HapucyiiTe BexkTOpHI, o6pasyromue yroa 30°: a) E 5 A_C’; 6];13

u ﬁ; B) A_§ u XY, roge X — mobasa touka. Caenaiite To e ca-
Moe nasa yraa 140°.

i§1_._‘ MNoHATMe BeKkTopa L



E' Haxoamm BenuumMHy
1.27. Hajiqiure BeJWUUHBI YIrJIOB MexJay BekTopamu AB u AC, AB

u BC, AB u CA, BA n CA pna tpeyronsHuxka ABC: a) paBHOCTO-
porHero; 6) paBHOGEPEHHOTrO IIPAMOYIOJBHOIO ¢ NpAMbIM yriom C;
B) v Koroporo ZA=50° u /B=30° r)y xoroporo LA= 50°
u AC= AB; n) y xoroporo ZA=a u ZB=p.

1.28. Touku B u C nexar mo pasHbIe CTOPOHBI oT npamoir OA, maHEI
BEKTOPSI a = 62, 3 = ﬁ uoe= o_c' Haiigure yron Mexny 3 71 _c",
ecam: a) Zab =30°, Zac=>50% 6)2ab =100°, Zac = 120°
B) Zab=oa, Ldc=p.

1.29. Tpu BeKTOpa pAacCHOJIOMKEHbI Ha IIJIOCKOCTH TAK, YTO YIOJ MEXKIY
JIOOBIMH ABYMS W3 HUX OAMH M TOT Ke. Uemy paBeH 3TOT yron?

1.30. Taz ky6 ABCDA,B,C,D,. Kakoii yron obpasyior Mexay coboii
BeKTOpH: a) AA, u DC,; 6) DB u B,C,; B)AD, u B,C; r)CB,
u DC,; 1) A,C, u B,D; e) DC, u D,A?

§ 2. CnoxeHne M BbLIYMTAHME BEKTOPOB

2.1. Cnoxenue BEeKTOPOB
Ecnu teno mepemecruyiocs u3 Touku A B Tourky B (puc. 24, a), a morom
u3 Touku B mepemectmaock B Touky C (puc. 24, 6), TO ero cymmMapHoe
nepemeienre u3 Touku A B Touky C npezacrasisiercd BeKTopom AC
(puc. 24, B). Taxk ckaazeiBaloTCA BeKTOpel AB u BC:
[ —_— ——
AB + BC= AC. (1)
B paccmoTpeHHOM ciiydae KoHell mepBoro BekTopa AB sBiasercs

-

it 5
HayaJiom BTOoporo BekTopa BC. B obmem ke ciaydae BEKTOpPeHI @ U b
CKJIAABIBAIOTCA TAaK.

a 6 B
A B A ' B A B
Puc. 24 c c
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OTknafBpIBAIOT OT KAKON-1MG0 TOUKHM A BEKTOp

E, DaBHEIA BEKTOPY a (puc. 25, a). ITorom oT TOY-

—

k1 B orknagsiBaror Bekrop BC, paBHBII BeKTOpY b.

Torma BeKTOD A_é IIpencraBisgieT CYMMY BEeKTO-
poB 2 ub:

a+b=AB+ BC = AC. (2)

9TO NPaBUJIO MOJYYEHUS CYMMBI JBYX BEKTODOB

—

=
a 1 b HassIBaerTcs npaevnomMm TpeyronbHWKa

—r —_—
(nmoromy 4TO eciu BeKTOpl AB m BC He JeKaT HA
OZHOI NIpAMOH, TO MX CyMMa IIpeACTaBJIAET CTOPOHY
AC Ttpeyroabauka ABC).

Mz onmpepenuau CyMMY AaHHBIX BEKTOPOB, OT-
JIO}KEeHHYIO OT JaHHON Touku. A uro Oyner, ecnau
B3ATH APYryo ToukKy? OkaswiBaercs, YTO cyMMma
TOJNYIHUTCSA PABHOII Ipe)kHei. A MMEHHO, eClIM OT-

—

gy (—
JIO¥HUTh OT TOYKH A; TOT e BekTop a: A;B, = a,

—_— — —
a 3aTeM OT TOYKM B, ormoxurs BexkTop b: B,C; = b,

To cymma A,B; + B,C, = A,C, Gyner paBHa BEKTOpY

E, IOJIYy4eHHOMY B paBeHCTBe (2), T.e. E=A101
(puc. 25, 6). Joxaxem 3TO.

—m ——
O Tak kak A;B, = AB, TO, COIJIaCHO TpeTbeMY
— —
IpU3HAKY PaBeHCTBAa BEKTOPOB, AA, = BB,. Anaino-
s ——
ruyHo u3 paBeHcrBa B,C; = BC ciejnyer paBeHCTBO

ﬁ - E; IMoatomy AA, = CC,, a Torga 1mo TpeThb-

_—
eMy NpHU3HaKy paBeHCTBa BeKTOpoB A,C, = AC. W

IIpaBM/IO TpPEyroJbHUKA €CTEeCTBEHHO NPUMeHs-
eTCsa TP II0CJIe[0BATEJbHBIX IePeMeIleHUAX TeJsa:

—_— e
cHavayia nepemeiiesue AB, sarem BC, a B cymme

—_—
nonyuaem nepemernenune AC. A eciau Texo ogHOBpe-
MEHHO MCIIBITHIBaeT JABa mepemelneHus? Hamnpumep,
YeJI0BEeK, MAYIIMIN o naaybe IJIBIBYIIEro Kopabus.
OnHo mepeMellleHHe — 3TO €r0 IlepeMellleHue BMec-
Te ¢ Kopabném, apyroe — mo maiaybe (puc. 26, a).
B cymme uyenioBex nmepemeniaercs II0 JHaroHaJuy Ia-
paJjienrorpaMma, CTOPOHBI KOTOPOTO — 3TO mepe-
MellleHue Kopabua m nepemermiesue no nanybde. Co-

a
A a B
b
c
6
A a B
3
c
Vi 40 Jonen 0N

!

Puc. 26
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BEpIIEHHO TaK ’Ke IepeMelleHHe JIOAKH, Iepece- A a B
Kamolleil pexy, caaraercs U3 eé NepeMemeHus mo-
mepéK PEeKHM M [0 TeYEeHHI0, T. e. BMecTe C BOJAOM b

(puc. 26, 6).
Kak0e U3 3THX claraeMbIX IepeMenieHuii (3a
OJIMH M TOT Ke IIPOMEeXYTOK BpeMeHH) uzobpasum D C

BEKTOPOM, OTJOXXEHHBIM OT To4uykKu A: AB —an p
T uc. 27
AD = b (puc. 27). Torga cymMmapHOe IepeMellleHHEe
uzobpasurca guaroHansio AC napannenorpamma ABCD, mocTpoeHHOro

—_— =5 —_— —
Ha BeKTOpax AB =a u AD = b. (PaccmaTrpuBaeM JHIIEL CJaydaii, KOraa
—

e
BEKTOPhI @ M b He KOJIJIMHeapPHHI.)

_ s T —
VYbenumes, uro BekTop AC Oyaer cymMMoii BeKTOpPOB a u b, mocTpo-
€HHOM II0 mpaBUJy TpeyroJbHHKAa. elicTBUTenbHO, Tak Kak ABCD —

rapaJiyieJIorpaMm, TO BC = AD. IToaTomy BC =b. IIo IIPaBUJY Tpe-
YroJBHUKA

S—

R’=E+§J’, r.e. AC=a +3.
Me1 nokasanu

NPABUJIO NAPASINENOTPAMMA Ecam BeKTOpsl He KOJIMHEAPHBI, TO MX
CyMMa IpeacraBjideTca NHATOHAJBK INOCTPOEHHOI0 Ha HHX IapaJjuie-
JorpamMma.

© Bonpocul ans camokoHTpons g

1. Kak cknappiBaloTca ABa BEKTOpa No npaBuiy TpeyronbHuka?

2. B kakux cny4asax ynobHO nNpuMeHsTb NpaBuio TPeyrosibHUKa?

3. Kak cknagbiBaloTCsl ABa BeKTopa no npasuny napannenorpamma?
4. Korpa ynobHee npumMmeHaTs nNpaBuno napannenorpamma?

Eatatin

@Aononunem TEeopuio

2.1. loxkaxxure, YTO MOAYJAb CYMMBI ABYX BEKTODOB He IIDEBOCXOIHUT
CYMMEBI MOAYJIEH 3THUX BEKTOPOB. BhIACHHUTE, KOI'/la ©UMEeT MecTo pa-
BEHCTBO B 3TOM HecTporoM HepaBeHcTBe. O000uiuTe AaHHBEIA pe-
3yJIbTaT Ha OOJIblllee YHCJIO CJaraeMbIX.
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2.2,

2.3.

2.4.

Pucyem

Hapncym‘e Tpeyro.nbnmc ABC. Hapucym‘e BEI{TODBI a) AB + BC
6)CB+BA B)CA +AB r)BA+CB A)BA-FCA e)CB+CA

Hapucyiite napannenorpamm ABCD. Hapucyiite BeKTOpBI:
a) AB + BC; 6) AD + BC: B) CB + BA;
r) AC + CD; n) AB + DA; e) BD + AC;
m)@+ﬁ; a)Zfb’+Eé; n);i_§+ﬁ;
R)63+63; .:I)A_}§+EE; M}ﬁ+5§.

Pemm—
IIpencraBbre BeKTOp BA KaK cyMMy JBYX BEKTOPOB, 3aJaHHBIX
BepIIMHAMH IapaJjjejgorpamMmma.

Hapucyiite xy6. Brifepure ni06yi0 mapy ero BepIIMH X HAapUCY-
Teé BEKTOD, 3aJlaHHBLIN aTuMHu BepiuumHamu. Hapucyiirte emé oauu
BEKTOD, TOJyY4eHHBIN TakuM ke crnocobom. Hapucyiite cymmy
ATHUX BEKTOPOB.

@Roxusmnuem

2.5.

2.6.

Hapucyittre Ha miockocTu yerbipe Touku A, B, C, D. Hoxaxure,

FRESEST I et B TSR

e
yto AB + BC = AD + DC. CocraBbTe Apyrue aHAJIOTMYHEIE PABEH-
cTBa. MOYKHO JI 3TH PABEHCTBA IIEPEHECTH HA TOYKM, He JierKalue
B OJHOHM IIJIOCKOCTH?

Touku A, B, C, D aBnAOTCA CepeIMHAMU MOCIEeIOBATEJIbHEIX CTO-
—_— —_— g
poH 4YeThIpéxyrojbHuKa. Hokaxkure, uro AB + CD = 0. Joxkamxure

3TO PABEHCTBO AJIA CJAyYas, KOrja AaHHBIE TOUKH SABJIAITCA cepe-
JUHAMU OTPE3KOB UETHIPEX3BEHHOHU 3aMKHYTOIH JOMAaHOI.

@Mccnenyeu

2.7.

. S |
Hanpl BexkTopel AB u AC. Moxer snu: a) uX cymma OBbITH IIepIIeH-
IUKYJIAPHON OJHOMY M3 AAHHBIX BEKTODPOB; 00OMM HAaHHBIM BEKTO-
paMm; 6) ux cymMma oOpasOBBIBATH PaBHBIE YIVIBI C KayXAbIM M3 JaH-
HBEIX BEKTOPOB; B) JJIMHA MX CYMMBI OBITH paBHA JAJIMHE OJHOIO M3
BEKTOpPOB; 000MX BEKTOPOB?

MpumeHsem reomeTpuio

2.8. Camonér mposeren 200 kM Ha Ioro-samaj, a sarem 300 kM Ha 3a-

nan. CpaenaiiTe COOTBETCTBYIOIIMH DPHCYHOK, HCHOJb3YA BEKTOPHI.
Ha xakoM paccToAsHMH OH OKasaJjicd OT HayanapHOW Tourku? Ilpuay-
MalTe caMM IIOXOJXKYIO 3ajavy.

1 g |
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2.2. CpojicTBa CJI0OKEHMSA BEKTOPOB

V omepanuyM CJIOKeHHUA BEKTODOB Te jKe CBOICTBa,
YyTO M y ONEPAIHU CIOXKEeHHS 4ducel.

i —
cBOWCTBO 1 [lnA m06BIX BEeKTOPOB a M b
. _— b —
a+b=b+a (3)
(nepemecmumenbnblili. 3aKOH, UJLU KOMMYymamues-

HOCMb CLONCEHUS).
JloxaszarenscTBo. BoamosxHBI ABa ciaydasi. 1) Bek-

— —
TOPBI d H b He KOJJIHHeapHkbI. TOI‘,I[B. OTJIOKHM HUX

OT TOYKH A: E —amnu AD = 3, a 3aTeM IIOCTPOUM
Ha HUX napaﬂ.ne.nor'paMM ABCD (puc. 28). Hocrco.nb-

i 1 e i

Ky Al AB+BC AC AD + DC =AC, AB = DC
u BC = AD = b, TO UMEeT MECTO paBeHCTBO (3).

—

-
2) Bexkropsl @ 1 b KonnuHeapHbl. Torga BeKTO-

—_— - _— — M "
pel AB=a u BC = b nexar Ha OAHOH NpaAMOi
(puc. 29). Ha TO# Xe npaAMOil JIeXXaT BEKTOPEI

AB,=b u B,C, = a. Hano pokasats, uTo Touku C

- —

u C, cosnagaior. Ecau BexTopsl @ m b coHampas-

JIeHBI, TO 3TO CJEeAyeT H3 CJOXKEeHUS OTPe3KOB
- —

(puc. 29, a). A ecau BeKTOpPHl @ U b HamnpaBJIeHEI

IIPOTHUBOIOJOXHO, TO 3TO CJeAyeT M3 BHEIYMTAHUA

orpe3koB (puc. 29, 0). IlogpobHoe InoKasaTeILCTBO
JKeJIaJOIIAe MOr'YT 3aBepLINTH CAMOCTOATENHLHO. M

e -
CBOWCTBO 2 [lna m06GBIX BeKTOpoB a, b u ¢
— . e —» = —
at+(b+c)=(a+b)+c (4)
(couemamenvHblili 3aKOH, UAL ACCOYUAMUBHOCMb
caodHceHUA).

HoxasareascTBo. OTIOKHUM OT TOYKH A BEKTOP

AB =a, a sateM BekTOp BC =3.H BEKTOP CD="¢
(puc. 30). Torga

a+((B+¢)=AB+ (BC+CD)=AB + BD = AD
u, ¢ Ipyrof CTOpOHBHI,
(@+b)+¢c=(AB+BC)+CD =AC + CD =AD,
T. €. CIIpaBeAJINBO paBeHCTBO (4). W

a
AS
5 @
D
Puc. 28

6 b
a C
A @
-
Puc. 29
B ey
b
—_—
a
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ITonp3ysck 3THM 3aKOHOM, MOYKHO I'PYIIIHPO-
BaTh cJjaraemMele npu Jgiobom ux uumciae. IloaTomy
CYMMBI BEKTOPOB IHINYT, HUKAK He 00bLeAUHAA cJa-
raemMble cCKOOKaMu:

— ot - = = — —
a+b+c, a+b+ec+d u T I

W3 coueTaTenbHOTO U IMEepeMecTHUTEeJbHOI0 3aK0-
HOB CJIefyeT, 4YTO, CKJaabIiBasg J00oe UMCJIO BEKTO-
POB, MOYKHO KaK YIroZHO NepecTaBJATh U I'DYNIIHPO-
BaTh cJjlaraeMele (TaK e Kak W yucya). dacTo aTo
3HAYUTEJIBHO O0Jeryaer CJIO)KeHWe NpU dHcie cJa-
raeMeix, OoJblIeM OBYX.

YT06BI CI0MKUTH HECKOJBKO BEKTODOB, HAIIDH-

- = =
Mep BeKTOpHI &, b, ¢, d, yAio6HO MOCTPOUTH BEKTOP-
Hy10 jgoMaHyi0 (puc. 31). 9ra jJoMaHas COCTOHUT M3

HallpaBJE€HHBIX OTPE3KOB ZE; =a, _B_C-" =b, CD = ¢
DE = d. Bexkrop E, HAYIOUK OT Hadajga JIOMaHOH
ABCDE B eé KoHen, U ABJdeTcaA cymmoi: AE =

- b i -
=a+b+c+d.

a d
— C
b
B
ay
A I
a+b+c+d
Puc. 31
R . b O

Ecnu nomaHas mojyummack samayTol, to A(E) 4 D
cyMMa BeKTOPOB paBHa HYJb-BeKTOpy (puc. 32). Or-
MEeTHUM eIé OYEeBUJHOEe CE0ICmE0 HYlb-8eKmopa: Puc. 32
CBOWCTBO 3 a + 0 = a.
e BOHpOChl ansa CGMOKOHTpOJ‘ISI
1. B 4EM COCTOMT NEPEMECTUTENbHLIA 3aKOH CMOXEHUs BEKTOPOB?
2. Kak elg HasbiBalOT NepeMecTUTenbHbIn 3aKoH?
3. B 4éM COCTOMT coyeTaTenbHblii 3aKOH CNOXEeHWA BEeKTOpPOB?
4, Kak ewW@ Ha3biBaloT codeTaTenbHbid 3aKoH?
5. Kak nonyyuTb CymMMmy BEKTOPHOM nomaHoin? Korga ata cymma pasBHa Hymio?
6. Kormpa cymMmapHoOi BEKTOPHOW NIOMaHOW SAIBNSieTCa HyNb-BeKTop?
7. Kakoi 3akoH NoO3BONSAET HE CTaBUTb cxoﬁm NPy CROXEHWU semopos"
. .‘.;. _
@ Pucyem
2.9. Hapucyiite Tpeyronsauk ABC. Hapucyiite BekTOpBI:
a) AB + AC + BC;  6) AC + BA + BC;
B) CA + CB + BA; r) BA + CB + AC.
23
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2.10. Hapucyiite udersipéxyronsHuk ABCD. HapucyiiTe BeKTODBI:

a) AB + BC + CD;  6) BA + AD + DC; 8) DA + CD + AB;
r)ﬁ+ﬁ+€8} n)ﬁ+ﬁ+6§; e)E+DB+CB;

%) AB + CA + BD + DC.

2.11. Or ozxHOII TOYKH OTJIOKEHBI TPHM BEeKTOpa paBHOM aauHbl. OguH
U3 9THMX BEKTOPOB paBeH cyMMe ABYX Apyrux. Hapucyiite atm
BEKTODHI.

[I Haxopaum BenuyYuHy

2.12. U3 ojHOI TOYKH BBIXOAAT TPHU BEKTOpA, Jexallue B OJHOM ILIOC-
koctu. [nuna xakgoro pasHa a. Oxu obpasyior mexay coboit yr-
ael 120°, Yemy pasHa giaueHa ux cymmei? B kakoit ussecTHOit Gac-
He U. A. KpeuioBa onmucaHa aHAJOrHYHAS CHTYAIMs?

2.13. lau equeuynelii ky6 ABCDA,B,C,D,. Yemy paBHa AJTWHA BEKTOpA:
a) AB + CD + A,C,; 6) CA + DB + A,C,; B) A,C, + CD, + D,A?

2.3. Belunranue BEKTOPOB.
IIpoTHBOMONIOMKHBIE BEKTOPBI

Kak u BpIuHTaHUE qHceJl, 8blYUMAHUE 8€EKMOpPOE — A
amo Odelicmeue, obpamuoe caoxenuw. Iloaromy

—5 b d i —
pa3HoCTbio a — b ABYX BEKTOPOB a u b Hasel- 3

— i foe
BaeTCcsa BEKTOp €, NAIOIIUH B CyMMe C BeKTOopoM b
—_— = = —
BEKTOp a: ¢ + b = a. %)

e —_ —
PasHOCTE JIBYX BEKTODPOB @ U b MOMKHO IIOCTDPO- b B
UTh Tak. OTI0XHNM OT Kakoi-1u60 Toukwm O BeKTO-

PbI au 3 Ilonyuum alf =au ﬁ=3 (puc. 33).
Torpa BexTop BA m 6ymeT pasHOCTHIO a - b, mo-

Puc. 33

— — —_—
ckonbKy OA = OB + BA. I[1oaToMy MOKHO HAIIMCATh

s —_— —_— —
¢c=BA=0A-0OB=a-b.

BeiuuTaHue MOJKHO CBECTH K CJIOXKEHHIO, eCclIH >
BBECTHU IOHATHE IIPOTHBOIOJIOMHOIO BekTopa. [IBa
HEHYJIeBBIX BeKTOpa Ha3bLIBAIOTCA NPOTUBONO-
NOXHbIMW, eCIM MX JJIMHBI paBHBI M OHM HampaB- e
JIEHBI NPOTHUBONONOKHO (puc. 34). Kaxkaslii u3 HUX
Ha3blBaeTCs MPOTHBONOJIOMKHBIM aApyromy. Hyns-
BEKTOP CYHTAETCH IPOTHBOMIOJOXKHBIM camMoMmy cebe. Puc. 34

8]
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o
BeKkTOp, NPOTHBONOJIOKHBII BEeKTOPY @, 0003HA-

yaeress —a (uuTaercs «MHUHYC a»).

Kak mpu CJOKeHHM IIPOTHBOIOJIOMHBIX YHCEeN
noJiyyaeTcd HYJIb, TAK ¥ NPH CJIOMKEHHH IPOTHBOIO-
JIOJKHBIX BEKTOPOB B CyMMe IOJYYHTCHA HYJIb-BEKTOP.

Teneps MBI MOYKeM y‘rnep&c,ua-rb, uTOo peay..’zbmam

ebLUUMAHUA U3 BeKmopa a eexmopa b mom xHee,

—

Ymo u pe3yabmam CAOHEHUS BEKMOpos a u —b. Puc. 35
JokasaTenbcTBO (IJIA HEKOJJMHEAPHBIX BEKTO- i
POB) SACHO M3 PHCYHKAa 35.

0 Bonpocel ans camokoHTpons
1. Kakoil BEKTOpP Ha3blBAETCA PA3HOCTLIO ABYX BEKTOPOB?

2. Kakve pBa BekTopa Ha3biBAIOTCA MPOTUBONONOXHLIMA?
3. Kakmmu cnocobamu MOXHO MONy4MTb PasHOCTb ABYX BEKTOPOB?

@ AononHsem Teopuio
2.14. Iloxakurte, 4TO A_é = (TB. - (ﬂ' nasg Jgboi Toukm O.

Pucyem

2.15, Hapucyiite tpeyronsHuK ABC. Hapucyiite BEKTODHI: a)A_é = E;
6) AB — AC; 8) CA — AB; 1) BA — CB; 1) BA — CA; ¢) CB — CA.

2.16. Hapucyiite napasnnenorpaMm ABCD. HapucyiiTe BeKTODBI:
a)ﬁ—A_ﬁ; G)E - AB; 8) CB — BA; r)@—ﬁ; n)(ﬁ—ﬂ:
e)B_D'—:Q—ﬁ; JR)A_C"—EB.

2.17. HapucyiiTe HAJIOCTPAlMM K TAKUM BEeKTOPHBIM pPABEHCTBAM:
a) (@ +b)=-d-b; 6)—(@-b)=-a+b; B)d—-(b+72¢)=
—a-b-¢na-(b-¢)=a-b+

D Mpeapcraenasem

2.18. IIpencrasbre cebe mapaJsnesorpamMm ABCD. Pa3HOCTBI0O KaKHX

c

—l

BEKTODOB, 3afJaHHBIX €ro BepIIMHAMM, sABAseTCA BeKTOp: a) AD;
—
6) DC?
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2.19. IIpencrasbre cebe Terpasap ABCD. PasHOCTBIO KAKMX BEKTODPOB,

3a/laHHBIX €ro BepIIMHAMH, ABJIAETCA BeKTOp: a) AD; 6) DC?

[] Haxopum BenUUMHY

2.20. Mas exmanuHbIN Ky6 ABCDA,B,C,D,. Yemy paBHa AJHHA BeK-
TOpAa: a)ﬁ——ﬁ; 6)B_C’—D_Cr; B)l)_C"—E; r)ﬂ—ﬁ{;
x) BB, - D,C;?

(!) AokasbiBaem

2.21. Ilycts AB = CD. Horaskure, uro ans jgwoboir Touku O BepHO pa-
BeHCTBO OA — OC = OD — OB. BepHo a1 obpaTHOoe yTBepKAeHHE?

@ Uccnepyem

2.22, BmecTe ¢ ABYMs HEKOJIMHEAPDHBIMH BEKTODAMH PACCMOTDHM HX
CYMMYy ¥ PasHoCTb. MokeT Ju OBITH TAK, YTO: a) UX PA3HOCTH Iep-
MeHAUKYJISPHA UX cyMMe; 0) HX pasdHOCTL HapajieJibHA X CyM-
Me; B) PaBHBI MOAYJIH MX CYMMBI M MX DasHOCTH; I') MOAYJb pas-
HOCTH OOJIbIIE MOAYJAS MX CYMMBI; 1) OOWH M3 AAHHLIX BEKTODOB
obpasyer paBHBIE YIJIbI U C MX CYMMOH, M C HX DPa3HOCTHIO?

§ 3. YMHOXeHMe BEKTOpa HO 4MCno
3.1. YMHOKeHne BeKTopa Ha YMCJIO

Eciu B cymMmMe BEKTODOB OJHO M TO 3Ke cllaraemMoe 3

e - = L

IOBTOpsAETCA HEeCKOJBKO pas3, HampuMmep a + a, a + — - e
. —¥

+a+a urT. 0., T0, Kak 1 B anrebpe, TAKUE CYMMBI

ecTecTBeHHO 0003HAuaTh 2a, 3a u T. 4. (puc. 36). Puc. 36
Ecanm touka C — cepeguHa oTpeska AB, To
AC + CB = AB, AC = CB, a noromy AB = 2AC un
AC = 1AB (puc. 37). < 4

Y:Ke aTH NPOCTHIE NIPUMepHI [IOACKA3BIBAIOT, YTO Puc. 37
yA0OHO BBECTH OIEepaIMI0 YMHOXKE€HHA BEKTOpa Ha
YUCJI0O U KaK JaTh COOTBETCTBYIOIlee OINpenesieHHe.

—
Onpepnenenuve. NponseeneHnem HEHYNEeBOr0O BeKTOpa a

2 —
Ha OTNUYHOEe OT HYNfA YWCNO X HA3BIBAETCA TAKOHM BEeKTOp xa,
AN KOTOPOI'O BBINOJHSAKTCA ABa YCJIOBHA: 1) ero AjimHa paBHA IPOHW3-
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-5
BeJEHUIO JJUHLI BEKTOPA @ HA MOAYJbh 4mena x, =+ _,

T. €. BBINOJHAETCA PABEHCTBO 'a/'
—
|xal = |x||al; (1)
—
2) oH coHampaBJeH ¢ BEKTOpOM a, ecau x>0
(puc. 38, a), ¥ OH HampaBJIeH IPOTUBOIOJIOXKHO BeK-
—
Topy a, ecnau x < 0 (puc. 38, 6). 6 sy
- L e
Ecnu Xe @ — HyJab-BeKTOp WM uucao x = 0, /

TO BEKTOP xa HYJIEBOH.

IJTo corynacyerca ¢ paseHcTBoMm (1).

W3 na"HHOTO OIpeJeleHHNA HENOCPeACTBEHHO Bbl- Puc. 38
TEeKalT TaKHe CBOMCTBA OHNEPAIMHM YMHOMEHHUS BEeK-
TOpa Ha YHCJO:

CBOWCTBO 1 1+a = a pna moloro BeKTopa da.
CBOWCTBO 2 (—1)-3 = —a paa moboro BeKTOpa a.
cBOWCTBO 3 Ecau xa =0, To smbo x =0, mubo a = 0.

— — — =

CBONCTBO 4 Ecam xa =ya u a #0, To x = y.
cBOWCTBO 5 Ecam xa =xb u x 20, T0 @ = b.
CBOWCTBO 6 x(ya)= (xy)a maa xwboro BeKTOpa a m moBBIX umcen
xuy.

JlokaseIBad 3TH BEKTOPHBIE PABEHCTBA, KAMKJABIN pas cjelyeT Ipo-
BepPATH PABEHCTBO MOAYJIEH M COHANPABJIEHHOCTH BEKTOPOB. IIposeMoH-
CTPUPYEM 3TO, HAalpUMep, AJsA CBoiicTBa 4.

— — — -
0 U3 paBeHcTBa xa = ya ciepyer, 4ro |xa| = |ya|. Cornacuo pases-
e —_— —
crey (1) monyuaem, uro |x|lal = |y||a|. Tax xax |a| # 0, 1o |x| = |y|.
Kpome Toro, uucia x u y UMeOT OAUH M TOT ’Ke 3HAK, TAK KaK B IIPO-
— e

THUBHOM CJIy4ae BEKTOPHI Xa M ya OblaM Obl HampasJieHHl IPOTHBOIO-
aoxHO. ITosToMy x=y. W

CsoiictBa 1—3 oueBUIHEI.

CsofictBa 5 ¥ 6 HOKaseIBAIOTCA TaK ’Ke, KakK cBoicrBo 4. Yb6emu-
TeCh B HX CIPABEIJIMBOCTH CAMOCTOATEIBLHO.

Onepanusa yMHOMEHHA BEKTODOB HAET BO3MOMKHOCTL CHOPMYJIH-
POBaTh M [AOKAas3aTh MPOCTOM, HO BAKHBIH NPU3HAK KOJIHMHEAPHOCTH

BEKTODOB.

b

Teopema (xapaxmeproe ceoiicmeo Konaureaprocmu). Bexkrop b
-

KOJIIMHeapeH HeHYJeBOMY BEKTOPY @ TOrJa M TOJBKO TOrga, KOrga

=
b=xa.
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ll;orcasa're.nbc'rso. B aroit Teopeme ,maa VTBEpHKAeHHA.

1) Ecann b= Xd, TO BEKTOPHI b ua KOJUTHHeapHbI. JTO YTBEDPXKae-
HHUe BBITEKaeT M3 OIpeAesieHHS YMHOXKEeHHs BEKTOpa Ha UHCJIO.

2) BTopoe yTBepiKAeHue 0OpaTHO NMEepBOMY W COCTOMT B TOM, 4YTO

BEKTOP b, ROJIJIHHG&I)HHH HEeHYJIEBOMY BEKTODY a moaydaeTca M3 BeK-

—

TOpa @ YMHOKEHHEM ero Ha HeKoTopoe yucio X. Eciau sexrTop b Hye-

BO#1, TO sAcHO, uTo X = (0. Ecau BexTOop b HeHyneBo#, To oH JnubO co-
HaIlpaBJeH ¢ BeKTopoM a (puc. 39, a), 1ub0o HampapiaeH OPOTHBOIIOIOMK-

HO BEKTODPY a (puc. 39, 6).
B mepsom cayuae x = |b|:|al. Bo Bropom cayuae
x=—|bl:|al. B oboux cryuaax |xa| = |x|a| = ||

—

=
BEKTOPBI X H b COHAIIpaBJIeHBI: B II€EPBOM CcCJy4dae

5
oHM 00a coHAmIpaBJeHBI C BEKTOPOM d, & BO BTOPOM
cnyqae oHH 00a HaAIpaBJIEHEI TNPOTUBOTIONIONKHO BeK-

TOPY a. TIoaToMy BBITIONHSAETCS PaBeHCTBO b=xa.m
YrarKeM IOJIe3HOE CJIEACTBHE 3TOH TEOpPEMBI.

CNEACTBUE (0 sexmopax Ha npamoii). [IBa HeHYy.IIe-
BBIX BEKTOpa, OTJOKeHHbIe W3 ONHOM M TOH Ke Tou-
KM, JIe;KaT Ha OJHOH NIPAMOH TOrxa H TOJBKO TOI-
a, KOrga OOMH M3 HHMX IOJyYaeTcda H3 JAPYroro
YMHOKeHHeM Ha 4HCJO.

Opyrumu caoBamu, Touyka X JIeKHUT HA IIPA-

Mot AB Torga M TOJIBKO TOTja, KOrja E= xﬁ
(puc. 40).

0 BOHpOCbl Ansa CaMOKOHTpOnA

1. Kak YMHOXWTb HEHYNEBOW BEKTOP Ha HEHynesoe 4nucno?

® @
e
s
b
L
6 o
e
b
R

Puc. 39

A B X

Puc. 40

2. Kakue csouncTea YMHOXEHWA BEKTOpa Ha YWCNO Bbl 3HaeTe?
3. B uém coctout xapaKTepHoe CBOWCTBO KonnnHeaprlx aencropos‘?

ELY:V.XT

Pucyem
3.1. Hapucyiite BeKTOD a. Hapucyiite BeKTOpHI 24,

e |
-3a, % -
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3.2.

3.3.

3.4.

—

Hapucyiite nBa BexkTopa a u b. Hapucyiite sarem BEKTOPBI:
a) 2a + 4b; 6) —2a + 4b; B) 24 — 4b; r) —2a — 4b.

Ormerbre ABe Touku A u B. Hapucyiite GuUrypy, Koropyimo obpa-
3yI0T BCe TOUKM X, TaKue, 4TO:

a)H=tI§,me0<t€1; 6)§f=tﬂ,me0€t€1;
B)E=tﬁ, rae t = 0; r)ﬁ=t2§, roe t =2 0;
,u;)ﬂf=tA‘_B', roe t < 0; e)ﬁ=t:¢f§, rme -1 <¢t<1.
HapucyiiTe IBa eIMHHUYHBLIX B3aMMHO IEPHeHINKYJIAPHBIX BeKTOpAa

OA n a& Hapucyiite ¢urypy, xoropyio obpasyior Bce Touku K,
TakKue, UTO ﬁ=xﬁ+yﬁ, ecsim: a) 0 < x <1, 0<y<1;
6)-1<sx<1, -1<y<1; B) x| <1, |y 2 1. Yro U3MeHUTCA B

cleJIJaHHOM DHCYHKe, ecsiu BekTopbl OA u OB He OyAyT nepneHAu-
KYJAPHBIMU?

[I Haxoavum BennumnHy

3.5. Ha orpesxke AB pnunao# 20 cm jnexur touxka C, npuuém AC =

3.6.

3.7,

3.8.

= 15 cm. Breipasure: a) :4_(,: yepes E; 0) E yepes EB-; B) B_C- ye-
pes A_é ;

Ha otpesxe AB B3ara Takasa Touka X, uro AX :XB= 2:1. Bripa-
3uTe: a) E yepes E; 0) ﬁ yepea ﬂ; B) E yepea EXz Cmoxe-
Te JM BBl PEIIMTHL 3ajauvy B obmeMm ciayyae, korma AX:XB= k?
IMan napassnenorpamm ABCD. Ilyere O — Touka mepeceueHus ero
zpuaroHanei. O6osHAUUM AC = a, a BD =b, BripasuTte uepes a
u b BeKTOpHI: a) OA; 6) CO; B) AB; 1) BC; ) CD; e) DA.

Ian napannenenunen ABCDA,B,C,D,. Ilycrs O — Touka nepece-

yeHUA ero auaroHaseii. O603HAYNM O_f{ = 3, ﬁ = 3, O_C' =¢. Bor-
e BEKTODHI: a) ﬁ; 0) E; B) AC,; 1) C,A;

—

pasuTe uepe3 a, b

n) AB,.
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@Hmem FPaHMLbI

3.9. Yroa mMexny eIMHUYHBIMH BeKTODAMH amn 3 paseH ¢. B kakux rpa-
HHULAX NPU H3MEHEHUH ( HAXOJUTCHA IJIMHA BeKTOpa: a) a+ 23;
6) —2a — 3; B) xa + yg?

3.2. PacnpeneanTeabHbIe aanom YMHOKEeHUsH
BEeKTOPOB Ha 4Mciao

Onepanuy CHOKEHUA BEKTOPOB M YMHOMKEHUS BeK-
TOpa Ha YHCJO0 CBA3AHBI IBYMSA pacrpeneiuTeIbHBI-
MH 3aKOHaAMH.

NEPBbIA 3AKOH LA m06BIX YMcCeJ X H Y H JI060ro
—
BEKTOpa a BBINOJHAETCA PABE€HCTBO

(x + y)a =xa + yz. (2)

B pasescTBe (2) maHBI JUIIL BEeKTODHI, JIeXKa-
mue Ha oxHOM npsamoii. ITosaTomMy HOKAasaTeaLCTBO
paBeHCTBA (2) CBOOMTCA K CJIOXKEHUIO MJIM BBIYHUTA-
HHAI OTPE3KOB B 3aBHCHMOCTH OT 3HAKOB YHCEN X
1 y. Me1 He OyzeM mmepeOUpaTh BCEe BO3MOXKHEIE CJIY-
Yay ¥ OCTABJSAEM HX [IJA CAMOCTOATENBHOT'O pac-
CMOTpPEHUA.

BTOPOW 3AKOH Jdaa moboro uncaa x ¥ JIOOBIX BeK-
TODOB @ W b BRIMOMHAETCH PaBeHCTBO

x(a, + b) = xa + xb. (3)

Jna HaTypaNbHBIX MHOXMKHUTENEH X paBeHCTBO (3)
BBITEKAET U3 MEPEeMeCTUTEJIBHOTO M COUYETATEJIEHOTO
CBOHMCTB ciokeHua. Hanpumep, npy x = 3 umMeeMm

3@+b)=@+b)+@+b)+(a+b)=
= 3a + 3b.

AnanoruuHoe paccyskjeHue IIPOBOAUTCA U JJA JIOO0ro HaTypass-
HOTO X.
OueBuzano, uTO paBeHcTBO (3) BepHO npu x = —1, T.e.

(-1)(@ + b) = (1)@ + (-1)b (puc. 41).

CremoBaTenbHO, paBeHCTBO (3) BEepHO M IPH ILEJOM OTPHUIATENb-
HOM x. Hanpuwmep,

Puc. 41
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(-3)(@ + b) = (-1)(3(a + b)) = (-1)(3a + 3b) =
= (-1)3a + (-1)3b = (-3)a + (-3)b.
* PaccMoTpuM Temeph ciaydai, Korga Xx = %, rae p — HATypajlbHOE

yucio. Ilycte, Hampumep, x = %, r.e. p= 2. INonoxum c= %(E +b)

u d= —;- %b. Torpa, kak yxe jokasaHo, 2d = 2(%3 + %E] =

=3 +0b=2¢ Us paBeHcTBa 2¢ = 2d cieayer, 4to ¢ = d, T.e. pa-
BEHCTBO (3) BEepHO AnA x = l IToBTOpPHTE 2TO paccy»kJeHHe IJA IIPO-

M3BOJBHOTO HATYpPaJBHOI'O qnc.na p.
W3 paccMOTpeHHBIX CJIy4aeB cjeayeT, YTO paBeHCTBO (3) BepHO AJA

k
J000T0 palMOHANBHOIO X = 7 (k — nmenoe, a p — HaTypaJbHOE UYHCIO).

He¥cTBUTENBHO,
oAy e SO G 4 g
E(a +b) = k[p(a + b)] k[pa +%b] 7@ + pb.

BepHo paBeHCTBO (3) M [AJiA MppaIlMOHAJBHBIX Yucesa x. X

PR
BRELR A i s i

Bonpocs ans CAMOKOHTPONS s

= -J .............................................
1. KakuMn 3aKkoHamu CBfidaHbl OENCTBUA CNOXEHWUS BEKTOPOB W YMHOXEHWA BEK-

TOpa Ha 4ucno?
2. Y10 0OWero n B 4€M pasnuyMA B pacnpenenuTenbHbiX 3aKOHax YMHOXEHWs -

BEKTOpa Ha 4Mcno?

.............................................

{‘._"u.’”--....,.........,‘..:
&&’l‘ﬁ-u-& i VRN
ke okl

@ Pa6otaem ¢ popmynon

3.10. YupocTuTe BLIpaskeHHe: a) 5(—33); 6) —2(4;); B) —33 + 23;
r) 4-b+— 23; ) 2a — 2b; e) ia’ +gab; xK) (H i f;) i (E ﬁf,’);
3) 0,5(2a — 4b) — 2(3a — 2b); W X — 37 — (Z — %) - 2(§ - 22).

3.11. 3 pgasHOTO paBeHc'rBa BBIpA3UTE Ra}K.I[bm u3a Be:wropon ‘{epes J-IDY'
rue: a)2a—5b—-0 5)2&—5(5—30,)—0 B)aa+b—0
r)aa+Bb- ,.2:)05a+2b—3c—0
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3.12

Mnauupyem

. OrmeThTe J106BI€ TP TOuKu A, B, C. Kax Haiitu Touky X, Takyio,

4TO! a)ﬂ=ﬁ+ﬁ; 6)ﬁ=ﬁ—)_f6; B)E+E=E;
r) XA + XB + XC =0; 1) XA + XB — XC = 0?

3.13. Ormernsre aBe TouKH A u B. Kak HaiTH Touky X, Takyio, 4TO:

i

3.14

a) XA = 3XB; 6) BX = —2A4X; B) XA + 2XB = 34B?

Haxoaum BenuuuHy

. a) Touxku C u D penaTr HA TPU paBHBEIEe yacTU 0Tpe3ok AB (C mexny

A u D), a rouka O — mobasg ToYKa ILIOCKOCTH. BhIpasure BeKTO-

pel OC 1 oD yepe3d BeKTOpsl OA u OB. 6) Touka C genut oTpe-
30K AB B OTHOWIEHHWHU p:¢, a Touka O — mmpobasa TOUKa IJIOCKOC-

_ —_—  ——

T. Beipasure BekTop OC uepe3d BeKkTOpEl OA u OB. B) Bripasure
BEKTOp, 3aJaHHBIM GUCCEKTPHUCON TPEYyroJLHHKA, Uepe3 BeKTODHI,
3aJJaHHBIE €r0 CTOPOHAMM, BBIXOJAINMMH M3 TOH K€ BEPIIHUHBI.

AokaszbiBaem

3.15. a) Touka C — cepegmHa orpe3xka AB, a Touka O — jobas To4-

3.16.

ka maockoctu. okakure, uro OC = %(OA + OB). 6) Touxa M —
TOYKA IlepecedyeHHd MenuaH TpeyroabHuka ABC, a Ttouka O —
aobas ToukKa mnpocrpaHcrBa. [okamure, uro OM = %(OA' +
+ OB + 0C).

Hokayxure, 4T0 CyMMa BEKTOPOB, MAYIIMX M3 IPOM3BOJBHOI TOY-
KM B CepeUHBI BCeX CTOPOH TPEYroJlbHUKA, PAaBHA CyMMe BEKTO-
POB, HAYIINUX M3 9TOH e TOYKU B ero BepimruHbl, MoxkHO a1 0600-
LIUATH 3TO yTBEpKAeHHEe?

§4. BextopHas anrebpa v BeKTOpPHbIM MeTod

4.1. BeKTOpHBI MeTOX :

Onepanuu cilo)KeHUSA BEKTOPOB M YMHOMKEHUS BEKTOpPAa Ha YHCJIO HA3bI-
BAIOT JUHeUHbLMU onepayuamu ¢ BeKTopamu. OHH COCTABISIIOT OCHOBY
8eimopHoil anzefpb. — pasfesia MATEMATHUKM, M3y4alOllero AedCTBUA
C BEeKTOpaMHu. AnmapaT BEeKTOPHOH aare6ppl yAoGeH HpH pelIeHHH 3a-
fad reOMeTPUM U (PUBUKH, TeXHUKH U 3KOHOMHKH.

32 |
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IIponnnroCcTPUPYyEM BEKTOPHBIH MeTox IOJs A0-
KasaTeJbCTBA TEOPEMbl O CpPeAHEH JUHHUH TPeyroib-
puxka. HanoMHuM, 4To cpenHeW nuHuen Tpe-
YyronbHWKa HA3BIBAETCH OTPE30K, COeNWHSIONHI
cepeAUHBI CTOPOH TpeyrojisHuKa (puc. 42).

Teopemalyp cpedHeil auHUU MpeyzoibHUKQA).

Cpennas JHHHA TPEYroJbHHKA NapaJuielibHA CTOPO-
He TPeyroJbHMKa M PaBHA €é I0oJOBHHE.

HJoxazarenscTiBo. [IpuMenas BeKTOPHBIM METOZ,
cHavajla HaJl0 3allMCATh B BEKTOPHON (Qopme ycCJO-
BUE TeopeMbl (MJIH 3amaum),

ITycre Touka K — cepepmuna cropoHbl AB Tpe-
yroaeauka ABC, touka M — cepeauna cropoHbl AC  Puc. 42
u KM — cpegnas JauHUA TpeyroabHuka ABC

(cm. puc. 42). Torga AK = %ﬁ u AM= —%E Mgl 3anucanu B BEKTOP-

HOHl (hopMe yciaoBue TeopeMmsl. IlepexoiuM K e€ NOKA3aTEILCTBY.
KM = A3 - 4K = YAC - 14 = 1(4C - 4B) - 15¢.

s
HWrak, MBI IOJYYHJIHA BEeKTOpPHOoe pasBeHcTBo KM = EBC' Ocranock
ero HCTOJKOBATE.

—_—

Bo-nepBBIX, M3 3TOro paBeHCTBa cJieyeT, 4YTO BeKTOopsl KM n

BC xonnuHeapHBI: CpeOHAL AUHUA MPEY2olbHUKA NAPALILELbHA €20
cmopoHe.

Bo-BTOpBIX, M3 3TOr0 paBEeHCTBA SCHO, UTO cpedHasn aunus KM
pasna nonosune cmoporvt BC. MBI nokasanu oba yTBepKAEHUS TeO-
pembl. B

W3 mpoBeféHHOrO A0KA3aTeJIbCTBA BHAHO, YTO peuleHue 3a0ay 8ek-
MopHbLM Memodom B YEM-TO aHAJOTHUYHO airebpamdyecKoMy pelIeHHIo
TEKCTOBBIX 3aJa4Y M COCTOUT M3 TPEX JTAIOB.

ITepaviit aman. Vciaoeue 3aJadyd HAJAO 3aluCcaTh B BEKTOPDHOM BH-
Ie, BBOASA TMOAXONAIIMM 00pasoM BEKTODPHI (aHasorus — BBeJeHUe He-
U3BECTHBIX M COCTABJIeHHE anrefpanvdecKoro ypaBHEHUS).

Bmopoit aman. CpeacTBaMu BEKTODHOH airebpbl ycjoBHe 3aJauu
Ipeobpasyercsa TakK, 4TOObI HOJYYUTEH PEIIeHHe 3aJaYyil B BEKTOPHOM BH-
e (aHaJorusa — pelleHue aaredpanyvecKoro ypaBHeHHUA).

Tpemuiir aman. IlonyueHHOe BEKTOPHOE COOTHOILIEHHE HCTOJKOBBI-
BAaeTCsa B UCXOAHBIX TepMHHAaX (aHANOrusg — (OpPMyJIUpPOBKA OTBETa IIO-
cle Toro, Kak ajarebpamyeckoe ypaBHEHHE DeILleHO).
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A Temeph BEKTOPHBIM METOZOM IIOJIyYHM emeé &
onuH peayabTaT. PacCMOTPUM UYeTHIPEXYTOJbHUK
ABCD. Ilyers Toukn K m L — cepeauHsl CTOPOH AB
u CD (puc. 43, a). Orpesok KL — cpeaHAs JIUHUA
qe*rmpé'xyronbnnxa ABCD. JloxaxeMm, 4TO

B

= 1(4D + BO). (1)
O BanuiieM B BEeKTOPHOU (hopMe ycIOBHe TOro,
yro Toukn K m L — cepemunnl cropor AB u CD:
KA = KB wn LC = -LD. Vs atux PaBeHCTB MOJyua-
eM, 4YTO ﬁ+ﬁ=6 17§ E+ﬁ=6. Hanee, ¢
ﬁ=ﬁ+ﬁ+ﬁznﬁ=1{—3’+ﬁ+ﬁ. Ciro-
JKUB JBa TOCJEeIHHUX pPaBEHCTBA, NOJIYYUM 25&: = { \ .

—_— —_—

= AD + BC, orkyza u ciaenyer paBeHcrso (1). W
Onupasice Ha paBeHCTBO (1), mokamkuTe camo-

CTOATENBLHO TEeOpeMy O CpefHed JMHWU Tpaneuuu Puc. 43

BEKTOPHBIM MeToxoM. HamomMEMM, 4TO C He

AVHUENH Tpaneuwwn Ha3bLIBAETCA OTPE30K, COeAUHSAIONIHH CcepeIuHBI

OOKOBEIX CTOpPOH Tpamenuu (puc. 43, 0).

Teopemalt cpednels aunuu mpaneyuu). CpexHas JUMHUA Tpane-
MM NapajujlelbHa OCHOBAHMAM TPaNelUH M PAaBHA MX IOJycyMMe.

e Bonpocel ans camokoHTpons s
o R DT

1. Kakve onepauuu HasblBalOT NUHEAHBIMU ONepaunsMm ¢ BekTopammn? .
2. Ha kakuwe aranel paabuBaeTcs pelleHne 3anayqn (Mnu [okasaTenscTso Teope- |
Mbl) BEKTOPHLIM METOAOM? .

APaséupuemcn B PeWweHnm

34

4.1. oxaxuTe, 4TO HA IJIOCKOCTH .JII000H BEKTOp U MOXeT OBITHL pas-
—_ —_

JIOKEeH O ABYM HEKOJJHHeapHBIM BeKTopaM a ¥ b, T. e. npeacras-

- — i
JieH B Buze U = xa + yb.
oy ¢4 — e d —
Pemenue. Ecam BekTOp v KOJJIMHEapeH BEKTOPY @, TO U = xa,
.

—

T.e. y = 0. AHAJOTHYHO €CJM BEKTOD U KOJIJIMHEApPeH BEeKTopy b, TO

34 naea |. J BekTopbl M KOOpAWHAaTHI



— —
v =yb, T.e. x =0. Paccmorpum ciaydai,
—
KOorga BEKTOD U HEKOJUIMHeapeH HHM BEKTOpPY
e
a, 51 BeKTOpY b. OTIO0MHUM 9TH TPH BEKTO-

pa oT oxHO# Touku O: a = O—A’, 3=(TB’,

v = OV (puc. 44). IIposeném yepes TOUKy V' Vg, 44
npAMYyIo, NapajlleNbHy0 npsamoir OB, u i

obosHauuMm yepe3 X TOYKY eé mepecedyeHUSA C

npamoil OA. 3areM mpoBefiéM dYeped TOYKY V NPAMYIO, NapajlIebHYIO
npamoit OA, u ofozHauum uepesd Y TOUKY €€ IepecedyeHUs C IPAMOH

OB. Torgpa 517 = 0X + OY . Tak xak BEKTOD ()Tf KOJUIMHeapeH BeK-
TOPY a, 10 OX = xa. AHATOrMIHO oY = yg. IToaTomy OV = xa + yg,

T.e.v=x3+yb.l

(]
$:
/W Paccyxpaem

4.2. Kax zanmcaTh Ha BEeKTOPHOM s3bIKe, YTO TOUKHM A u B: a) coBnazaa-
10T; 0) pasmUuYHEI?

4.3. Kax sanucaTh Ha BEKTOPHOM HA3BIKE, YTO TOYKa X JIEKHT HA:
a) npamoit AB; 0) nyue AB; B) orpeske AB? A Kak sanucaTb, UTO
Touka X He NPUHAAIENKHUT 9TUM durypam?

4.4. Kax samucaTh Ha BEKTOPHOM #A3bIKe 0 Touke X M oTpe3sxke AB:
a) X — cepepuna AB; 6) X genur AB B orHomenuu 1:2; B) X ne-
auT AB B OTHOLIEHHM p:(q, CYUTAA OT TOYKH A?

4.5. Kak sanucaTb Ha BEKTOPHOM si3bIKe, uTO: a) TOuku A, B, C asnsa-
I0OTCA BEpPIIMHAMU TpeyronsbHukKa; 6) rouku A, B, C, D asiaawTcsa
BEpPUIMHAMH mapaJuiejgorpamMmma?

4.6. Kax samucaTbk Ha BeKTOPDHOM #A3bIKe, 4TO npameie AB u CK:
a) coBnagarmT; 0) mapanyienbHbI?

4.7. Kak sanucaTb Ha BeKTOpPHOM sA3bike 00 orpe3kax AB u CK, uro:
a) AB = CK; 6) AB = 2CK?

(!) Aoka3biBOaEem

4.8. [lokasKHATE, UYTO CEPEeAMHEl CTOPOH JI060ro 4YeThIPEXYrOJbHHKA
ABJAIOTCA BepIIMHAMH napaJyuienorpamma. O6obmiuTe 3TO yTBEPXK-
JAeHHe.
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YuacTtByem B onuMumnuage

4.9. Kax, HCcOoJb3ysa BEeKTOPHI, IIOCTPOUTH TPEYIOJIbHUK, 3HAA cepenu-
HEI €r'0 CTOPOH? A HNATHYroAbHUK? A YeTBIPDEXYroabHUK?

A 4.2. 06 MCTOpDHM TeODHH BEeKTOpPOB

Teopusi BeKTOpoB HeobOxoxuma Ana (usmku. Emé Benuxuit Mcaak
Heroron (1643—1727) B cBoeit kHUre «MaTeMaTuyecKkue Hadajga HaTy-
panbHO# Guiaocodpum» cpasdy mocae GOPMYJIUPOBKHM TPEX 3aKOHOB (aK-
CHOM) MEeXaHHUKH BBIBOJWUT M3 HHUX CJEICTBHE.

CNEACTBME 1 Ilpu cunax cOBOKYNHbLX mMeno onucskiéaem duazonalv na-
pannenozZpamma 6 mo e camoe 8pems, KaK e20 CmoOpoHb. — Nnpu pas-
denbHblx. SIcHO, UTO 3mech TOBOPHUTCA O CJOKEHHUHM BEKTODPOB CHJI IIO
NpaBujly napaJuieorpaMmma.

B mMaTemMaTHKe HadYajo TEOPHUH BEKTOPOB OBLIO IIOJOKEHO B cepe-
nuHe XIX B. HeMEIKMM y4YHTeJIeM MAaTeMATHMKH OJHONM M3 TUMHa3HH
I'epmanom I'paccmanom (1809—1877) m upiaaHACKHM MaTeMaTHKOM
u acrponomoM YwuiabsimMoMm IamuiabsroHom (1805—1865), koropomy mpu-
HAIJIEKUT U CaM TEPMHUH 8eKMmop.

CoBpeMeHHOE HM3JI0XKEHHE TEeOPHHM BEKTOPOB OBLIIO HaAMEUEeHO aMme-
pukanckum ¢dusukom [xozaiteir 'mbdcom (1839—1903) B 1881—

1884 rr. V

§5. KoopauHars

5.1. BeKTOpEI HA KOODAMHATHOW OCH

CHauana paccMOTPUM BEKTODBI, JeKallue Ha HEeKO-
TOPOH mpsaMoii p. BeegéMm Ha aTOii MpAMOIl KOOpIHU-
HaATy X, BBIOpaB Haqano KOOp,Il,HHaT — Touky O u
eIMHUYHBIN BEKTOD OE . IIpamasa p crana Koop-

s
AWHATHON ocklo x (pHc. 45]. JIio6oit BeKTOp @, Je-
JKAIUil HAa NPAMOH p, KOJNJIHHEAPEeH eIUHUYHOMY

BekTOopy i. CormacHo xXapakTepPHOMY CBOMCTBY KOJI-
JINHEeapHbIX BEKTOpOB (TeopeMma 1. 3.1)

=

-+ -
a=a,i. (1)
Yucno a, HasbiBaeTcd KOOPAWHATOW BeK-
lgga___cj Ha KoopauwHaTtHoW ocum x. OHO om-
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pefeaserca IJisd KaMIoro BeKTOopa Ha OCH X eJHHCTBEHHBIM 00-
pasoM.

z - <$i, 0 e
0 HedicTBuTenbHO, NycTh @ = a,i u a = a, i. Torga ua pasencrsa

. -
*

- . ® s
a,i =a, i ciepyer, 4To a, = a, (mo csoicrBy 4 1. 3.1). ITostomy dea
6eKMOpa HA OCU pashbl. mozda u moavko mozoda, Kozda ux KoopouwHa-
mu. paeHbv.. B

cBOMCTBO 1 Ilpu CIOKEHHMH BEKTOPOB HA OCH MX KOODAHHATHI CKJAbI-
BAKOTCH.

cBOWCTBO 2 Ilpm yMHOMKeHMH BeKTOpPa HA YHMCJIO ero KOOpAMHATA
yMHOKAETCH HAa 3TO YHCJIO,

OTH CBOMCTBA AOKAXKUTE CAMOCTOATEIbHO.
CeoiicTBa 1 u 2 mepeHOCAT AeHCTBHA C BEKTOPAMM HA OCH K JeH-
CTBHAM C UX KOOPAWHATAMH.

-
Kozda eexmop a omaoxen Ha ocu X om Havania KoopouHam

(puc. 46), m.e. a= 0A, mo ezo rwoopdunama a, pasna koopduname
mouku A — uucary x,:
G, = %4 (2)

O IeificTBHTEJIBHO, MOAYJIH 9THX YHCEJ PABHEI AJWHE oTpe3ka OA. Oba
OTH YHCJIA IIOJOMKHUTEJIbHBI, KOIZa TOUKA A JIeXKHT HA IOJOMKHUTENLHOM

— —
noayocu x (puc. 46, a), — B aToMm caydae BekTOopsl OA u i coHampasJe-
Hbl. Ecnn :xe Touka A JIeKUT Ha OTpHUUATeNbHOH moayocu x (puc. 46, 6),

— —

TO 06a OHHM OTpHUIaTeabHBI — BeKTOPEI OA u i HampaBJe€HBLI IPOTHBOIIO-
JgoxHO. CremoBaTenbHO, YUCIa @, U X, PaBHEL. W

- — *
Teneps yike Jerko HaAUTH KOOPAMHATY BekTopa a = AB Ha ocH X,

—

€CJIM MBBECTHBI KOOPAHUHATHI X, U Xp Touek A u B. ITockonabky AB =

=0OB-0A u OA = x,i, a OB = xpi, T0 AB = (x5 — x,)i. Ilocnennee
PaBeHCTBO W TOBOPDUT O TOM, YTO KOOPJMHATAa BeKTOpa HA OCH paBHA
Pa3HOCTH KOOPAMHAT ero KOHLA M Havdaja:

- LTS (3)

!H.l
iy

-+ o -
x

Puc. 46
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1. Kak BBOAUTCH KOOpAWHATa BeKTopa Ha ocu? Heuy paBHa KOOpAWHATa BEKTO-
pa Ha OCU, KOOpAWMHATHLI Havana W KOHLA KOTOPOro M3BECTHbI? :
2. Yemy paBHa KOOpAMHaTa CYMMbl BEKTOPOB? ;
3. YTo npoucxoguT C KOOPOWHATOW BekTopa npw yMHoernu ero Ha -mcno'? :

Oﬂpencrunnnem

5.1. BepHo nu, 4ro, yeM AJIMHHEe BEKTOP, JeXaIlluii Ha ocH, TeM D0oJb-
mre ero KoopauHara? BeprHo s obpaTHOE?

i Boiuncnaem

5.2. BekTop a umeer KOoOpAMHATY —5, BEeKTOp b mMMeeT KoopauHATY 2.
KakoBbl KOOpAMHATEI: &) a+ b; 6) —-a + b; B) 2a — 3b?

5.3. Ha ocu Jexxar geTeIpe BEeKTOpAa. Hx KOOPDAHMHATHEI COOTBETCTBEHHO
3, -2, —8, 7. Kaxoil BeKTOp ABJSAETCA HX CYMMOMH?

5.4. lauel aBe Toukm Ha ocm: A(—10) m B(20). KakoBel KOOpPAMHATEI
BeKTOpOB AB u BA?
5.5. lansr aBe Touku Ha ocu: A(100) u B(—20). Kakyro KoopAHHATY

umeer Touka X, Takas, UTO: a) ﬂ = Zﬁ; 6) ﬂ + ﬁ = 0;
B)AX + XB = 0; 1) 2AX - 3XB = 0?

E Uccnepyem

5.6. Hauser Touku Ha ocu: A(-3), B(-1), C(4) u D(6). Ecre nu cpegu
BCEBO3MOJKHBEIX BEKTODOB, 3aJaHHBIX JIIOOBIMM ABYMSA W3 3THX TO-
YeK, paBHbIE?

5.7. Kak u3MeHATCA KOODAMHATEI BEeKTOPOB HA KOODAMHATHOM OCH, ec-
JUA €€ eAMHHUYHBIM BEKTOP HM3MeHHJ HampasJeHue?

5.2. BeKTOpHl HA KOOPAMHATHON IJIOCKOCTH

ObGparumca Tenepb K BEKTOpPAM, J€KalMM Ha Roop,n;nna-moii IJIOCKOC-
™ xOy. EquHUYHEIA BEKTOp ocu x 0003HAUYMM Yepes z, a Koop,u,nna'r-
HBINI BEKTOD OCH Yy 4Yepes ; Bo3pMEM NPOMBBOJBLHEIA BEKTOD 4.
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a yjl 6
YA
.Jl
Aq Py J g A =2
g O e JA
p Cq (0]
- Py Traqii
-
0 Y
& Y YA " C Cy
Puc. 47

— - - =
Eciu BEeKTOp @ KOJUIMHeapeH ocH X, TO @ = a,i. Eciu BeKTOp a KoJ-

—_ —
JIHHeapeH OoCH Y, To a = ayj. Yucaa a, u ay B 3THX ABYX YaCTHBIX CIy-
yadx onpenedrnTcda OJHO3HAYHO.

-
Paccmorpum obuimit ciayyai, Korjga BEKTOpP 4 He KOJIIMHeapeH KO-
opAUHATHBIM BeKTOpaM. OTJI0XXHM €ero OT HeKOTOpoHd Touyku P, umero-

el KoopAUHATHI (Xp, Yp). Ilomyuyum BeKkTOD PA = a.

ITycrs TOuka A MMeeT KoopAHMHATHI (X4, Y,). IIpoBeném yepes Tou-
Ku P m A npaMble, IEPONEeHAUKYIAPHBIe ocaAM KoopauHat. OHM mepece-
KyT OCH KoopauHAT B Toukax P,(xp,0), A;(x,, 0), Py(0, yp), A0, y,)
(puc. 47, a). Orpesox PA saBiasiercsi AUATOHAJBIO NPAMOYTOJBHUKA, CTO-
POHBI KOTOPOTO JIEXKAT HA 3THX IPAMEIX, H (COrIacHO IpaBHIy Iapas-
JejorpamMma)

PA =P, A, + P,A,. (4)
Mg1 PaA3JOMHJIH BEKTOD 4 II0 KOOPDOAHMHATHBIM OCAM:

@ =PA, + P,A,. (5)

Bexroper P;A; m P,A, Ha3bIBaIOTC COCTABASAIOUWWAMMW BeK-

=
TOopa a mo OCAM X M [ COOTBETCTBEHHO.

5
IToxa’keM, 4TO COCTABIAAMINNE BEKTOPA @ OmpeNedloTca OJHO3HAY-
HO, T.e. He 3aBHUCAT OT TOr0, OT KAKOM MMEHHO TOYKH OTJIOJKEH BeK-

o
TOp a.
4
OTJOXUM BeKTOp a OT Hadajla KoopiuHar — Toukm O. Iloxmy-
TRAEAER L
uum BexkTop OC = a (puc. 47, 6). Pasnoxum ero nmo KoopamHATHBIM
ocsaM:

a = OC, + OC,. (6)
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MUz (5) u (6) monyyaem, 4TO

P,A, + P,A, = OC, + OC,.
ITosTomy

B npaBoii yacTH MOJYYEHHOTO PABEHCTBA CTOUT BEKTODP, KOJLIHHE-

apHbIf ocM X, a B JIeBOM 4YacTH — BEKTOD, KoJuImHeapHbIil ocu y. Ta-
KHM BEKTOPOM MOJKeT OBITh JIMINL HYJIL-BEKTOpP. Iloaromy

CrenoBarensno, PA, = OC, u P, A, = OC,.

Hrak, MbI YCTAHOBHUJIH €JHHCTBEHHOCTh Pas3JIOKEeHHMA BEeKTOpa Ha
COCTaBJIAKOIIHE II0 OCAM: COCTABJIAIOINHNE, IIOJIYVYEHHBbIE IIPH OTKJIaJAblBa-
HHH BeKTOpa OT HpOI«ISBDJII:HOI':I TOYKH P, COOTBETCTBEHHO PaBHBI

—_—— —_—

ero cocrapasomum OC,; u OC,.
Kaxxzas 3 9TUX COCTABJSIONIAX MMeeT CBOIO KOODAMHATY Ha COOT-
BEeTCTBYIOIel ocu. ITH KOOpAMHATHI 00o3HauyaeM a, u a,. Ilockombky

OC, = a,i n OCy = a,j, T0, NOACTABNAA STH PABEHCTBA B (POPMYIY (6),

ImoJy4yaeM IpeACTABIEeHHE BEKTOpa a:
5 iy i
a=a,+a,j. (7
B nynkre 5.1 moxasaHO, UTO UHCJIO @, — B3TO KOODAMHATA TOUYKH
C, Ha ocu x. AHAJIOTUYHO YMCJIO @, — KoopAuHaTa ToukH C, Ha ocH Y.
CnenoBaTenbHo, mapa uucen (a,; ay) — 3T0 KoopauHAThl Touku C.
Ilonyuennas mapa uucen (a,; a,) Has3bIBaeTCs KOOpAWHATaMu

-
BEKTOpa a B 3aJaHHOM CHCTeMe KOOpAHHAT. Ona xe sIBIAeTCS KOOop-

S
puHataMu Toukn C — KoHmDa Bexktopa OC = a.
ITocnenuee yTBep)KAeHHE IMO3BOJAET IO KaXKAOH YIOPAZOYEHHON
—
nape uuces (a,; a,) MOCTPOUTE BEKTOP @, KOOPAMHATAMU KOTODPOI'O B 3a-
MaHHOH cHUCTeMe MPAMOYTOJbHBIX KoopauHaT xOy Oyayr ducia a,, a,.
Ins 2TOro ZOCTATOYHO B 3TOH CHCTeMe KOODAMHAT HOCTPOUTH TOouKy C

—_—
C KOOpAMHATAMH @, @, U B3ATH BEKTOP OC. Ero xkoopauHaramMu u 6y-
AyT 4UCIA Q,, Q.

ITockonbKy B 3aJaHHON CHCTeMe KOOPAHMHAT COCTaBJAIOIINE BEKTO-
pa oIpeAeJAOTCA OJHO3HAYHO, TO OTHOCHTEJNBHO 3TOH CcHCTEeMBI M KO-
OPAUHATEI BEKTOPA OINPEAENSIOTCH eIUHCTBEHHBIM 00pasoM.

IIpoBenéuHble paccyXJeHHA MOABITOYKHUM B BHJe CIEAYIOIIEH Teo-
pPeMBbI:
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SRR (0 xoopdunamax eexmopa wa naockocmu). Ilyers Ha
[JIOCKOCTH 3aJlaHa NMPAMOYroJIbHAA CHCTEMa KOOPAMHAT C e{MHHUYHBI-

— —

MH BEeKTOpaMH i M j KoopauHatHeix oceit ¥ u y. Torma mro6oii Bek-
—
top a maockoctH xOy MoxkeT ObITH NpEJCTABIEH B BHIAE

—

d=a,i+a,j, 8)

!
¥ MPHUTOM eJHHCTBEHHBIM 006pa3om. Eciim BEeKTOpP @ OTIO0KeH OT Haua-
Jla KOOPAMHAT, TO €r0 KOOPAUHATHI PABHBI COOTBETCTBEHHO KOOPAMHA-
TAM €ro KOHIA.

Emgé pas BepHéMmca k pucyHry 47, 6. 1Ia reopemsr ITudaropa cnenyer,
qro OC? = OCf + OC% ITocxkonery OC = al, 0C,=la,| u OC,= Iay[, TO

— 2
lal* = a2 + a3, 9)
T. €. KBaApaT MOAYJS BEKTOpa paBeH cyMMe KBaj- 7\
paToB ero KOOpIHMHAT. y B
Kax vHaliTH KOOpAMHATHOE pPAa3jIOlKeHHEe BEeKTO- B
—_ ——
pa a = AB, eciau HM3BECTHBI KOODAMHATHI Hadaja 4
1 KOHIIa 3Toro BeKTopa: A(x,;y,) m B(xg; yg) A 40 o
B
(puc. 48)? A Ya

ITo ompeneseHHI0 KOOPAMHATHI BEKTOPa PaBHEI
Koa(dunueHnTaM IpPH BeKTOpax i W j B pPaBeHCT- Puc. 48
Be (6). Tak kak

AB =0B — OA = xgi + ygj — (x40 + y,j) =

o e
= (xp = x4)i + (Yp = Ya)i>
TO KOOPAUHATA COCTABJAIOIEH HAa OCH X — YHCJIO @, = Xz — X,, & KO-

OpAMHATA COCTABJIAIONIEH HA OCH Y — YHCIO @, = Yp — Yu.
Urax, umobvl Hailmu koopduHambv. 8eKMOpPA, HYHCHO om Koopdu-
Ham KOHUGQ 8eKmopa OMHAMbL KOOpOuHambl. HA4A1A 6eKMOpa:

a,=Xgp— X4 A, = Yp ~ Ya- (10)
ITOCKONBKY Ka)XJZOMY BEKTOPY Ha KOODAMHATHON IJIOCKOCTH MO~
HO TIOCTABUTH B COOTBETCTBHUE YIOPAAOYEHHYIO Iapy YHCesS — ero

KOOpAMHATHI, a KaXAOoH yNOopAZOYEHHOH Ilape 4YHCeJ COOTBETCTBYET
BEKTOp, AJf KOTOPOT'O 3Ta Iapa 4YHCeJ ABJIAETCA ero KOOpAWHATAMH,

y

TO TOABIAIOTCA OCHOBAHUA IJA TOT0, YTOOBI OTOMIECTBUTHL BEKTOD d
—

C mapo# ero KoopausHar (a,; ay} u nucaTth a = (a,; ay), uMes B BUAY, 4TO

a= ax? 5 ay?.
Pagenctra (9) u (10) gmaior einé onHY (GOPMYyJay OJA BBIYMCIEHHSA

—
KBazpara MOAyJs BeKTopa AB, KOODAHHATBEI Hadajga M KOHIIA KOTOPOTO
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HM3BECTHBI:
|ABI2 = (25— .‘t','A)z e yA)z. (11)

Tax Kak MoayJb BekTopa AB — 3T0 paccrosaHue MeXAy TOYKaMH
A u B, to ¢popmyna (11) aBaserca Takxe gopmynoii dra keadpama
paccmosnus mexoy osyma mouramu A(x,; y,) u B(xg; Yyg) U MOxKeT

OBITh 3aIMCcaHa TakK: 5 ” 5
AB® = (xg — x,4)" + (yp — Ya)" (12)

Ecam u3BeCTHBI KOODAMHATHI KOHIOB oTpedka AB — (x4;U,)
" (xg; Yp), TO JIETKO MOMKHO HAWTH KoopAuHAThl Touku C(x.; yo) — ce-

peaunsl orpe3aka AB. Tak kaxk B atom cayuae AC = (TB: TO Xe 5(%u T
=Xgp— X¢c M Yo~ Ys =Yg ~ Yo, & MOTOMY
1 1
Xc=5(x4 + xp) ¥ Yo =35(Ya + Yp)- (13)

KoopauuaTel BeKTOpa Ha KOOPAWHATHOI ILJIOC-
KOCTH IIOJIYYaIOTCA B Pe3yJbTaTe IIPOeKTHPOBaHHA B

ero Hauaja M KOHIIA Ha ocH KoopauHat. Ilostomy A
KOOPAUWHATEI BEKTOPA HA3BIBAIOT TAKJYKE €ro npoex-

yusamu. TepMuH «mpoeknusa» ymorpebasercsa U Tor-

[a, KOrJa IMPOeKTHPOBAHME HAYAJA M KOHIA BeKTo- A; O e B*
pa NPOHCXOAUT TOJBKO HAa OXHY ochk (puc. 49), npu-
yéM Heo0A3aTeJbHO B CHCTEMe KOOpAHHAT, — Takx Puc. 49

OOBIYHO MIOCTYMNAXOT B (hU3HKeE.

1. Kak pa3noxuTtb BEKTOP MO KOOPAWHATHLIM OCAM?

2. Yro Takoe KoopAMHATBLI BEKTOPA B AAHHOW CUCTEMe KoopauHat?

3. Kak BblMMCINTE MOAYNb BEKTOpPA Yepes ero KOOpAWuHaThl?

4. Kak BblpaxaloTCA KOOpAWHATbl BEKTOpa 4epe3 KOOpPAWHATHI ero Havana
U KoHua?

5. Kak HaitTu paccTosiHue mexay To4kamu, KOOpAWHaTbl KOTOPbIX W3BECTHbI?

6. N3BecTHbl KoOpAuHaTLl TPEX BepwwuH napannenorpamma. Kak HanTu koop-
AWHaTbl ero 4eTBEPTON BEPLUMHBI M KOOPAWHATHI TOYKM NepecevYeHus auaro-
Hanen?

ELY:TXT] :

@ AononHsem Teopuio

5.8. MMoxkakure, uTO MpOoeKIUA HEHYJIEBOIO BEKTOPA HAa OCh paBHA [JIH-
He 3TOr0 BEKTOpa, YMHOKEHHOM Ha KOCHHYC YIJla MEeXXAY BEKTO-
POM H OCBIO.

]
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5.9.

5.10.

5.11.

5.12,

+

5.13.

5.14.

5.15.

5.16.

5.17.

Yrnom Mexny HeHyNeBbiM BEKTOPOM M OCbI0 HAa3LIBa-

€TCA YroJg Mexagy S9THM BeKTOpOM H €JHHHYHBIM BEKTOPOM OCH.
HanomEHM, 4TO KOCUHYC mynozo Yzia paseH MUHYC KOCUHYC
CMEMHOZ0 C HUM OCcmpozo yzada.

o
Ilycrs @ — eAMHWYHBIA BeKTOp, & @; ¥ (¢, — YIJIBI, KOTOPbIEe OH
cocTaBJfAeT C ocAMM Koopauuar. JJoKaKuTe, 4TO:

a) a = cos@,i + cos (pz}’; 0) cosztpl g cosztpg =1

Pucyem

Hapucyiite cucremy kKoopauHart. HapucyiiTe Takoil BEKTOp, 4TO:
a) obe ero KOOPAUHATHI IIOJIOKUTENbHEI; 0) 00e ero KoopauHATHI
OTPHUIIATEJILHBI; B) OOHA M3 KOODPAMHAT IIOJIOXKMUTENBHA, a Jpyras
OTpHUIlaTeNbHA; I') OlHA M3 KOOPAWHAT paBHA HYJIIO.

Hapucyiite BeKTOp &, KOOpAHMHATEI KoToporo: a) (2; 2); 6) (3; 0);
B) (—2; —4); r) (0; =3); n) (3; —2). HapucyiiTe BEKTODHI C TeMH e
KOOpAMHATAMKA M C HAYaJIOM B TOYKe B, KOOpAMHATHEI KOTOPOii
(-2; -1).

Hapmucyiite ock. HapmcyiiTe BeKTOp, HNPOEKIMA KOTOPOTO HAa 3Ty
och paBHa: a) 2; 6) —2; B) 0.

Boiuncnaem

KakoBbl KOOpAMHATEI BEKTODAa AB u ero AnuHa, ecau: a) A(0; 2)
n B(-1;3); 6)A(2;3) u B(-1;-1); B) A(-2;-3) m B(1;1);
r) A(p; @) u B(=p; —q)?

Kaxkoit yron oGpasyer BEKTOpD C OCAMH KOODJAHMHAT, €CIH €ro Ko-
opauHATE paBHBI: a) (1;1); 6) (1;-1); B) (-1;1); r) (—-1;-1);

1) (1;43); ) (—V3; -1); x) (25 3)?

Ot Touru A(2; —3) OTJIOXKHUJIM BEKTOD 2 =AB. KaxoBel Koopau-
marel Touku B, ecou: a) a = (1;2); 6) a = (—1;2); 8) a = (1; -2);
r)a = (10; -5); x) a = (-3; ~1)?

OT TOYKH A OTIOMKHIN BEKTOD a = E WNazBecTHO, yTO TOuKa B
umeeT KoopamHaThel (2; 3). KaxoBel KoopamHaThl TOYKM A, ec-
am: a)a = (1;2); 6)a = (-1;2); B)a = (1;-2); r) a = (10; —5);
m)a = (-3;-1)?

Muwem rpanHuysl

Inauna BexTopa paBHa 5. OZHA M3 ero KOOpAMHAT BO3pacTaeT OT
2 po 4. Kak nameHsieTcA Apyras ero xkoopausHara?
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5.18. OaHa U3 KOODAMHAT BEKTOpa M3MeHseTcsa oT 1 xo 2, a gpyras —
or —3 mo 1. B Kakux rpaHMIax JeXWUT AJUHA BeKTopa?

@ Uccnepyem

5.19. MosxkeT ¥ OZHA M3 KOOPAHMHAT BEKTOpPa PaBHATHCA ero JauHe?
A ofe KoopAMHATHI?

5.3. JleficTBMA C BEKTOPaMHM B KOOPAMHATHOM
dopme

Kak ¥ KoopAuHATA BeKTOpa Ha NPAMOH, KOOPAHMHATEI BEeKTOpa Ha ILJIOC-
KocTH 00J1aiaioT cJefyIUMH CBOMCTBAMM:

CBOWCTBO 1 le{ CJIOKEeHHHM BeKTOPOB HX COOTBETCTBYHOIIHE KOOpIHHA-
Thl CKJIAABIBAKOTCHA.

—

O Ilyers a-= (as;a), b=(b;b) m ¢c=a+b. IToxaxem, uTO

-

c=(a,+bsa,+b),
By, D, e, ™ a8, F b (14)
HeicTBHTENBHO,
C=a+b=(a,+b)i+(a,+b)- (15)

W3 papencrBa (15) 1 eJMHCTBEHHOCTH KOOPAMHATHOI'O HpPEACTABJIE-
HUS BEeKTOpPa BBITEKAIOT paBeHcTBa (14). W

CBOWCTBO 2 IIpm yMHOKEHHM BeKTOpAa HA YHCJO €ro KOOPAWHATHI yM-
HOKAIOTCA HA BTO YHCJIO.

O ITyers a = (@s;a) nb= aa. IMokaxem, uto b = (aa,; aa)), T.e.
b,=oaa, u b, =aa, (16)

— — —
HeficrButensHo, b = aa,i + o.ayj, T. €. BBIDOJHAKTCH pPaBEHCT-
Ba (16). m

CgoiicTBO 2 1D0O3BOJIAET HO-APYroMy c(opMyJMpOBATE XapaKTepHOe
CBOMCTBO KOJUIMHEAPHOCTH BeKTOPOB (Teopemy nyHKTa 3.1): dsa gexmo-

— —
pa a =(as;a,) u b= (bs;b,) Korrurneapnv. mozda u moavko mozoa,
Kozda ux KoopdurambL NPONOPYUOHALbHYL, M. €. BbLNOLHAIOMCA PAGEH-
cmaa (16).

9TO yTBepKAEHHE HNOKAYKHUTE CAMOCTOATEJIBHO.

{ T
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1. Yemy paBHbl KOOPAUHATLI CYMMbI BEKTOPOB, ECNM KOOPAWHATLI Cnaraembix n3- -
BECTHbI?
2. 410 NpoMCXoauT C KOOpAMHATAMK BEKTOPA MPW YMHOXEHUWU ero Ha 4ucno?

@ AononHsem Teopmuio
5.20. [Tan BeKTOp a= (x; y). KakoBEl KOOpPAMHATHEI BEKTOpA -a?

5.21. KakoBBl KOODAMHATHI BEKTODPA a - b, ecamn a = (5y,)) m b =
= (xy; Yy,)? HaiiTe cimoBecHyI0 (GOPMYJIHDPOBKY 3TOMY CBOMCTBY KO-

- —
opauHaTr. KakoBel KoopauHaThl BeKTopa aa + Bb?

i Boiuucnaem

5.22, Jlan BEKTOp a= (2; —1). 3anumuTre KOOPIHUHATHI BEKTOpAa: a) —E;
6) 2a; B) —3a.
5.23. laubl BEKTOPHI a = (—2; 2) ub= (2; 2) Hannm‘e Koopnnna'rm

a
b; 6) B) —@ — b; 1) —a + b; n) 2a — 3b;

nl

BEKTOpa: a) a+

1 e

e) 3@~ 2b.
5.24. Ilycts BEKTOD a naumHOM 2 obpasyer ¢ ocbio x yroa 30° u Tymoi

yroJ ¢ OChi0 Yy, a BeKTop b pmnuHO# 4 oOpasyer ¢ OChI0 X yroJ
120° u ocrpelit yroa ¢ ockio y. KakoBel KOODAMHATHEI BEKTODOB:

a)?f " 3; 6)E+3; 3)3—23?
Konnuneapns! nu BeKTOpsI: a) (45 —2) u (25 1); 6) (4;-2) u (—2; 1);

B) (4;-2) u (4;0); r) (-4; 2) u (2; -1); 1) (3; 0) u (-5; 0); e) (3; 0)
u (0; 3)?

5.26. BexTopsl awu 3 xosumHeapHbl. Haliaure ux Hegocrarmiiue Koop-
auHATEL: a)a = (-2; 1), b= (.3 8); 6) a = (2; -1), b - (d3.);
B) @ =(0;8), b= (i y)i )@ =(150), b = (x; ...

5.27. Baganaer Touknu A(2; -3), B(-1;-1), C(4;-2), P(3; 3). Beruucaure
KOOpJIMHATHEl BEKTOpa: 4) AB + Ef; 6) AB - EB.; B) 2AC — 3&";
r) PA + %Eé + 2AB.

5.25

.
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5.4. MeTox KoOpaAMHAT. YPaBHEHHSA
OKPY’KHOCTH M NPAMOH

Koopauuatel B reomerpuio BBeau B cepeguHe XVII B. dpanuys-
ckme marematTuku Pene Iexapr (1596 —1650) u Ilvep Pepma (1601—
1665). Umu Opln co3JaH HOBBIM pasfels reOMeTPHH — aHAJUTHYECKasd
reoMeTpus, B KOTOpPOil reoMeTpudeckue GUrypsl Ha KOODAMHATHOM
IIJIOCKOCTH MJH B IIPOCTPAHCTBE, I'Jle BBeJeHbBI KOOPAHWHATEHI, 3aJal0TCH
anrefpanyecKUMM YPABHEHMAMH M reOMeTPHUYeCKHe 3aJa4d DPeInaioTcsd
anrebpanyecknMu MerogaMu. B uects P. Jlekapra nmpaMOyrojanHBIE CHC-
TeMbl KOODAWHAT HASHIBAIOT TaKKe Jexapmosulmu koopluHamamu.

T'oBopAT, UTO Hekomopoe aazebpauyeckoe ypasHeHue 3adaém @u-
zypy F na woopdunHamHoll NJOCKOCMU, €CAU MOYKA NPUHAOLeH UM
amoil ¢pueype mozda u moavko mozda, kozda KkooplurambvL IMOLL MOH-
Ku ydosnemeopawm OAHHOMY YDPABHEHUI.

IIpounniocTpupyeM 3TO IOJIOMKEeHHe, BhHIBeAs YpaBHEeHHE OKPYKHOC-
™a F ¢ neHTpoM B TOuKe A u pamuycom R.

0 BeeéMm Ha IJIOCKOCTH AeKapTOBBI KOOpAMHATH! X; Y. IlycTe TOuKa
A umeer koopauHaTel (a; b) (puc. 50). Touka M(x; y) HpUHALIEIKUT
OKpYysKHOCTH F Torja “ TOJBKO TOorza, kKorma AM = R, unam, 4TO pas-
HOCHJIBHO, TOTAA M TOJBKO Torga, korxa AM? = R?. Ecau sanucarsb mo-
cJielHee PaBEeHCTBO 4Yepe3 KoopAuHATH ToueK A u M (cm. (12) B 1. 5.2),
TO IOJYYHUM ypaBHeHHE OKDPYKHOCTH F:

(x—a)’ + (y-b)? = R%. @
B JacCTHOM CJjgy4dae, KOorma IeHTp OI{]JYJRHOCTH HaxomMuTCcA B Hada-

Jle KoopauHaT, ypaBHeHue (17) ympoinaercs:
2+’ =R. m (18)

Emé omuH npumep s3azaHus ¢urypsl ypaBHenuem. [lokaxem, uTo
npamas Ha KoopouHamHoll naockocmu 3adaémcsa JUHeUHbLM YpasHe-
Huem, T. €. YPAaBHEHUEM BHJA

ax +by +¢ =0, (19)
yA ya

I/ M(xy)
M(xy) /
A v

" b ‘A(%0.40)
a O x 3
p/ by /O x

P. Oekapr Puc. 50 Puc. 51
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IpH yCJIOBMH, 4YTO mapa uucesa (a; b) — HeHyneBas, T. €. xorsa Obl Of-
HO YHCJIO U3 3TOH MAPhI OTJIMYHO OT HYJA.

Tak Kax Mbl yKe IMO3HAKOMHJINCH C BEKTOPAMH M C MX KOOpAHHA-
TaMH, TO, pellas 3Ty 3ajauy, Oyzem coderaTh METOJ KOOPAMHAT C BEK-
TOPHEIM METOZOM, OOBIUHYI0O anrebpy M BEKTODHYIO anrebpy.

O ITonoxxeHue npaMoit | Ha KOOpAMHATHOM IIOCKOCTH (X; y) ompexe-
JIUTCA, €CJM 3aJaTh HEKOTOPYI Touky A(x,; Y,) 2TOH IPAMOH M HeHy-

JIeBOil BeKTOp U = (p, @), Jexamuii Ha NpaAMoi [ (ero HassIBalOT Ha-
NpaBJIAIONIHM BeKTopoM npamou, puc. 51). Touxka M(x; y) nexur Ha

npaAMo# [ Torga M TONBKO TOrza, Korga BeKTOp AM = (x — X ¥ — ¥Yo)

-
KOJIJIMHeapeH BEKTOpy U = (p; q).
A ycioBHe KOJLIWHEAPHOCTH BEKTODOB — 3TO IIPOIOPIMOHAJIBHOCTh

gy
HX KOOpAHMHAT. Ecnu o6e KOOpPAMHATEI BEKTOPa UV OTJHYHEBEI OT HYJA, TO
3Ta NPONOPIHOHAJIBHOCTE 3allMChIBA€TCA TaK:

g%y _ Y-
TR
VYpasuenue (20) u ecTth ypaBHeHHe NpAMOH [.
Yapoctus ero, moayuuMm gx — py + (py, — qx,) = 0, T. e. ypaBHeHHE
Buga (19).
Ecnmu xe p =0, To npamas | 3ajgaérca ypaBHeHHeM x — X, = 0,
a ecim ¢ =0, To oHa 3ajmaércsA ypaBHeHHeM Y — Yy, =0, T. e. B 3TUX
YacTHBRIX CJydYasX CHOBA MMeeM ypaBHeHus Buza (19). m

(20)

B zakjgo4yeHHe OTMETHM, 4YTO IIOCTpPOeHHe rpadukoB QyHKIHHA —
ATO TOMKEe ONHO M3 NPUMEHEHUIl MeToJa KoopauHAT. BconoMHHTE, YTO
rpadhuk JuHeHHOH (PYyHKOMM — 3TO HNpAMasd, a rpaduk KBALpATHUYHOH
¢yaxnun — napaboaa.

© Bonpocsl ans camokoHTpons EEEE

1. 4TO 3HAYMT BbLIPAXEHWE HEKOTOPOE ypasHeHue 3a8aET Gurypy Ha KoopauHar-
HoU nnockocTn?

2. Kak 6bl Bbl COPMYNMPOBANIM OTBET HAa BONPOC: YTO 3HAYWUT BbipaXeHue He-
KOTOpOe HepaBeHCTBO 3aAaET Qurypy Ha koopauHatHou naockoctu? MNpusean-
Te NpUMepbI.

3. Kak 6b! Bbl chOopMynMpoBanu OTBET Ha BOMPOC: YTO 3HAYWUT BbipaxeHue He-
KOTOpasi cucTemMa ypasHeHWi 3afaért Gurypy Ha KoopauHaTHOM MA0CKOCTN?
lMpuBeguTe Npumepsl.

4. Kakum ypaBHeHueM 3a4aETCA OKPYXHOCTb? -
5. Kakum ypasHeHvem 3agaétca npaman? Moe Bbi padee BCTpeYanucb C ypae- |
HEeHWeM NpsAMoiA? :

HEAE
L
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Vi

5.28.

5.29.

Pucyem

HapucyiiTe purypy, 3afjasHyi0 Ha KOODAMHATHOU ILIOCKOCTH xQOy
ypaBHeHHeM: a) x = 2; 6) y=-2; B) x(x—-2)=0; r) y(y + 2) =
=0; m) x*~y*=0; e) |x| = 1; %) ly| = x% 3) |x| + ly| = 1; m) |x[ = |y].
Hapucyiite ¢urypy, 3aJaHHyi0 HA KOOPAMHATHOH ILIOCKOCTH xOy
HEPaBEHCTBOM: a) x 2 2; 6) y< —2;B) x(x = 2)20; r) y(y + 2) < 0;
m x* +y* < a% e) |2 1; x) |yl < 2% 3) |x] + |y < 15 m) |x| 2 [y,

@ Uccnepyem

5.30.

5.31.

5.32.

5.33.

Hanuimure ypaBHeHHe MHOXKECTBA TOYEK HA KOODPAMHATHOM ILIOC-
KOCTH, paBHOymaJeéHHBIX: a) or Touek A(2; 0) u B(0; —-3);
6) or Touex A(—3; 0) u B(4; 1).

Ilo xakoii TPAaeKTOPHH ABUIKETCA B CHCTeMe KoopauHaT Touka K,
ecJIy OHa paBHoygayieHa: a) oT Touku A(2; 0) u ocu y; 6) or Tou-
Ku A(0; —3) u ocu x; B) or ToukHm A(2; 3) m mpamoir x = 1;
r) or Touku A(—1; 2) u npamoit y = 4? Hanumure ypaBHeHHe
aToil TpaexkTopuu. Kakad y Bac nodaBujach ruroresa IIOCJIe perie-
HUA 9TOH 3amaum?

Hanumure ypaBHEHHe MHOKecTBa TodeK K Ha KOOPAMHATHOH
miockoctu, eciu KA = 2KB u Ttouku A u B rakoswi: a) A(1; 0)
u B(-5; 0); 6) A(0; 2) u B(0; —6); B) A(2; 2) u B(-6; —6)?
Hanumure ypaBHeHHe MHOXKecTBa Touek K Ha KOOpAHMHATHOM
mwrockoetn takux, uto KA?2 — KB?=1, a Touku A u B TaKOBBI:
a) A(2; 0) u B(-3; 0); 6) A(0; 4) n B(0; —6).

§ 6. CkanspHoe yMHOXeHMEe BEKTOpPOB

6.1. Kocunyc

B onpeneseHHH CKAJAPHOTO HPOU3BEAEHUA BEKTO-
POB COJEPKHUTCA KOCHHYC YIJIa MEXKAY BEKTOPaMH.
ITosToMmy MBI CHAuaJia IMOBTOPMM OCHOBHBIE CBee-
HHUSI 0 KOCHHYyce yriaa. HauHéM ¢ ompemeseHHS KO-
CHHYyca yrJja.

Onpenenenue. Ilycre Ha ©gHOM cTOpPOHE yI-
Ja A ornoykeH orpesdok AB u AC — ero mpoeknus
Ha IPAMYIO, COAEPIKAallyi0 APYIyI CTOPOHY yriaa A
(puc. 52). Torna KOCUHYCOM yrna A HasbIBaeT-

7' A c 9

AC
cos(£pq) = x5

AC
cA oTHOmeHHMe oTpeskoB AC u AB, BaaTOoe co 3Ha- cos(Lpg)=—7&
KOM «ILJIIOC», €CJIM yroa A ocTpelii, ¥ CO 3HAKOM
«MHHYC», €CJIM yroja A Tynoi MJIM pasBEPHYTHIMA. Puc. 52
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Urak, piaa ocrporo yriaa A

AC
CosA = .A_B . (1}
Hna tymoro yrua A
P 9
CosA=-F. (2)

Kocunyc npamoro yria pasen Hyaio (Toukn A u C coBnajiu, u IJIH-
Ha AC paBHa HYJIIO).

Haxonen, u3 ZaHHOrO ompejeNeHUs FACHO, UYTO KOCHHYC pa3Bépuy-
TOro yrJaa paseH —1,

W3 onpepmesieHusI KOCHUHYCA CJeAyeT TaKKe, YTO KOCUHYCbL CMedc-
HblX Y2]108 OMAUYANMCA JUULL 3HAKOM, M.e. NPOMUSONOJLON Hbl

(cm. puc. 52).

HanmomuuM emé, uro cmHyc yria A omnpefeisercd Tak: sin A= % X

IMockonbky (mo Teopeme Iluparopa) AB? = AC* + BC?, o cunyc u Ko-
cuHyC J060ro yria A cBA3aHBI Ba)XKHBIM DaBEHCTBOM:

sin®A + cos’A = 1. (3)
Ero HaseiBaloT OCHOBHbBIM TPUIFOHOMETPUHYECKUM TOX-
DEeCTBOM.
Kozda senuuuna yena eo3pacmaem om 0° do YA
180°, kocunyc ezo ybwvieaem om 1 do —1. 3To CBOIi- Ak
CTBO KOCHHYCa XOPOLIO MJLIIOCTPHPYETCs Ha TPUIO- | B
HOMETPHUYECKOM Kpyre — eJMHHMYHOM Kpyre C LIeHT- H_ 1
pPOM B Hauaje KOOPAMHAT Ha KOOPAMHATHOM ILIOC- o F\x
KocTH X, y (puc. 53). N Acosucf
3Has KocmHyC yrja, mo Tabiummam HMJIM C IIO-
MOIIBI0 KAJNBKYJAATOPA MOKHO HAWTH TPaayCHYIO Puc. 53

Mepy yrJia.

W3 omnpeneneHns KOCWHYCa CJIeLYyeT, UTO KOCUHYC OCMPOozo Yyzaa
NPAMOY20NbHO20 MPEY20LbHUKA PABEH OMHOWEHUK Kamema, npu.e-
JHcaugezo K amomy yaay, U 2unoOmeny3ot.

Kopoue: rkocunyc pagen omHOUWLEHUIO NPULEHAU,EZ0 Kamema K 2u-
nomemyase.

Eciu usBecTHBI JB€ CTOPOHBI M YrOJ MeXAY HHUMH HEKOTODPOTIO
TPeyroJbHUKa, TO Yepe3 9TH ero dJeMeHThl MOMKHO BbIDA3UTh BCE OC-
TaJbHBIE €ro dJeMeHThl, B TOM UYHCJIEe MOYKHO HAWTH €ro TPeThI0 CTO-
pory. O ToM, Kak 3To cheaaTh AJA IPAMOYIOJBHOTO TPEYTOJBHUKA,
roopuT Teopema Ilugaropa. A AIA IIPOM3BOJBHOIO TPEYTrOJBHHUKA 3TO
IO3BOJIAET CIHEJaTh MeopemMa KOCUHYCO8, YaCTHBIM cJydaeM KOTOPOWM
asasierca teopema Iludaropa. loxaxem ee.

U N (meopema rocunycos). Keaapar m:060it cTOPOHBI Tpe-
YIrOJIbHUKA paBeH CyMMe KBaApaTOB NBYX [PYTHMX ero CTOPOH MHHYC
VABOEHHOe Tpou3BeeHHe ITHX CTOPOH H KOCHMHYyCa yria Mesk/jy HHMH.
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Hano: ANABC. a
Jloxkasamp: ¢* = a® + b® — 2abcosC. (4)

JoxazareascTBo. s yraa C ects Tpu cayyas.

1) ¥Yron C — npsawmoii. Torga cosC = 0, u paBen-
crBo (4) cranoBurca Teopemoii ITudaropa.

2) Yron C — ocrpeiii. B TpeyronbHuke ABC,
kpome yria C, ecTh erié XoTs GBI OAUH OCTPBIA yroJ.
HonyctumMm, uro 3To yroa B (puc. 54, a). I3 Bepinu-
HbBl A npoBeném BbicoTy AH Ha cropory BC. Touka
H gnexxut BHyTpu cTopoHbl BC u paszbuBaeT e€é Ha
aBa orpeska CH=b, u BH=a—b,.

Brerumcaum mo teopeme Iludaropa KBagpaTr BEI- %
coTel AH u3 OBYX NpPSAMOYTOJBHBIX TPEYrOJbHH-
KoB ABH u ACH u npupaBHAEM 3TH BBIPAXeHUA.
ITonyuum

c? - (a— by)? = b® - b2 (5) ¢
Bripasum u3 pasencrsa (5) c*
c? = a® + b® - 2ab,. (6)

Yro6el u3 paBeHcTBa (6) DONYyYUTh pPaBEeHCTBO
(4), mocTaTo4yHO 3aMeTHUTh, YTO b, = bcosC (u3 npsd- Puc. 54
MOYTroJbHOrO TpeyroabHuKa ACH). Ilnsa ocTporo yr- :
na C TeopeMa JIOKasaHa.

3) ¥Yron C — rynoii. CuoBa nposeném Bwicory AH. Teneps eé
ocHOoBaHMe H mexurT Ha npomotasxeHun crtopoHsl BC 3a Toury C
(puc. 54, 0). [JoxkazaTensCTBO AJIA 3TOrO CJIydas IMPOBeJUTE CAMOCTOSA-
TeabHO. M

H by, G ©.% 08

©_ Bonpocu ana camokontpons - ey
1. Kak BbMMCNNTL KOCWHYC: a) ocTporo yrna; 6) Tynoro yrna?

2. Yemy paBeH: a) KOCMHYC NMpsMoro yrna; 6) KocuHyc pasBEépHyToro yrna?

3. KakoBa CBfA3b MeXAy KOCWHYCamu CMEeXHbIX YrnoB? .
4. Kakoe TOXAEeCTBO Ha3blBAETCH OCHOBHLIM TPUrOHOMETPUHECKUM TOXAECT-
BOM? -
5. YaCTHLIM CNy4aeM Kakoil TeopeMbl SBNSETCS OCHOBHOE TPUrOHOMETPUYECKOe '
TOX/AecTs0? :
6. YeMy paBeH KOCWMHYC OCTPOro yria NpaMOYrofbHOrO TPeyronbHuka?

7. Kak uameHseTcs KOCUHYC yrna npwu BospacTtaHuum yrna ot 0° go 180°7?

............................. e
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@ CmoTpum

6.1. BanumuTe BRIPAXKEHUS AJIs KOCHHYCOB YIJIOB, 0003HaYeHHBIX IH(-
paM# Ha PUCYHKe 55.

a C
8 6 4{{ B
B
3 1|2
4
} i M 3 D
15 3 4
(0]
K
2
2/1 1¢ ] 1N
/A K N A
Puc. 55

55:: Paccyxpaem

6.2. Pacionokure B mopsgke yObIBaHMA KOCHHYCHI yrJios: a) 71°, 28°,
54°; ©6) 21°, 121°, 54°; B) 153°, 46°, 94°,
6.3. Kakue cJiaeAcTBUA MOXKHO IOJYYHUTh K3 pPABEHCTBA: Aa) COSO =

+

= cosf3; 6) cosa = —cosf?

Boiuncnaem

6.4. Haiigute xocuHychl caeaymoomux yraos: 0°, 30°, 45°, 60°, 90°,
120°, 135°, 150°, 180°.

6.5. Haliiure BeIWYMHBI YIJI0B, KOCHMHYCHI KOTODBIX paBHbI: a) 0,5;
6) —0,5; B) 0,3; r) —0,7; n) —1; e) 0; x) 1.

6.6. BeruucInuTe CHHYCHI YIVIOB, KOCHMHYCBHI KOTOPHIX paBHBI: a) 0,3;
6) 35 8) —0,5.

6.7. BeluncauTe KOCMHYCHI YIJIOB, CHHYCHI KOTOpbIX pasBHbI: a) 0,25;

1

6) 0,1; —.
) B) i

6.8. Onpejgennure BHA TPEeYyroJbHUKA, HUMEKOINEro TAaKHWe CTODPOHBI:
a)b, 6, 7; 6)5,6,8 BG6,6,7 1)6,6,9; )9, 40, 41.

6.9. HajinuTe yrael TpeyrojlbHHKOB, PACCMOTPEeHHBIX B 3azaue 6.8.
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(D dAokassiBaem
6.10. Joxakure, 4T0 CyMMa KOCHHYCOB ABYX YIJIOB J11000T0 Tpeyroib-
HUKA IIOJIOXKHTEJbHA.

6.11. [TokakuTe, 4YTO CyMMa KOCHHYCOB ABYX OCTPBEIX YIJIOB IPAMO-
YroJIbHOTO TPeyroJbHHKA OOJIbIIe eXWHUIIHI.

6.12. [lokaxute, 4TO CyMMa KBaAPaATOB JHaroHajeil apajiejorpaMma
paBHa cyMMe KBaJpaTOB €ro cTOpoH. [lokasaB 3TO, IIOJIyYUTE
dopmyny Ansi BBIYMCIEHUSA AJUHBI MeJHMAHbLl TPEYIrOJbHHUKA IO
TPEM €ro CTOPOHAaM.

6.13. JoxaxuTe, 4YTO B IapaJJejiorpaMMe IpoTHB Oojabliero yriaa
JexxuT 00JbIIas aumaroHasb. oka)kure obpaTHOe yTBEp:KAEHHE.

6.2. CxanspHOe mMpou3BefeHHe BEKTOPOB

H3ayuum eiré ogHy OIEepanuio ¢ BEeKTopaMu. JTa orme-
panusA BOSHHMKAET, B YaCTHOCTH, IIPH PelIeHHH TaKoh
BajKHOM (puamuecKoif 3amaduu, KaK 3ajada O MeXaHH-

—
yecko# pabGore A, coBepiiaemoii cuyoi f mpu mepe-

MeIlleHWH § HeKoroporo rtena (puc. 56, a).
HssectHO, uTo pabora A BeIUHMCIAeTCS IO (opMmyJie

A = |f5lcos o, (7

rge (¢ — YroJ MexAy BeKTopamu [ © s. Yucio 6

— -
|f||s|cos @ HaseIBaeTCA CKANAPHBIM IPOM3BEIeHUEM
aTUX BeKTOpoB. Hrak,

OnpeneneHue. CkansapHbiM npouseene-
HUEeM ABYX HEHYNneBbiX BEKTOPOEB HAa3bIBAETCHA

IPOU3BEJeHNE MX MOJAYJell W KOCUHYCA yIja MexIy
Humu (puc. 56, 0).

N

— = L(}]
CRaJI.FipHOE npou3BeeHHe BEKTOPOB a4 H b 06BIYHO

—_ -
obosnauamor a * b. Takum obpasom, IO ompejeeHUIO a

a-b=allb|cos o, BY0 e 88

s
roe @ = Zab.
Ecau xorsi ObI OXMH M3 BEKTOPOB 4 M b HYJIeBOH, TO IIOJIATAIOT:
a-b=0.
OTMeTHM ABa BAMKHBIX YACTHBIX CJIydYas.
1) a = b. Ecan BEKTOD @ HEHYJIEeBOH, TO YIoJ ®=0° cosp=1
¥ u3 paBeHctea (7) ciaexyer, 4TO a-a= [Eiz.
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Hpo‘ﬂsBEH,EHHe a a oﬁosﬂaqaeTCH a H HaahlBaETc.ﬂ CKangpHbIM
KBaApaTOM BeKTopa a. Urax, a * a = |al’.

<5
2) [lns HeHYJIeBBIX BEKTOPOB MX CKAJIAPHOe Ipou3Benenue a * b = 0

-

-
TOTZA M TOJBKO TOTAA, KOTAA BEKTOPHl @ U b B3aUMHO NEPHEHAHKY-
JIAPHBI.

5
HeiicTBuTEeIEHO, W3 paBeHcTBa (8) ciexpyer, 4ToO a-b=0 Torza
4 TOJBKO TOrjga, Korga cos¢o = 0, T. e. TOrZa U TOJNBKO TOrAa, Korga
¢ = 90°,
Onepanusa CKaJApPHOTO YMHOMe-_,
HUA BEKTOPOB ITO3BONAET HAXOAUTH AJIMHBI BEKTOPOB o dopmye

al =a? (9)

U YyroJ MeXXJy BeKTODaMU, BBIDAXKada COS () U3 paBeHc'rBa (8).
BmpasnM CKaJIsapHOe npouanenenﬂe BEKTOPOB a
ub Jyepe3 HX KoopauHaThel. IlycTs a = (x5 yy) m

=
b = (xy Ys).
OT/0KHUM 3TH BEKTOPHLI OT HAYajda KOOPIMHAT:

—_

— - — e -
OA=a u OB =0). Ecnu BeKTOpPEI @ U b HEKOJNIH-
HeapHbI, TO IIOAYYUM TpeyrodbHuK OAB, yroia ¢ Ko-
Toporo npu BepmuHe O paBeH YIJIy MeXKIY BEKTO-

pamMu aub (puc. 57).
Ilo TeopemMe KOCHHYCOB

AB? = OA? + OB? — 20A-0Bcos ¢. (10)

IIpoussenenue OA-OBcos@ = E-g. Bripasum a-b us paBeHCT-
Ba (10). ITonyuum

ab= ~(OA2 + OB? — AB%). (11)
Corsnacao dopmyse (12) us n. 5.2 AIsa PacCTOAHHA MeXJY TOYKa-

MH HMeeM
OA2 = x2 + yi, OB? = 22 + 2,

AB? = (x, - )" + (yz — w)*. (12)
IloxcraBus paBeHctsa (12) B dopmyay (11), moayuum BeIpakeHue

— -
CKAaJAPHOrO NPOM3BEJEHUs] JBYX BEKTODPOB 4@ U b uepes MX KOOPAH-
HATHI:

— =
a*b=xx, + Y, (13)
=
IIpoBepsTe CAMOCTOATENBHO, YTO AJNA KOJJIMHEAPDHBIX BEKTODPOB 4
— - —
u b, r.e. B cayuae, Korga b = aa, Gopmyna (13) Toxke crpaBeauBa.
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A aTO O3HAYaer, 4YTo:

cKaaapHoe npouieedenue 08Yx 6eKmopo8 paséHo cymme npouseede-
HUil OOHOUMEHHBLX KOOPOUHAM 3MUX 6€KMOpPO8.

W3 dopmynsl (13) BEITEKAIOT TAKHE C80ilcmMEa CKAJNLAPHO20 YMHO-
HCeHUS:

- = -+ - =¥
CBOWCTBO 1 a*b=>b"a nua moOGBIX BEKTOPOB a H b.
=

CBOWCTBO 2 (uz) *b= a(ﬁ' * b) paa Mmo0bIX BEKTOPOB a u b u moboro
yHcaa o.

— —

CBOWMCTBO 3 (E +b) - ¢ =a-*c¢+b- ¢ pas mobeIx BEKTOPOB a, b uc.
(0 ITpoBepum, Hanmpumep, CBOMCTBO 3.
IMooxum a = (x5 y,), b = (x5 ¥y), ¢ = (x3;5 y3). Torzma

a+b—(x1+x2,y1+y2)
(a + b) c= (x; + x)x3 + (Y, + Yo)ys =
= X1X3 + XoX3 + YiY3 + YsY3-

—r

Ho m a*¢+ b*¢ = x,%3 + Y1ys + X33 + Ysys. IosTOoMy (a + b)*¢ =

— - - -
=a'ct+bc.m
CBolicTBa CKAJAPHOTO YMHOXKEHHA BMECTE CO CBOMCTBAMH CJIOMKe-
HUS BEKTOPOB IIO3BOJIAIOT CKAJADPHO YMHOMKATh CYMMBI M PA3HOCTH BEK-
TOpPOB II0 npaBujaMm oOwpruHO¥ anrebprei. Hanpuwmep:

-

(@+b)2=(@+0b)(@+b)—a’+a-b+ba
—a?+2a-b + b2

+b2=

........................... Skl B e e o 1EL S P

1. Lho Ha3blBAETCA CKaNsipHLIM NPOM3BEAEHWEM [BYX HEHYNEBbLIX BEKTOPOB?

2. Korpa ckansipHoe NpoW3BeAeHWe paBHO Hynio? -
3. Kak BblpaxaeTcsi CKanspHOe NpoM3BelleHMe BEKTOPOB 4Yepe3 WX KoOpauHaThl? -
4. B kakoW Teopeme O TpeyronbHWKe NMPUCYTCTBYET CKansapHoe npow3eeneHue?
5. Kax 3aBUCUT 3HaK CKanapHoro nponsseneunn OT yrna mexay aenopamw"

A A

@ Aononnsem Teopuio

6.14. lokakure, YTO NPOEKIUA BEKTOpPa HA OCh DABHA CKAJIADHOMY
NPOM3BeJEHHUI0 3TOT'0 BEKTOPA M €AMHHUYHOI'O BEKTODPA OCH.

6.15. [Tokaskure, uTo: a) a* (xg) = x(E-B’); 6) a- (3 +7¢) = a'b+ae
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Pa6oraem ¢ popmynoi

6.16. Yupocrure: a) (@ + b)*(a@ — b); 6) (@ + b)’ + (@ - b2

6.17. TIpeobpasyiite: a) (2a + b)-(a + 2b); 6) (@ + 2b)-(a — 2b);
B)(a +3b)(2a -b); r)(@+b +2)(@—-b -0

E Boiuncnaem

6.18. BeruncauTe CKaasapHOe NPOU3BeAeHNEe JBYX BEKTODPOB, €CIH MX MO-
Ayau paBHBI 3 M 4, a yroix mekay HuUMH paBeH: a) 30°; 6) 150°;
B) 45°; 1) 60°; x) 90°; e) 120° x) 135°.

6.19. Tan kBaapar ABCD co cTopoHoit 2. BelyuciuTe CKajgspHEBIE IIPO-
H3BEeNeHUA BEeKTOpOB: a) AB u ZB; ﬁ)ﬁ Hu 53; B) DB u E

6.20. [lan paBHOcTOpPOHHHU TpeyroasHUK ABC co croponoit 2. Tou-
ka K — cepemuna ero croponsl BC. BeluHCcaHTe CKaJdsapHBIE IPO-
H3BeIeHUA BeKTOpoB: a) AB u I?E"; ﬁ)ﬁ u a; B)A_é u ﬁ;
r) BC u AK; x) CA u AK.

6.21. BeruucauTre yros mMexxAy BekTropamu: a) (1; —3) u (2; 6); 6) (—2; 2)
1 (3;0); B) (3;4) m (453); 1) (2;-3) m (3;2); n) (1;1) u (25 3).

(!) Aoka3siBaem

6.22. Ucnonp3ysa cKalsipHOe YMHOMKEeHHe, AOKAXKHTEe, UYTO: a) AUATOHAIHN
pom6a B3aHMHO HepPNeHAHKYJIAPHEI; 6) cyMMa KBagpaToB AHAroHa-
Jell mapaJjieorpaMMa paBHA CyMMe KBaJApaTOB €ro CTODOH.

EI Mnanupyem

I.1. Ha xoopaAMHATHOH NJIOCKOCTH H3BECTHHI KOOPJAMHATHI JBYX BepIINH
PaBHOCTOPOHHEro TpeyroabHuKa. Kaxk HaWTH KOODAUHATY €ro
TpeThel BEPIIHHEBI?

I.2. Ha KOOpAMHATHOM IJIOCKOCTH HM3BECTHBLI KOODAMHATBLI YeTBLIPEX TO-
uexk. Kak mnpoBepuTrs, OYAYT U OHM BepumIimHaMu: a) pomba; 6) npsa-
MOYTrOJBHHKA; B) KBajapara; r) pasaobokoit tpanenuu? Kaxk ysHarts,
JIe}KAT JJA OHM Ha OJHOM OKPYKHOCTH?

1.3. 3BecTHBI KOOPAMHATHEI CepPefHH CTOPOH TpeyroJbHuKa. Kax HalTH
KOODAMHATEI €ro BepIINH?

(!) Aoxka3siBaem

I.4. ITyere Touku A, B, C, D — BepluMHBI 3aMKHYTOI JOMAaHON ABCDA,
a Touxu K, L, M, N — cepexnuns orpeskos AB, BC, CD, DA.
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a) Jdoxakure, yto orpesku KM u LN nepecekaroTcs U B TOUYKe Iepe-
ceueHHA JOenATca romnoyiam. 0) Ioxaskure, UTO 8Ta Ke TOYKA SABIAET-
cA CepeAMHON OTpe3Ka, COeQHHSIONIEro cepeAuHE! oTpeskoB AC u BD.
1.5. a) Bripakenue ab + ¢d ucTONKylTe KAk CKajlfpHOe IPOU3BEJeHHe
ABYX BekTOpoB. 6) Ilycrs mpu srom a® + ¢ = b%> + d? = 1. Yro
03HAYAIOT 5TH PABEHCTBA AJIS PACCMOTPeHHBIX BeKTOpoB? B) Jloka-
JKHUTE, UCIONb3yH MOJYUEHHOEe BEKTODHOE HCTOJKOBAHUE, YTO

lab + cd| <.a?+c? |b? +d>.
@ Uccnepyem

1.6. Ilycte Touxku A, B, C, D He nexxar Ha ogHoii nmpamoi. IIposepbre,

—_— _ —_— —_— 1
uTo BhIOJHEeHUEe paBeHcTBa OA + OC = OB + OD pnsa nioboit Tou-
Kkn O aBisgerTcA XapaKTepHBIM CBoOIicTBOM mapasuienorpamma ABCD.

1.7. KoHIIEI OTpe3Ka MJIHUHLI @ CKOJBL3AT IO ABYM B3aMMHO IEpPIEHIUKY-
JAApHBIM UpAMbBIM. [lo KaKOW JTUHHUU ABUMKETCS €ro cepeguHa?

1.8. Ha KoopAMHATHON MNJIOCKOCTH HANAHUTE MHOMKECTBO TOYEK, TAKHX,
YTO: 4) CyMMa PACCTOSHHMH OT HHMX OO0 KOODAMHATHBIX OCEH paBHA
CyMMe BEeJHYHH, 00pATHBIX THUM PACCTOAHHAM; 0) MOAYJbL PasHOC-
TH PACCTOAHHHI OT HHX N0 KOOPAHHATHBIX OCel paBeH MOJIYJIO pas-
HOCTH BeJIMUYUH, OOpDaATHBIX 3THUM DPACCTOAHHAM.

1.9. Ilycts A 1 B — aBe manHble TOYKH. Kakoit purypoii aABiIseTca MHO-
KecTBO Touyexk M, Takux, 4TO:

a) MA? - MB? = ¢; 6) MA? + K MB? = ¢?

g NMpumeHnsem komnbioTep

Pemas sagmaum 270l PYOpPHKM € IIOMOINBI0O KOMIBIOTEPA, HCIOJb-
gyiiTe, HaupuMep, cpeny «MmBaa mMareMaTHKa», KOTOPYIO MOJKHO
HauTu mo agpecy: http://www.uchportal.ru/load/24-1-0-2276.
L10. ITycrs O — npomM3BOJIbHAS TOYKA ILJIOCKOCTH M AB — OTpe30K Ha
arou nockocTtu. Ilyeres Touxka C — cepenmHa orpesra AB. Iloka-
JKHTE M [pOBEpbTe C IIOMOIIbI0 KOMIBIOTEPHOI'0 3KCIEPUMEHTA,

uro OC = 3(OA + OB).
Yraszanue. B sagauax aToil pyOpPHMKH PeKOMEHAYeTCA HCIOJB30Ba-
HHe KoMmauAbl «IlapannenbHBI# IepeHOC».

I.11. B tpeyronsauke ABC mnposenensl Tpu Mmenuansl: AA,, BB,, CC,.
Ilyers T — TOUYKa HX nepecevyeHns. Joxaxurte 1 nponepLTe c Io-

—_—

MOIIBI0O KOMIIBIOTEPHOT'O dKcHepumeHTa, 4To TA + TB + TC 0
I.12. B rpeyronsauke ABC mnposeneHsl Tpu Xopawsl: AA,, BB,, CC,.

IIpu arom BA, : A,C = CB, : BjA = AC, : C;B =1 : 2. [lokaxure

U TIPOBephTE € IMOMOINBI KOMIIBIOTEDHOIO JKCIIEpMMEHTa, YTO

E+§§1+Eﬁl=ﬁ.
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B osTolf riaBe m3yuaioTcA BaKHekuine npeo6pas’soBaHUA T'eOMETPH-
yecKUX (uryp.

C peanpHBIMM IIPeOOPa30BAHUAMMU [PEIMETOB MBI HMEEM JeJIO II0-
CTOSSHHO: M300pakas NMpPOCTPAaHCTBeHHbIE (DUTYPBI, MBI IIpeobpaszyem aTu
(urypsr B miaockue (puc. 58); npu OCBEIIEHHU DPASJIUYHBIX IPEIMETOB
BO3HMKAIOT UX TeHU (puc. 59); rasias B 3epKaso, Mbl BUAUM 00passl OT-
pasKEéHHBIX B HEM npezmeroB (puc. 60). Korga crpoar 3gaHus, sJeKTPO-
CTAHIIUM, KOpabsu U T.I., TO CHAYAJA AENal0T UX YMEHbIIeHHBIE MOje-
JIM, & 3aTeM 9TH MOJeJNu IIpeodpasyoT B caMu 9TU OO'BEKTHI.

Teopusa reomeTrpuyecKuX InpeoOpasoBaHHII BO3HHKJA B CBA3H C IIO-
3HAHMEM 3aKOHOB M300pajkeHUs MPEeIMETOB HA IJIOCKOCTH — C TEOPUU
nepcrneKTUBEI. IlepcreKTHBe OBIIM IIOCBAILIEHBI TPYABI 3HAMEHHTHIX XV-
IOXKHUKOB dsnoxu Bospoxgenus — Jleonapmo za Bunuu (1452—1519)
u Anwbpexra [rmopepa (1471—1528). Xopomiee npeacraBiIeHHE O
MepcHeKTHBE Hal0T BHAOBBIe (ororpadguu OOJBIIUX MIPOCTPAHCTBE,
Hanpumep, (Gororpadusa miaomasu B Baruxkane Ha puc. 126 B meHTpe.

CoBpeMeHHAad reoMeTpHs — BTO BO MHOIOM HayKa 0 npeo0OpasoBa-
HUAX ¢uryp. B aToM OZHO M3 €€ OTJIHMYHI OT KJIacCHYEeCKOH reOMeTpPHH,
ROTDpaH H3y4daJja JHIIb HelloIBHIKHBIE Q]P.[I‘ypbl, a4 He HX HM3MEeHeHHHA.

§ 7. OcHoBHble MOHATHS

7.1. IlonsaTne nmpeoGpa3oBaHMUs

IToHATHE reOMETPUYECKOro Npeobpa3oBaHUs OYEHb IOXOXKe Ha IOHATHE
yucnosolt @ynryuuw. HamoMHMM H3BECTHOE BaM M3 Kypca aaredpsl
ompezneseHue QyHKIHU:

nnnmﬂmnm

Puc. 60
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Ecau KasKAOMY YHCJIY X M3 HEKOTOPOTO MHOXKe-
cTBa unceJ M mocTaBJIeHO B COOTBETCTBUE OIIpeje-
JAéHHOe 4ucjo, obosHavaemoe f(x), TO TOBOPAT, UTO
Ha MHOXKecTBe M zamana dyHkuuma f.

A Tenepb copmMynaupyeM omnpeneleHHe npeod-
pasosanus Quaypot.

Ecau kaxmoit Touke X HeKoTopoi ¢urypsr M
IIOCTABJIEHA B COOTBETCTBHE OIIPEeJEéHHAA TOYKa,
oboszHauaemasa f(X), TO rOBOpAT, UTO 3aJaHO Npe-
o6pasosaHue [ buryper M (puc. 61).

CpaBHUB BTH [BA OIpEeAEJIeHUsI, BUIAUM HX
nmonHyio aHajgorumio. Ho B ompezeneEmu GQyHKIHH
pedb UAET O CONOCMABIeHUU YUCAAM X N3 MHOMe-
crBa M uucen f(x), a B onpeneneHuu mnpeobpaso-
BAHUA TOBOPHUTCA O conocmaénerHuu moukam X
duryper M mouex f(X). Uncno f(x) maswiBaercs
gHaueHHeM (GyHKUuu [ ANA apryMeHTa X, a TOYKA
f(X) naseiBaercss 06pa3om Touyku X npu npe-
oGpasoBaHum f.

MosxHO make ckasaTh, 4TO IIpeoOpasoBaHue Gu-
rypel — 3TO 3ajlaHMe Ha Hell (DYHKIMM, apryMeHTa-
MM M 3HAYEHUAMHU KOTOpO# ABIAOTCA ToOYKH. C apy-
roi CTOpPOHBI, 3aZaB (MYHKUUIO [(X) HA HEKOTOPOM
YUCJIOBOM MHOXKeCTBe, Hampumep Ha orTpeske [a; b]
(puc. 62), MBI MOYKeM TaKKe CYUTATH, YTO 3aLAJIH
npeobpasoBanue orpeska [a; b]. B arom caydae rpa-
¢pur dysrnun f(x) momoraer HaM ONIpPeNeJIUTH IOJIO-
sKeHue oOpasa n000i TOYKH 3TOro orpeska (puc. 63).

IIpumepom mnpeobpasoBanuss PUI'YPHI SABIAETCHA
IIpOeKTHpOBaHWe eé Ha upsamyio (puc. 64) miu Ha
naockocTh (puc. 65). BenomuuTe, 4T0 IPOEKTUPOBA-
Hue ¢durypsl M Ha npaMyio (Ha IJIOCKOCTE) COCTO-
HT B TOM, 4TO KaxJoil Touxke X ¢urypst M como-
crasisercsa eé npoeknusa X' Ha aTy nupAMyio (Ha aTy
ILJIOCKOCTB).

Touka X Ha3sIBaeTCAd HENOABUXHOW TOY-
Ko npeobpasosanusa f, ecau f(X) = X. Hanpumep,
IpHU IpOoeKTHpoBaHMM GUrypsl M Ha npaMyo (man
Ha IJIOCKOCTB) Te TOYKH 3TOH (Uryphl, KOTOPEIE Jie-
JKar Ha 3TOM npsamoM (HA 3TOH IJIOCKOCTH), SABJIA-
IOTCA HEMOABHIXHBIMH TOYKAMH.

ToXaoecTBeHHbIM npeobpasosaHuem obu-
rypel HasblBaeTcs Takoe e€ mpeobpasoBaHUe, Bce
TOYKH KOTOPOTO HEIOABMMKHEL.

O6pasom duryper M npu npeobpaso-
BaHuu [ HaswiBaercsa ¢urypa (eé obosmauaror f(M)),
cocroAmaa ua obpasos Bcex Touek X ¢urypsr M.
Hanpumep, obpas HaxkJaoHHOH AC K mpaMoOil a4 npu

y
d
f(x) j= -
c
L 1=___
o 4 =

Puc. 65
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npoeKTHpoBaHuM orpe3dxka AC Ha NPAMYIO @ — 3TO C
ero nmpoeknua AB Ha npamyio a (puc. 66).

A ofpasoM mnpsaMo#l p, NepHeHAUKYJIADPHOMK
IJIOCKOCTH ., IPH IIPOEKTHPOBAHUH Ha O ABJIAETCA g
Touka O, B KOTOpOM mepecekaiorca p ¥ o (puc. 67). ~— A B
U Boobme ob6pa3 HEKOTOpoi ¢urypsr M NIpH IpoeK-

THPOBAHUU Ha IIPAMYI0 MJIH HAa IJIOCKOCTB — 3TO €€ Puc. 66
npoeknua M’ Ha 3Ty NpAMYI0 MJIM Ha ILIOCKOCTH
(cm. puc. 64, 65) A pns uucnosoit GyHKDMHE f(x),
rpaduK KoTopo# M3o0pakén Ha pucyHke 63, obpa-
30M oTpe3ka [a; b] ABIseTca MHOXKECTBO e€é 3HaUe-
HUII — oTpe3ok [c; d].

CroiicTea 00pasoB BayKHeHmux GUIYpP IIpHU
pasINYHBIX NpeoOpasoBaHUAX MBI U OyZeM H3ydaTh
B 3TOH riasge.

Eciu Touxka Y asnserca o6pasom ToukM X NHPU  p,. g7
npeobpasoBanuu f, To TOYKY X Ha3bIBAKOT Npo-
o6pasom Toukm Y.

O6paruM Balle BHHMAaHHE HA TO, YTO Ba)XHeHINMe B TEOPHH IIPeo6-
pasoBaHHUI cjoBa 00pa3 M npoob6pa3 UMEIT B 3TOH TEOPUH TOT ’XKe
CMBICJI, 4YTO ¥ B JuTeparype. O0pasbl MHOTHX JHTEPATYPHBIX I'€pPOEB
HMeIOT CBOMMH NpooOpasaMu KOHKPETHBIX UcTOpuuecKux Juin., Hanpu-
mep, Bonk B GacHe M. A. KprinoBa «Boak Ha mcapHe» MMeeT CBOUM
npoobpasom Hamoneona. IIpuBeauTe ey aHAJOMYHBIE NPUMEPHI.

0 Bonpocm ansd COMOKOHTpOI’Iﬁ ;:q
IERLG s i0dd3. dBR bk e . SRR RO
1. MpuBeauTe npumepbl NpeobpasoBaHuii peanbHbiX GuUryp.
2. B 4ém 3akniovaercs npeobpasoBaHue durypbl?
3. Y10 Ha3biBalOT 06pPaA30M TOYKM MPU HEKOTOPOM npeobpas3oBaHnn?
4. Yto HasbiBaloT 06pasoM ¢urypbl npu HekoTopom npeobpasoBaHumn?
5. Yo Takoe HenoasuxHas To4ka npeobpazosaHuA?
6. Kakoe npeobpa3oBaHMe Ha3blBAIOT TOXOECTBEHHbIM?

BB

@Aononunem Teopuio

7.1.06bennHeHnemM asyx HUryp HasblBaeTcs ¢purypa, COCTOAIAA U3
BCex Touek aTtux ¢puryp. O6venusenue uryp M u P obosmadaer-
ca MUP. [oxaykuTe, 4YTO NPH BCAKOM mnpeobpaszoBaHmu obGpasom
ob0beauHEeHUs ABYX ¢uryp aABiagerca obbegmHeHue o0pasoB 3THX
¢uryp mpu paccMaTpHBaeMoOM IpeoOpasoBaHHH.
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A
[/’ﬁ Pucyem
7.2. Hapucyiite ky6 ABCDA,B,C,D,. Hapucyiitre npoexuui: a) pebpa
AB na nnockocte CDD,; 6) pebpa BC na nnockocre AB,C,; B) nua-
roaau AC, Ha mirockocTts ABC; r) BepmuHEI B Ha ILIOCKOCTh
AB,C; n) rpeyronsauka ABB, na nnockocts AB,C.

O Mpepcrasnsem

7.3. Ha ocax wkoopauHar Ox u Oy 3afaHbl COOTBETCTBEHHO OTPE3KH
[0; 2] u [0;4]. a) IIpencraBbTe ABe pasauyHbie (GYHKOHUH, 0TOO-
paxkalomue orpe3ok [0; 2] ma orpesox [0; 4]. 6) 3agaiite aTu
¢dbyaxuun asanutudecku. B) Haligmre o6pas cepeluHBI OTpe3Ka
[0; 2] u npoobpas cepenunsl orpeska [0; 4] ansa Kamaou U3 3TUX
byHRI M.

3

= | Boiuncnaem

7.4. Bagana dyHKOuA: a) y = 3x— 5; 6) y= x°; B) y = % Haiigure obpas
otpeska [1; 2] u npoobpas orpeska [1; 4] npu KakJOM U3 3THUX IIpe-
obpasoBanuii. Haiifure uX HeNOABHUIKHBIE TOYKH.

@ Uccnepyem

7.5. Ha nockocru ¢ukcuposana touxka O m 3agaHo npeobpasosanue [,
KoTopoe Toyke O CTaBUT B COOTBETCTBHE TOUKY O, a KaKmoil Tod-
ke X, ornuuHOo#l or Toukm O, cepeauHy orpeszka OX. YUem saBius-
eTcsa NpPH TakoM npeobpasoBanuu oOpas: a) orpeska; G) TpPeyroJb-
HHUKAa; B) NPAMOM; I') OKpyskHOCTH; 1) Kpyra? Cpenalite pUCYHKHU
JANA pasJIMYHBIX CJY4YaeB PAacCIOJIOKEHHS IePeYMCIeHHBIX (QHUryp
1 Touku O,

Ha koopguHaTHOH IJIOCKOCTHM KaKmoi rTouke M(x;y) craBurca B
coorBercTBHe Touka M’(x; 2y). Hapucyiite ans aToro mpeoOpasoBa-
HusA 00pa3 Kakoro-HubOyAb: a) orpesaxa; 0) TpeyroJlbHHKA; B) nmapaJ-
JejiorpamMmMa; ) KBajaparta; 1) tpaneuuu. ChenaiiTe PUCYHKM IJis
PA3JIMYHBIX CJAy4YaeB PACIOJOMXKEHHUA dTHUX (PUIyp OTHOCHUTEIHLHO
oceit koopauHat. Kakumu (durypamm ABIATCA 00pasbl mepeuyuc-
JIeHHEBEIX (QUT'Yp AJS JaHHOTO npeobpasoBanua? HMmeer 1u OHO He-
OOABHIKHBIE TOUKH?

7.6

7.2. Baxusie npumeps! npeobpasosaHui

Te nmpeobpasoBaHMUs, KOTOPbIE PACCMATPHUBAIOTCA B 3TOM NYHKTE, I103-
BOJIAT HaAM Jajlee B 3TOH TIJjlaBe OIIMCATH NpeoOpasoBaHUA, COXPAHAIO-

e pPacCTOAHUA MeXKJIY TOYKaMH, — JIBHJKEeHHHA, a TakyKe mpeobpa-
30BaHudA, coxpaHdAwIiue Gopmy duryp, — nogobus. Ilepeitném x nmpu-
Mepam.

60 E nasa Il. * MNpeobpasosaHus



1. lenmpaavras cummempus. 3adUKCHPyeM
pexoTopyio Touky O. LleHTpanbHOW CUMMeETpU-

c HTPOM HagbIBaeTcs npeobpasoBaHue
(GUTYDBI, KOTOpPOEe Kanoil eé Touke X COIOCTABJIA-
er TOYKYy X', CUMMETPUUHYIO €if OTHOCUTEJIHHO TOY-
ku O (puc. 68).

9ro npeobpasoBaHue MbI 06o3HauUM S,. IleHT-
paJbHYI0 CHMMETPUIO yZo6HO 3amarTh TaK: AJdA IIPO-
u3BOJIBHOM TOYKM X U eé obpasa X' mpu LEHTpPAIb-
HOW CHMMETDHH BEINOJHSIETCA PABEHCTBO

—_— —
0X'=-0X. (1)

13 aToro paBeHCTBA CJeAyeT, 4TO e€cJau TOUKH X
u O pasnuuHble, TO Touka O ABIAETCA CEpPeUHOMN
orpeska XX'.

OrMeTHM Takxe, 4910 ecau X =0, 10 X' = 0,
T.e. O — HENOABUNKHAA TOUYKA HEHTPAILHOH CHM-
merpuu S, (eAMHCTBEHHAas).

2. Ocesasn cummempusa. 3aduKCUPYEeM HEKOTO-
pyio npsmyoo p. OceBo cMMMeTpUEen € OCbIO p
HagbIBaeTcsa npeobpasoBarne (GHIypBI, KOTOPOE KaXk-
noit eé Touke X comocrasisier TOYKY X', CHMMeT-
PHUYHYIO € OTHOCHTeNLHO mpamoii p (puc. 69). 9o
npeoOpasoBanne Mbl 0003HAYUM S,.

HamomHMM, 4TO AJif IIPOHM3BOJIBHOM TOYKHM X M
eé obpasa X' = S,(X) npaMas p ABIAETCA CepeJuH-
HBIM IEPHEeHAHKYIApoM oTpesdka XX', Korza Touka
X ue nexur Ha npamoi p. Eciau xe Toura X se-
JKUT HA NpAMOit p, TOo eé o6pa3oM IpPH CHMMeTDPHH
OTHOCHTEJIBHO 9TOM NMpsAMO# ABIsAeTcsa oHa cama. Ilo-
ATOMY BCE TOYKHU IPAMOMN p ABIAIOTCS HEHOABUMKHBI-
MM TOYKAMM OCeBOM CHMMeTPUH S,

3. 3epranvras cummempus. 3apUKCUPyeM He-
KOTOPYIO IJIOCKOCTH .. CMMMeEeTpuein OTHOCHU-
TeNbHO NNAOCKOCTW O HaselBaeTcs Ipeobpasosa-
HUe (PUryphl, KOTOpoe KasKAo# eé Touke X COMOCTaB-
ager TOUuKy X', CHMMETPHUUYHYIO el OTHOCHTEJNLHO
aToi mmockoctu (puc. 70).

Takoe npeobpasosanume MbI o6osHauum S,. He-
MO/IBMKHBIE TOYKM B3€PKAJbHONW CUMMeTpHH S, —
B8TO TOUYKH ILTOCKOCTH C..

4. ITapaanenvuviic nepernoc. MapannenbHblm
nepeHocom (uau, Kopode, N HOCOM ury-
Pbl Ha3blBaeTcA Takoe IpeobpasoBaHue (QUIypHI,
ITPU KOTOPOM BCE €€ TOYKH IIePeMeIlaloTCsi B OJHOM
H TOM ’Ke HAIIpaBJeHHH HA OJAHO M TO e paccrod-
Hue (pmec. 71).
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910 O3HaYaeT, 4TO NapaIeNbHBIA mepemoc — k>0 o X

aTO mMpeobpa3oBaHHe, IPH KOTOPOM BCe TOUKH GHry- S > .
PBI nmepeMeInamnTca Ha OAMH B TOT JK€e BEeKTOp. BTOT — —
BEeKTOD HA3hIBAIOT BEKTOpom nepexoca. Ilepe- OX' =kOX

.
HOC Ha BeKTOp a Mbl obosHauaem T,.

5. T'omomemusa. TomoTeTnen ¢ ueHTpom O k<0
M _HeHynesbiM Koadduumentom k HasweiBaeT- X" 0 IX

cAa Takoe npeobpasoBaHue QUIyphl, KOTOPOe KaMKIoil
eé Touke X CONOCTaBJIfAET TAKYI0O TOYKY X', UTO BBI- puc. 72
MOJHAETCA PaBEHCTBO

0X' = kOX 2)
(puc. 72).

€ Bonpocs ana camokoHTpons B

...................................... - _ L A S, dussansne

1. Kak 3apgaétca ueHTpanbHas cummeTpua? Kak eé ob6osHnayaior?
2. Kak 3apaétca oceBana cummeTpusa? Kak eé oboaHadatoT?

3. Kak 3apaértca 3epkansHaa cummeTtpua? Kak eé oboaHayaioT?
4. Kak 3apgaérca napannensHbiii nepeHoc? Kak ero o6osHa4aiT?
5. KakuM paBeHCTBOM 3apaérca romMoTeTus?

ELY.LXT]
N
r{//‘ Pucyem

7.7. Hapucyuite kBagpatr ABCD, ueatp xoroporo — rtouka O. Hapu-
cyidiTe o0pa3 2TOro KBajpara Npu CJAEIYIOUIMX IpeoOpasoBaHUAX:
a) CHMMETPHH OTHOCHTEJILHO TOYKH A; 0) CUMMETPUH OTHOCHTEJNb-

HO npsamoi AB; B) mapaJjuielbHOM IlepeHoce Ha BexTop OA; r) ro-
moTeTuHn ¢ ueHTpom O u KoaddUIHEHTOM %; J) TOMOTETHH C LEeHT-
pom A u xoadpdunuesTom (—2).

7.8. HapucyiiTe nmpaBHABHBEIA TpeyroadbHUK ABC, IeHTP KOTOPOro —
Touka O. Hapucyiite 06pas 3TOro TpeyroJbHMKA IPH CIeAYIOLIHX
npeodpa3oBaHUAX: a) CHMMETPHH OTHOCHTE/JIbHO TOYKH A; 6) cum-
MeTPHUHM OTHOCHUTEJNBHO npsmoit BC; B) mapajjeJbHOM IepeHoce Ha

Se—
BeKTOPD AB; r) rOMOTETHH C IleHTPOM B TouKe A M KoahdbdunmeH-
TOM él-; 1) rOMOTEeTHH C LIEHTPOM B TouKe B u KoadpdumuenTom (—2);
e) npoeKTHpoBaHuu Ha npsamyo AO B HampaBJeHUH npamoir BO.

7.9. Hapucyiite ky6 ABCDA,B,C,D,. Ilycte O — uenTp Kyba, p —
npaMasi, NIpoxoasAnlas 4Yepea IeHTPH rpaneid AA,B,B n CC,D,D.
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Hapucyiite: a) S,(A0); 6) S,(CC,); B) S,(BB;); r) S, (BC);
1) S,(AC,).

7.10. Hapucyiite ky6 ABCDA,B,C,D, 1 NPOEKIUH HA IJIOCKOCTH BCEX
rpaHei: a) tpeyrorsHuka ACD; 6) TpeyroasHuka BB, D.

7.11. Hapucyiite ky6 ABCDA,B,C,D, u ero o6pa3 npu CUMMeTPHU OT-
HOCHUTENBHO: a) naockoctu AA,B; 6) npamoit AD; B) Toukn A.

7.12. Hapucyiite xy6 ABCDA,B,C,D, u ero o6pa3d npu roMOTeTHH C
IIeHTPOM B TOUKe A ¥ K03(h(HUIIMeHTOM, PaBHBIM 2.
7.13. Hapucyiite npasuiabublii Terpasap ABCD u ero ofpas mpu cum-

MeTPHH OTHOCHTENbHO: a) mockoctu ABC; 6) nimockoctu ABD;
B) Toukn O — meHTpa TpeyroiabHuka BCD; r) npamoii AB.

i Boiuucnaem

7.14, PaBHOCTOPDOHHHMI TPEYroJbHUK CO CTOPOHON @ IIPOEKTUPYeTCH Ha
IJIOCKOCTh (. B paBHOOEAPEHHBIH TPEYroJbHUK, OCHOBAHHE KOTO-
poro — a. BriumcauTe mIIIOMIaAb NPOEKIIMH 9TOrO TPEYTOJBHHUKA
Ha IIJIOCKOCTbH, €CJIM M3BECTEH YroJl (¢ MeXAy AAaHHOH IJIOCKOCTBHIO
¥ IUIOCKOCTBHIO JAHHOTO TpeyroJbHuKa. Kak Ma3MeHseTcsa aTa ILJIO-
Imajns NPy U3MEHeHHH yria ¢?

QA necneayem

7.15. Moxket nu romMoTreTusi ObBITH KaKOM-HMOYyAbL CUMMeTpuei?

7.16. Moxxer Jsiu ObITH TOXKJECTBEHHBIM IpeoOpasoBaHMEM: a) romore-
TuA; 0) napaJjyiesbHBIA IepeHoc; B) KaKaA-HUOYAb CUMMeTpUsa?

7.3. Baaumuo o0paTHbie mpeoGpasoBaHusa

Boobmie ropops, npu mpeobpazoBaHUK (PUTYPHI pas-
JUYHBIE eé TOYKH MOTYyT MMETh OJUH M TOT Ke 006-
pa3. Hampumep, Opm HpPOEKTHPOBAHMH HA MPAMYIO
(MM HA IJIOCKOCTH) Pa3IMUYHBIE TOUKU MOTYT HUMETh
OJHY M Ty e npoexmnuio (puc. 73).

Ho y Bcex npeoGpasoBaHHU, PAaCCMOTDEHHBIX B
IIpeABLIAYIIIEM IYHKTe, 00pas3bl PasJMYHBIX TOYEK pas-
auugnael. (MoxXHO cKasaTh MHaAuve: IIPH 3THX Ipeobpa-
30BAHMAX KakJad ToukKa obpasa (UIypbl IMeeT TOJb-
Ko oauH Ipoobpas.) IIpeo6pasoBanue, IPU KOTOPOM
00pasbl JHOOBIX ABYX TOYEK pas3iIWYHBI, Ha3bIBaeTcCs
B3aMMHO OAHO3Ha4YHbIM nNpeobpasoBaHuem.

PaccMoTpuM B3aMMHO OJHO3Ha4YHOE IIpeoOpaso-
Bauue f purypsr M u eé obpas N = f(M) npu srom
npeobpasoBanuu (puc. 74). Puc. 74
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ConocTraBuM Temepb Kaxaoi Touke ¢urypsr N
eé mpoobpas mpu npeodbpasoBanuu f (puc. 75). Masr
mony4uM mpeobpasoBanue ¢urypel N B durypy M
(Tak KaK B CHJY B3aMMHON OJHO3HAYHOCTH mpeobpa-
zoBaHMsA [ Kaxmas Touyka Gurypsl N MMeeT TOJBKO
oxnuH npoobpas). IlonyuenHoe npeobpazoBaHue g Qu-

rypsl N HasesiBaeTcs 0O6paTHbIM Ansa npeobpa

soBaHma f u obosHauaerca Tak: g =f '. IIpeoGpa- P T
30BaHMUHA, UMewlIue oOpaTHBIe, HABKIBAIOTCA 06pa-

TUMBIMKU Npeobpa3oBaHuaMMU.

Vb6enurech, uTo BCe cuMMeTpumn obparumsel, HMH- X
TEepecHo, 4YTO oBpaTHBIMHU JJIs CHMMeTPHUM mnpeobpa- 7z
30BAHUAMHK ABIAKTCA CAMH 3TH CHMMETPHU: CHM-

MeTPHM MEHSIOT MeCTAMM B3aMMHO CHMMETPHUUYHBIE /
X
s

Touku (cMm. puc. 68—70)!
Ilepenoc Takske o6paTuM, U ob6paTHBIM IIpeobpa-

oy
30BaHMEM [AJId IIepeHOCa Ha BEeKTOp a4 ABJSeTCA Iie- -a
-
peHoc Ha BeKTop —a (puc. 76). -
Haxownen, obparuma u romorerud. Ecam meHT- X_‘_“
N

poMm eé Obia Touxka O, a Ko3ddHUIHMEeHTOM HeHY.Je- XX=-a
Boe uymcao k, To oOpaTHBIM A Heé nmpeoOpasoBaHu-
eM OyzeT TakiKe 'OMOTETHA C TEM Ke IeHTPOM M KO- Puc. 76

ahhuEerTOM -'%. ITo caenyeT U3 paBeHCTBA
0X = 10X, 3)

BBLITEKAIOIero U3 paBeHCTBA (2), KOTOPBIM OIIpefle/ieHa UCXOJAHAA IOMO-
TeTHs.

He sBasorcss oO0paTHMBIMH IIPeoOPA30OBAHHAME HPOEKTHPOBAHUE
IJIOCKOCTH HA NPAMYI M IOPOeKTHPOBAHHE NPOCTPAHCTBA HAa IJIOC-
KOCTB.

OGosuauenue f ' gna mpeobpasoBaHMsA, o6pPaTHOro IpeobpazoBa-
HUIO [, AHAJOTMYHO OGOZHAUEHUIO IJIA UYHCIA @ ', 0GpPATHOrO YHCIY a.
Ira a”Hanorus He ciaydaiiHa. Eciu Mbl ganee OyaeM MCKaTh YHCJIO, 06-
patHOe wmcay @ !, TO CHOBA MONYYUM UMCIO @. AHAJOTMYHOE YTBEPIK-
JleHle BepHO U AJis 00pAaTHMBIX NpeoOpaBOBAHMIA: ecau HeKomopoe npe-
obpasoseanue [ obpamumo, mo obpamHoe emy npeobpazosanue g mak-
KHe obpamumo u obpamublm O, Hezo npeobpa3o8anuem ABJLAEMCA
npeobpaszosanue f.

gl =(fyl=r.

CropaBensiMBoCTE 3TOTO YTBEDIKAEHUA BBLITEKAET HEIIOCPEJACTBEHHO M3
AAHHBIX B 3TOM IOyHKTe onpeneneHuii. IToaromy npeobpazosanusa [ u g

Ha3eIBAIOT B3aUMMHO 0GpaTHbIMMU.
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.................................. - TR0k T4k

1. B kakom cny4ae npeobpasoBaHue obpatumo?

2. B 4ém cocrout npeobpasosaHue, obpatHoe AaHHOMY npeobpa3osaHuio?
3. Yem asnqoTCcs npeobpasosaHusa, obpaTtHbe CUMMETPUAM?

4. B 4ém coctout npeobpasoeaHue, obpaTHoe nepeHocy?

................ Pesestessrmsessriaennesiee st o —————
[ R T

BONMPOCHLI U 3A0AHNMU
N
Pucyem

7.17. Hapucyiite rpad®uku cieayiomux (PyHKIUI, 3aJaHHBIX Ha BCel
4ucsoBOil ocu: a) y = 2x; 6) y = —x%; B) y = x°. Kakue m3 srux
GyHKIuE B3aMMHO OJHO3HA4YHO IpeobpasyloT OoCk X B OCh y?

7.18. Hapucyiite rpadui Kaxoi-Hubyabr QYHKIMM, Ipeodpasyiomeil oT-
pe3ok [—2; 2] B orpesok [0; 4]: a) B3auMHO OgHO3HAYHO; O) He B3a-
HMMHO OZHO3HAYHO.

~d Pa ccyxpaem

7.19. Kakue ussBecrHsie BaM (yHruuu obparumser? ITouemy?

7.20. O6parumel i GYHKIMA y = sinXx ¥ y = COS X, 3aflaHHLIe HAa OTpe3-
ke [0; 180°]? (HamoMHMM, YTO CHHYChI CME}KHBIX YIJIOB DABHBI.)

7.21. IlpuBeaure npuMepbl B3aMMHO OOpaTHBIX HpeoOdpasoBaHUMA.

7.22. O6paTumMo Ju TOXKJeCTBeHHOe npeobpasoanue? Ecam na, To Ka-
Koe y Hero obparHoe mnpeobpasoBanue?

@ Uccnepyem

7.23. MoskeT Ju IIPOEKTUPOBaHME KaKOH-HUOYAb (DUTyphI HA IJIOCKOCTH
WY HA TPAMYI0 ObITH 0OpaTHMBIM?

7.4. Komnozunusa npeoGpasoBaHuii

Ilycte B peayibTaTe HeKOTOpPOro mpeobpasoBaHuA [
burypa M nepesomurcs B ¢urypy N, a sarem c¢u-
rypa N ewé ogHuM npeobpa3oBaHHEM g IEPEBOJUT-
ca B ¢urypy P (puc. 77). B urore durypa M nepe-
BoauTca B (urypy P npeoGpa3oBaHHEM, KOTOpoe
OCYILECTBJSAETCHA IMOCJIEeA0BATEIBHBIM BEINOJHEHUEM
npeobpasoBauuil [ u g: xaxmoi Touke X duryper M
conocrasasierca Touka g(f(X)) durypsr P. 3ro npe-
obpazoBanue ¢urypel M B ¢purypy P, cocroamiee B Puc. 77
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ocJIefOBATEJIBHOM BBIIIOJHEHHH mpeobpasoBauuit f
u g, HasbiBaeTcA KoMnosuuuewhn npeobGpasoBa-
HUW [ u g u obosHauaerca TakK: gof.

C xoMmosunuei npeobpasoBaHUII Bbl BCTpeya-

JUCh B Kypce anredpbl, KOTAa pacCMaTpHBaJd, Ha-
a

npumMep, Takue GyHKumm: \ax +b, (x+ 3)% .
(B ka)XI0M K3 IPHUMEPOB yKaKuTe QPYHKIHUH, KOM-
MO3KUIMEeH KOTOPBIX ABJIAETCS yKasaHHAad.)

SflcHo, YTO KOMIOBUIIMA ABYX B3aMMHO OOpaTHBIX
npeobpazoBaHU (PUIYpBEl KaXKAYI0 €€ TOUKY OCTaB-
asser Ha Mecre. IloToMy komnosuyusa 83aumMHO 006-
pamHblx npeodbpa306aHuil ABAACMCA MONIECMEeH-

Hbim npeobpasosaruem. Haupumep, dyHKIUA (\/; )2

Ka)KJI0M TOYKE X YMCJIOBOHM OCH, UMEIOLIeil HeoTpuIla-

TEJbHYI0O KOOPIHMHATY, COIOCTABIAET ATy K€ TOYKY.
Komnosunueil ABYX mnapaJjlieIbHBIX IePeHOCOB

—»

T (v
Ha BEKTOPBI @ H b sBnsaercs mapaJjjejIbHbIN IIepeHOC

s
HA BEKTOpP, PaBHLIH HX CyMMe a+b (puc. 78). Kom-
MIO3UIIMEH ABYX TOMOTETHiH ¢ OOIIMM IIEHTPOM H KO-
appunuenramu k, u k, ABIAETCA IOMOTETHA C TeM
JKe LIeHTPOM M Koaddunuenrom k, -k, (puc. 79).

3aMeTHM, YTO, KaK IIPaBUJIO, HeOe3pasJIu4dHO, B
KaKOH MOCJeJ0BATEJbLHOCTH BBIIIOJHAIOTCA IIpeobpa-
30BAHUA: IIPU H3MEHEHHH IOPANKA BBINOJHEHUSA
npeo6pasoBaHU Pe3yJabTAT MOMKET MOJYUYHTLCA pas-
uerii. Hanpuwmep, (x+ 1)> u x* + 1 — a10, KOHEUHO
e, pasauunble QyHKuuu. O6 3TOM TOBODPAT TakK:
Komno3uyus npeobpasosaruil, eoobuje zoeops, He
nepecmanosouna (he xommymamuena). IlpuBenure
ellé nmpuMephl, MJIIOCTPHPYIOIIME 3TOT (haKT.

Ho B HEKOTOPBIX BaXHBIX CJAyYasX KOMITO3HI[US
npeobpasoBaHuii nepecraHoBouHa. Hampumep, mepe-
CTAaHOBOYHBEI NE€PEHOCHl, TaK KAaK IIepecTaHOBOYHO

— ¥ =¥ .
(KOMMYTATHBHO) CJIOKEHHEe BEKTOPOB: a + b = b + a.

BONMPOCHL U 3A0AHYMU
N
Pucyem *

0
OX'=k15f’}:
OX"=F,0X'

=»0X"=kk,0X
Puc. 79

7.24. Hapucyiire xBaapar ABCD. O6osnaubTe uepes a, b, ¢ coorser-
crBeHHO npsMmbie AB, BC, AC. HapucyiiTe ob6pa3 Ksajapara
ABCD npu KOMIO3HWIIMH CJHeAyIOIuX npeobpasoBaHuii: a) S,oS,;
6) S.oS,; B) S,08S,. Kakoe mosyumiock B KaXXJOM M3 dTUX CJyda-

€B UTOroBoe mnpeobpasosanue?
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7.25. HapucyiiTe npaBuabHEIM TpeyroasHuK ABC ¢ uenrpom O. Ha-
pucyiitre o6pa3 orpeska AB mpu IOCJIEIOBATEIBHOM BBINIOJHE-

—
HUH: a) nepeHoca Ha BeKTop AO M CHMMETPUH OTHOCHTEJbHO
npamoit AC; 6) cumMerpuit orHOCUTenbHO HpAMbix AC u BC;
B) rOMOTeTHH ¢ LieHTpoM O u KoaddunueHETOM 2 U mepeHoca Ha

BEKTOD AC.

7.26. Hapucyiite ky6 ABCDA,B,C,D, c¢ neatpom O. Hapucyiite oGpas
oTrpe3ka BD, mpu KOMIO3UIIMKA CHEAYIOIIUX NpeoOpasoBaHMiA:
a) cuMMeTpuu S, W CHUMMETPHH OTHOCHUTENIBbHO IIocKOoCTH ABC;

6) romoretnu ¢ uerrpom O m Koaddunuerrom 0,5 1 mepeHoca Ha

——
BeKTOpP AB; B) cuMMerpum oTHOCHTEeNbHO npamoi CC; u mepeHO-
——

ca Ha BekTOop CC,.

(!) Adoka3zsiBaem

7.27. Joxa)kuTe, UYTO Ha IJOCKOCTH KOMIIO3HIIUS ABYX OCEBEIX CHM-
METPHH OTHOCHTEJNbHO B3aMMHO IEePHEHAMKYJSAPHBIX NPAMBIX
ABJIAETCA CHUMMETPHEH OTHOCHTEJBHO TOYKHM IepeceYyeHHs 3THX
OpAMEBIX.

O NMpepcrasnsem

7.28. Ha mJI0CKOCTH KOMIIOBUIIMA NBYX IPOEKTUPOBAHHH J00yi0 ¢ury-
py npeofpasyer B TouKy. Hakue 3To nmpoeKTUpOBaHUSA?

7.29. Kaxum npeoOpasoBaHUeM SIBIAETCS KOMIIO3HIIHS ABYX CHMMETDPHUN
OTHOCHUTEJIbHO B3aMMHO IEePHEeHAUKYJIAPHBIX IJIOCKOCTeR?

§8. [snxenus

8.1. Onpexenenue u MpocTe
UBMIKEeHHI L

‘s

3HAKOMCTBO C JIBYMs Ba)KHEHIINMHU KJAaccaMU TeOMETPUYECKHX IIpeoh-
pasoBaHUil MBI HAYHEM C KJjacca TeX IpeobpasoBaHMii, KOTOPEIE cOXpa-
HAIOT BCe CcBOMcTBa (Guryp. Bbl, HO-BUAUMOMY, yiKe 3aMETHUJIH, UTO JIIO-
60e reoMeTpuuecKoe CBONHCTBO MOYKHO BBIDA3UTh 4Yepe3d PACCTOSHUSA
MeKAy TOUKAMH, udepe3 AJUHBI COEAWHSIONMX BTH TOUKH OTPE3KOB.
U reoMeTpHuYecKMe BeJIHYMHBI BHIPAXKAIOTCA Uepes paccrogaHusa. Hampu-
Mep, BBl yMeeTe HAaXOAUTH YIVIBI M IUIOIAAb TPEyroJbHUKA, 3HAA AJIU-
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ael ero cropoH. CienoBaTesbHO, Bbl 3HaeTe, KaK HAWTH ILJIOIIAAb U yI-
JIpl JI000Or0 MHOTOYIOJBHHKA, €CJIM HM3BECTHBLI BCEe PACCTOAHUA MEXIY
ero BepIIMHAMU.

ToyHO TaK K€, 3HAA BCE DACCTOAHUSA MeyKAy BePIIMHAMU MHOTO-
rpaHHNKa, MOYKHO HAWTHU IJIOLIAJb €ro IOBepXHOCTH U ero oomém. Te
npeobpasoBaHusa, KOTOPbIE COXPAHAKIT PACCTOAHHUS, COXPAHAIOT U BCe
Apyrue cBoucTBa reomerpuuyeckux ¢uryp. Takue
npeobpasoBaHUs HA3LIBAIOT OBUMEHUAMU.

OnpenpeneHnue. UXEeH M bl
Ha3bIBaAeTCA TaxKoe eeé npeoﬁpaaonanne, KOoTOpoe

COXpAHAET PACCTOAHHUA MeXAY JIOBIMH e€ Tou-
KaMH.

ITogpo6uee: npeobpasosanue [ purypst M Hazbl-
BaeTCs JABM)KEHHEM, eCJIH PAcCTOSHHEe MEKAY JIoObI-
mu aByms Toukamu X u Y ¢uryper M paBHO pac-
crogHNI0 Mexay ux obpasamu X' = f(X)u Y’ = f(Y)
(puc. 80), r.e. gas a0ObIX ToyeK X U Y BBINOJHA- Puc. 80
eTcsa paBeHCTBO

|1 XY'| = |XY]|. (1)

fcHo, uTO MoxcdecmaenHoe npeobpa3osanue ABAAMCA O8UNCCHUEM.

IlogymaiiTe, Kakve U3 NpeodpaA30BAHHI: LEHTPAJIbHAA CHMMETPHSI,
oceBad CHMMeETPHsA, 3epPKaJbHad CHMMeTpHA, napamlenbnmﬁ IIepeHoc,
roMoTeTHuda, ABJAKTCHA IBHXEeHHAMH H KaKHe M3 HHX IBHXXeHHAMH He
ABJIAIOTCH.

ﬂeumeuuﬁ ABNANOMCA 83AUMHO 00HO3HAYHbIMU npeodpasoeauuﬂmu.

0O IedcTBUTENLHO, pasnuyHble TOYKH X HU Y JIBHKeHUe [ He MOXKET
mepeBecTd B OfHY TOUKy, Benb |f(X)f(Y)| = |XY| > 0, a moromy f(X) u
f(Y) pasnuussr. B

ITocKONBKY IBUKEHHUS B3AMMHO OJHO3HAYHBLI, TO OHU OOpATUMBI.
IIpeobpasoBanue, oOpaTHOE ABHYKEHHIO, TAKIKE SABIACTCA IABUIKEHHEM,
TaK KaK OHO COXPAaHJeT PacCTOAHUA.

Urak, xaxcdoe deuxcenue obpamumo, u o6pammHoe emy npeobpaszo-
6aHue makxice seasemcs 06uiceHueM.

BrimoslHEM IIOCJIeJOBATEJIBHO CHAYaJa ABHIKE-
Hue [ durypsl M, a 3aTeM ABHXKeHHEe g (DHUI'YypBI
f(M) (puc. 81). Tak xax [ coxpaHseT pPacCTOAHUA M
£ COXpaHfAeT PACCTOSHHA, TO U MX KOMIIO3UIHUA gof
TOKe coXpaHseT paccToaHuA. [loaToMy KOMIO3HIIMA
OBMKEeHHH ABJIAETCA IBHKEHHEM. .

A Pa3z060p 0 MeXAQHUYECKOM U 2e0MEMPULECKOM
deuncenuu. Boiacaum 6osiee 11osipobHO CBA3L TOIO ABU-
JKeHHsA, KOTOpoe oIlpelelfdeTcs B IeOMETPHUHU, C pe-
AJIbHBIM IBHIKEHHEM TeJl.

Puc. 81
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IIpencraBum cebe Kakoe-HMOY/b PEAJBLHOE TEJIO B HEKOTOPOM OIIpe-
JeJéHHOM mojokeHuu. Kakagas ero dacTuma 3aHHMAaeT Onpee/éHHOe
M0JIOYKEeHHUe — HaXOAHUTCA B onpexenéHHOIl Touke X mpocrpancrtsa. [o-
[yCTHM, IpeAMeT M3MEHHJ CBOE IOJOYKEeHHe., 9TO 3HAYMT, Kajasd ero
yacTHUIla 3aHAJA HEKOTOpoe HoBoe (MJaM crapoe) moJioykeHue. [lamnas
yacTULa, ObIBIIad B Touke X, 3aHfAJa IIOJOXKeHHe B Touke X’; Tem ca-
MBIM IOBH)KEHHE IIpeJiMeTa yCTAHABJIUBAET COOTBETCTBHE MEMKIY TOYKA-
MU IpocTpaHcTBa: Touka X’ coorsercTByeT Touke X. (MoskHO ckasaTh
emlé tak: Mecty X, rae HaxoAuJach YacTHUIA, COOTBETCTBYyeT Mecto X',
rie OHa Tenepb HAXOAUTCH.)

B mexanWKe Tesl0 HasblBaeTCsa TBEPABIM HJIH Aake abCOJIOTHO TBEp-
IBIM, €CJIM OHO He JOINyCKaeT HMKAKHX Aedopmanuil, Tak 4TO paccTosf-
HHA MeXAY ero 4acTUIaMu Heu3MeHHBI. II09TOMY ecau IpH JBHKEHHM
TAKOTO Tejia ABE ero yacTHnsl (mam Touku) X u Y mepeuuiu B TOYKH
X’ 1 Y’, T0 pacCTosiHUS COXPaHSIOTCH:

IXY| = XY,

T. €, IIPOUCXOAUT ABMIKEHIE, KAK MBI €r0 OIpenesujid, reOMeTPUYECKH.

B reomerpHuecKoOM MNOHATHHU IBHKEHHUA YIEPKHBAIOT TOJBLKO CO-
IIOCTaBJeHHE OJHOIO IOJIOMKEHHUs Teja ¢ APYIHM, BOBCE OTBJIEKasCh OT
npouecca asuxeHusi. CaM aTOT IPOLECC MOXKHO HA3BATh HEIIPEPBLIBHBLIM
IBHKEHHUEM.

OxageIiBaercs, uTo J000e ABUIKEHNE B I'eOMETPHH IIPe/CTABIIAET CO-
0oii mubo OTBIEUYEHHBIN 00pa3 peaibHOIO [ABUIKEHUA TBEPAOro TeJa,
KOorjga YYHUTBIBAETCHA TOJBKO TO, M3 KAKHUX TOYEK MPOCTPAHCTBA B KaKue
TOUYKH IIePeXOAAT YacTHUIIbI Tesja (T.e. YyUHUTBIBAETCA TOJHBKO COOTBETCT-
BHEe OJHHUX TOUEK APYruM), Jubo couyeTaHue (KOMIIO3HIIMIO) dTOrO OTBJE-
yéHHOro obpasa peaJbHOI'0 IBHIKEHUS C 3epPKaJbHON CHUMMETDHEH.

ToasKO 4YTO CKa3aHHOE 0 ABHI)KEHUAX NPUHAAJEXKHT He caMoH
reoMeTpuu, a eé casu ¢ (pusauxoit. N'eomerpusa 37eck BHICTYHAET KaK
nepsasi rJlaBa MeXaHMKH, TPaAKTyHOIlasg MeXaHHUYecKoe ABUKeHue. Bes
IABUKEHUS reoMeTpUsi He MorJya Obl cylecTBoBaTh. B camom gese, yixe
CpaBHEHHEe OTPEe3KO0B M M3MepeHHe IJUH OCHOBAHBI HA IBMIKEHWUH IIpel-
MEeTOB, KOTZa OAHH IpUKJagsiBaeTca K apyromy. Ilosromy HeioTon
B IpeAMCIOBHH K BeJHUKOMY TPyAy <«MaremaTuuecKHe Hauaja Ha-
TypaJbHO# (uaocopuu» NHUcaJa, YTO reOMEeTPUS OCHOBLIBAETCS HA

mMexaHuke. ¥

1. Kakoe npeo6pasoBaHue Ha3blBaeTCa ABWMXEHUEM?

2. O6patumo nu asmxeHune? Kakum npeobpasoBaHnem siensetca npeobpasosa-
Hue, obpaTHOe OBUXEHWIO?

3. Kakum npeobpazoBaHvem SIBAAETCS KOMMNO3UUWUA NBUXEHUIAT?
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ELY- XTI
E Uccnepyem

8.1. MoxxeT JH IPOEKTHPOBaHWE KaKOW-HMOyAb (Urypsl Ha IJIOCKOCTH
(#a npaMy0) OBITH ABHMKEHUEM?

8.2. fIsnsierca nu romoreTHd ABM:KeHHMeM? Mosker nu Kakas-HUOYAL ro-
MOTETHA OBITH ABHIKEHHEM?

8.3. Ilocrpoitre Touky (x';y’) — o00pas HPOUBBOJBLHON TOYKH (X;Y)
1A TpeoOpasoBaHUi, 3aJAHHBIX YPABHEHUAMM:
a)x'=-x, y'=y; 6)x'=-x,y'=-y; B)x'=x y'=2y; 1) x'=
=x+3, y=-y—-1; m)x'=3x, y=3y; e)x'=0,6x—- 0,8y,
y' = 0,8x+ 0,6y. Kakue u3 sTux npeoOpasoBaHUN SBIASIOTCH ABHU-
JKEeHUAMHU?

8.2. CpoiicTBa (Uryp, COXPaHAIOUMEC

UpH JBUKeHUM (HHBADMAHTBI ABMIMCeHMit)

HMayuasa pasiauyHble NMpeoOpasoBaHWA, MBI KaMKIbIH

pa3 GyzeM HHTEpecOBATHCHA, KAKHE CBOMCTBA (UIyp

COXPAHAKTCA IPH 3THX IpeobpasoBanusax. Cnoii- B

cTBa (Uryp, COXpPaHAIIIWECA IPH TeX HIN HHBIX

npeoOpasoBaHMUAX, HABHIBAIOTCA MHBapUaHTaMu A

aTuX npeobpasosanuii. Hanpumep, paccTosHUe MeX-

Oy TOYKaMH{ SBJAETCA HHBAPHAHTOM JIBUIKEHUHA, A,

a MHBAPHAHTOM I'OMOTETHY HJIH IPOEKTHDOBAHHUA HE

ABJIAETCA. .Bi
ITepeiiném K HM3yYEHHWI0O MHBAPDUAHTOB [JBUXKe- P 82

HUH, (DOpMYJUPYS COOTBETCTBYIOIIME cBoMcTBa (u- "e:

ryp U gaBadg MM HeOOXOAMMBIE IIOSICHEHHS, 4 MHOT-

Jla ¥ JOKaspIiBad MX. XOTA MBI yiKe TOBOPHJIH, UTO

JBHIKEHHUSA COXPAHAKT BCEe CBOMCTBA (PUryp, HO 3TO

YTBepKAeHHe ciaeAyeT 060CHOBATE.

1. iBu:KeHHe NMepeBOAUT OTPe30K B PABHBIH eMy

OTPe30K. B
Ipyrumu ciroBamMu, ofpasom ompesrxa npu 08u-
HCeHUU ABAAEMCA PABHbBLIL eMy OmMpes3ox. P
* JloxaszatenncTBo. Ilycrs ABMIKeHue [ mepe-
BOAMUT KOHIOHI oTpeska AB B Toukm A’ u B’ A’
(puc. 82). BosHukaeT BOOpPOC: He MOKeT JIU IIPH f\/\
ABHI}KEHHUH OTPE30K IIPeBPATHTLCA B KPHBYIO JIHHHIO B’
HJIX JIOMaHyI0 (Kak B cJjydae, u300paKEHHOM Ha
pucyuake 83)?




TouHee roBOps, BepHO Ju, 4TO J00adA Touka X oTrpeaka AB mepeiuér
B Takylo Touky X', Koropas Jie:xuT Ha oTpe3ke A'B’? U BepHo a1
yTBEpXJeHHe, UTO IIPH 3TOM npeoGpASOBAHMU KaiKAad TOYKA OTpPEe3-
ka A'B’ apnsierca o6pasoM HeKOTOPOil TOYKM oTpedka AB?

OTrBeTHI Ha BTH JBa BOmpoca MOJIOKUTEJBHBI, ¥ MBI Celdac 3To H0-
Ka)XeM.

1) Bo3apMEM IPOM3BOJNBHYIO TOUKY X OTpe3ka AB M IOKa)keM, 4TO
eé obpasd X' = f(X) npunapmexkur orpesxy A'B’.
ITockonpKky Touka X npuHAAIEKUT OTPe3Ky AB, To

. (2)

Tak Kax [ — nBmxenme, To A’X’' = AX, X'B’= XB, A'B’ = AB.
TloaTomy, y4uuTeIBAA paBeHCTBO (2), moJydaeMm, 4YTO

|AX| + |XB|=|AB

|A’X'| + |X'B'| = |A"B| ®)

W3 sroro paBeHCTBa cJaeAyeT, UTO TOYKa X' TPUHAAJIEIKUT OTPE3KY
A’B’ (8 mporuBHOM cayuae |A’X’| + |X’'B’| > |A’B’| no «HepaBeHCTBY
TPEYroJILHUKA» ).

2) Kaxxknmaa touka Y orpeska A’B’ sapasierca o0pasoM IPH JBHIKe-
HUU [ HEKOTOpOH TOUKH OTpe3ka AB, a mMeHHO TOH TOukKH X, KOTO-

pas ynajeHa oT Touku A Ha paccrosHue |A'Y

OTBeTHB yTBEPAUTEJIHHO HA IOCTABJIEHHBIE BOIPOCHI, MBI A0KAa3aJH,
yro f(AB) = A’B’. Ocrajock AOKa3aTh paBeHCTBO OoTpe3koB A’B’ u AB.
Ho sT0o OueBMIHO, TAK KAaK ABHUIKEHHE COXPAHAET PACCTOSAHUSA MEMIY

roukamu: |[AB| = |A’B’|. %
IlpoBensa aHAIOTMYHBIE PACCY’KAEHUs, MOKHO H0OKAa3aTb, 4TO

2. O6pasom Jyua NpPH JXBHKEHHH ABJIAETCH JIyd.

3. O6pasom nmpsAMOi NPH ABM:KeHMM ABJaAerca npamasna. (Coenaiire
9TO CaAMOCTOATEJIBHO.)

4. O6pazom TpeyroJabHUKa IPH IBHIKEHHH HB-
JsieTcA paBHBIH eMy TpPeyroJibHHK.

AF

0 Kasxaerit tpeyronbHuxk ABC 3anojHsercs or- ;
peskamMu AX, UAYIIMMH U3 €r0o BEePIIMHBI A B TOY- f ¢ X B
ku X npoTuBONONOMKHOU eit cropoHsl BC (puc. 84). A
ITycrs pBusxenuem f Touku A, B, C nepesoxarcs co-
orBeTcTBeHHO B Touku A’, B’, C’. Torpa stum asu-

’keaueMm [ orpeskm AX nepeBOASTCA B OTPE3KH

A’X’, zanonusawomnue TpeyroabHuKk A'B'C’ (puc. 84). C X B
HNockonsry A’B’ = AB, A'C’ = AC u B'C’' = BC, To0
AA'B'C' = ANABC. m Puc. 84
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AHaJOru4YHBIE pAacCCYXJAEeHHA MOXMHO IPOBECTH M OTHOCHTEJBHO
TeTpa’ipoB M TeM caMbIM JOKasaTb, 4YTO

5. O6pasom TeTpasapa NMPH JABMIKEHHH ABIAETCs TeTpasap (puc. 85).
IIBusKeHHEeM TPEYroJbHHK IIEPEeBONUTCA B PABHBIA €My TPeyrojb-
HHUK, 4 COOTBETCTBEHHBIE YIJIBI PABHBIX TPEYroJbHHKOB PABHBI, IIO-

aTOMY

6. IpuaceHue COXpaHseT YIrJibl; B YaCTHOCTH, JABHIKeHHE COXpPaHH-
eT NMepIeHIUKYJIAPHOCTs H NapallielbHOCTE.

YrBep:KaeHre 00 MHBAPDMAHTHOCTH YIVIOB IIPH ABMIKEHHUH HAMO0 ITOHHU-
MaTh IIMPOKO: OHO KAcaeTcd W ABYIPAHHBIX VIVIOB, M YIJIOB MEMKIY IIpsi-
MOI W ILIOCKOCTBIO, M YIJVIOB MeXXIy HAINPABIEHHBIMH OTPE3KAMH.

Benp uamMepeHue BceX 3TUX YIVIOB CBOJHMTCH K M3MEDPEHHIO IJIOCKUX
yrioB. Kpome Toro, Hamo uMeTsh B BHAY, YTO B yTBep)XaAeHUU 6 roBopuT-
cAd KAK O COXpaHeHHWH BeJIWUYHH YIJIOB, TAK M O COXPaHEeHHMM BHAA yI-
JIOB: ILJIOCKHE VIJIBI IIePEeXOAAT HpPH ABMIKEHMH B ILJIOCKHE, IBYIPaAHHBIE
yriael — B ABYTPaHHBIE W T. 1.

Ilamee, MHOTOYTOJNBHHKH COCTABIAITCA M3 TPeyroJbHUKOB. IIpm
ABMKeHUH [ MHoroyroapHuka P ero obpas f(P) Oymer cocraBjieH U3
00pa3oB TPEYroJbHUKOB, COCTABIAIMIMX MHOTOyroibHuk P (puc. 86).

IToaTromy f(P) sBaAerca MHoOroyroabHuxoMm. ClaefoBaTesbHO,

7. Ilpn pBM:KeHMHM 00pPAa30M MHOrOYrOJbHHKA fABJASETCH MHOIO-
YrOJbHHK,

Kpome TOro, M3 HaIIHX PACCYKAEHHH CJELYeT, YTO IIPH JABHIKE-
HMM YIJbl M PAacCTOAHHA MeJKAY BepIIMHAMM MHOTOYrOJbHHKA CO-
OTBETCTBEHHO PAaBHBI yrjaM H PACCTOAHHMAM MeKIAY BepUIHHAMM ero
o6pasza (puc. 87), a TakKe PABHBI H IJOH[AAH 3THX MHOTOYIroJb-
HHKOB.

Haxownen, aHaJIOrMYHO OPEABIAYIEMY CBOWCTBY IBHIKEHHH MOMKHO
YCTaHOBHUTH, YTO

8. O6pa3zoM MHOrOrpaHHMKA NPH ABHIKEHHH ABJIAETCA MHOIOrpaH-
HHE, Y KOTOPOr0 PAaCCTOSAHMS MEJKIy BepIIMHAMM, YIJbI, IJIOMAAN rpa-

P

D!
Puc. 85 Puc. 86
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Puc. 87 Puc. 88
Hell M 00BEM COOTBETCTBEHHO PaBHBI PACCTOSHHAM MeJKAYy BepUIHHA-

MH, yrjaMm, IJIOIagAaM rpaHeil M o0BEMY HCXOJHOr0O MHOrOrpaHHHKA
(puc. 88).

2 ) Bonpocekl pns camokonTpons gam

1. MNepeyvcnute CBONCTBA GUIryp, COXPAHAIOLIMECA NPWU ABWXEHWAX (MHBapuaH- :
Tbl OBVXEHWIA). :
2. Moyemy OBMXEHUE TPU TOYKW, Nexalue (He nexailue) Ha OOHOI NpaAMoNn, ne- -
PEBOAUT B TPW TO4YKM, Nexaiwume (He nexawme) Ha oaHoOM Npamoin? -

Pucyem

8.4. HapucyiiTe pasiuuHble napsl GUryp Tak, 4ToObI B KasKIOM Ciydae
onHa u3 ¢uryp morna 6vl ObITH IOJydYeHa M3 APYrof HEKOTOPBIM
IBUIKEHHEM.,

@ Uccnepnyem

8.5. MokHO ¥ KaKMM-HUOyZAb mpeobpa3oBaHWeM 0TOGpasuTh chepy B
Kpyr Toro ke paguyca? B ciyuae NOJIOMHUTEIBHOTO OTBETA NPUBE-
JUTEe COOTBeTCTBYIOMMUM npuMep. Moxker nu Takoe mpeobpasoBaHuUe
OBITH ABU KeHUeM?

(!)ﬂoxuaunuem

8.6. [lokaxxuTe Te cBoiicTBA [JBHIKEHHI, KOTOpLIE CHOPMYIHMPOBAHBI B
TeKCTe, HO He JOoKasaHbI.

8.7. MoxaxuTe, UTO ABUIKEHUE IIEDEBOJUT MeJHaHy U OHCCeKTpUCY Tpe-
YIOJbLHUKA COOTBETCTBEHHO B MeIWaHy M OMCCeKTpUCy ero obpasa.
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8.8. lorkakuTe, YTO JBHMKEHHe IlapajjiejlorpaMM IIepeBOJHUT B IapaJ-
JeJorpaMM, napajjelenunel — B mapajaigejnenunern, Kyb6 —
B KyO.

8.9. llokasxuTe, UYTO ABUIKEHUE OKPYIKHOCTh NEPEBOJAUT B OKPYXXHOCTB,
Kpyr — B Kpyr, cdhepy — B cdepy, map — B map.

8.3. IlapasiebHBINH NepeHoc

UayuuB oOuIMe CBOIHCTBA [NBUIKEHHH, HOCJIeIOBa-
TeJILHO PACCMOTPHM BCE YAaCTHBIE BUABI JBHIKEHUI
(oxasbiBaeTcsi, UX coBceM HemHoro). Hauném c ca-
MOTI'0 IIPOCTOr0 ABMIKEHHUS — IapajlIeJIbHOTO Iepe-
Hoca (Kopoue — mepeHoca). ByaeM paccMaTpuBaTh
IIepeHOCHl, 3a/laHHbIe HA BCEM IPOCTPAHCTBE.

HanoMHuUM, UTO napannenbHblM NEepeHo-

coM (unam, Kopoye, NepeHOCOM) HA BeKTOp E
HasblBaeTcsa Inpeo6pasoBaHHe, KOTOpPOE KaXKIAOH Puyc. 89
Touke X CTABUT B COOTBETCTBHE TAKYI0 TOUKy X'

(puc. 89), uto

XX’ =a. 4)

— —
Ilepenoc Ha BexkTOp @ o6o3Hawaem T,, a BEKTOp @ Ha3blBaeM BeK-

TOpPpOM nepeHoca.
—
Hrak, sagare nepenoc T, MoKHO JmbO0 BEKTOPOM IlepeHoca @, JIu-
60 (uTo paBHOCHJIBLHO) HeKOTOpo¥H (n0b0ii!) Toukoit X u eé obGpasom
X' =T,(X).
ITocTpoenue obpasa Y’ nmr000it aApyroil TOYKM Y COCTOMT B OTKJIAHBI-

I
BaHHUH OT TOYKH Y BekTopa YY'= a.

Ecam BeKTOp mepeHOCa He HYJEBOH, TO IIePEHOC HeIOABHIKHEIX TO-
yeKk He mMeeT. Ecim ke BEKTOpD mepeHOca HYJEBOI, TO Yy TAKOro Iepe-
HOCa BCe€ TOYKH HENOABHKHBI. Il03TOMY napaniienvbHbiii neperoc Ha
HYJAb-86EKMOP ABJAACMCA MOHCOECMBEHHbIM NPeobpa3oeanuem.

JokasxeM, 4TO mapaJiieJbHbIH IePeHOC ABJAAETCH ABH/KEHHEeM.

O ITycrs mepenoc T, cTaBUT B COOTBETCTBHE TOY- X
ke X touky X', a Touxke Y TOuKy Y’, TOrja BBIIIOJ-

HAIOTCS paBeHCTBa XX’ ' =a um YY'=a (puc. 90).
IToatromy '

XX'=YY" e ¥ e
W3 pasencrsa (5), corjiacHoO TpeTheMy HPH3HAKY a
paBeHcTBa BeKTOpoB (mm. 1.3), ciuemyer Puc. 90
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XY =X'Y" (6)
Takum obpasom, |XY|=|X'Y’|, r.e. T, — nBHXeHue. W

HamomMHHM, 4TO ABH)XeHHEeM, oOpaTHBIM mnepeHocy T,, ABasercs

— LY
nepenoc T_, Ha BeKTOp —a (cM. puc. 76), a KoMnosunuei epeHoOCOB HA

—c

3%
BEKTOPHl @ M b ABJAeTCA mapajjiebHBIM IIePEeHOC Ha BEKTOD, PaBHBII

e -
ux cymme a + b (cMm. puc. 78). IIoCcKOJBKY CJIOJKEeHHe BEKTOPOB KOMMY-
TATUBHO, TO KOMNO3UUUA NEPeHOCc08 KOMMYMAMmueHa.
XapaKTepHOe CBOMCTBO TNapajlIeIbHOrO IiepeHoca (opMyaupyercs
TaK: IMapaJjjejbHbIH NEepPeHOC ABJAETCA ABHKEHHEM, COXpPaHAIIUM
HanpaBJIeHHA,

9T0 CBOMCTBO BBEIpa)kaeTcs PaBeHCTBOM (6): paBeHCTBO JJIMH BeK-

_— —
TopoB XY u X'Y’ o3Hauaer, 4TO MepeHOC — JBUIKEHHUEe, 4 COHAIIPABJIEH-
HOCThH 3THX BEKTOPOB I'OBOPHT O TOM, YTO IIPHM IIepEeHOCE COXPAaHAIOTCS
HanpaBiaenusi. IHaue roBops, paccmoanus U HANpasieHus — UHBapu-
aHmbsl. nApannenbH0zZ0 NnepeHocd.
XapakKTepHoe CBOMCTBO HEKOTOPOro O0BeKTa JOJMHO SABIAATHCA Of-
HOBpPEeMeHHO M ero mpusHaxkoMm. M cpeau Bcex ABUXKEHUN MEePEHOCHI BbI-
AeJSI0TCA CHAEeAVIOIIHM IIPHU3HAKOM:

MPU3HAK II;BHJIEEHHO, COXpaHAKIIee BCe HaIpaBJIeHHMHA, ABJIAETCHA IIa-
panjgeJibHbBIM IepeHOCOM.

HMokaszareascrBo. Ilycts f — pOBUMKeHHEe, KOTOPOE COXPaHSET
BCE€ HANpaBJIeHWdA. ITO SHAUHUT, UTO JJA JIOOBIX AByX ToueK X m Y
n ux obpaso X' = f(X) u Y’ = f(Y) BBIDOJHAIOTCA ABa YCJIOBHA:

— —_— e —_—
IXY|=|X'Y'| u X'Y'11 XY. A 3T0 3HAUHUT, UTO BBHINOJHAETCA PaBEHCT-
Bo (6). Ho Torza copaBefJMBO M DaBeHCTBO (D), T.e. aBuiKeHHe f
IepeMeIniaeT BCeé TOYKM B OZHOM H TOM K€ HalpaBJeHHH HA OLHO

s
N TO e pacCcTofHHE. CJIE,I[OB&TGJILHO, f — IHEepeHoC Ha BEeKTOop a =

_—

=XX'. m

© Bonpoce ans camokoHTpons g

1.4em siBNAeTCA KOMMO3ULUMA ABYX NEpeHocos?
2. KakoBo xapakTepHOe CBOWCTBO NnepeHoca?




ELY.LXI

Vi

8.10.

8.11.

8.12.

®

8.13.

8.14.

8.15.

8.4. IleaTpaipHAsT CHMMETPUA .

Pucyem

Hapucyiite kKagKyio-HUOYAE GUIyPY M KaKoH-TO HEHYJIEBOH BeK-
= [¥] L
Top a. Ilocrpoiite o6pas 3Toi (hUryphl IpHM HepeHoce Ha BEKTOp

a. Pemure 3ty 3amauy, BeIOpaB B KaudecTBe HMCXONHOW (DHUIYpHI:
a) TpeyroJabHUK; 0) 4eTHIPEXYIrOJNBHHUK; B) Kpyr; I) mapaJjjee-
nUIen.

Hapucyiire napannenenunen ABCDA,B,C,D, u ero o6pa3 npu na-
paJLIeJIbHOM IIEpeHOCe Ha BEKTOD C HA4YaJloM B BeplnuMHEe A M KOH-
noMm B BepuiuHe: a) A;; 6) C; B) C,.

Hapucyiite npaBunbayio nupamuay PABCD c sepmunoi P. Ilyers
IeHTP OCHOBaHUA mupaMuabl — Touka O. Hapucyiite Takxe 00-

pas 3TOH IMpaMHJbl HNPU [epeHOoce Ha BEeKTOop: a) %; 0) ZP.;
B) E; r) %55

Aoka3biBaem

Ha xoopAawHATHOW IJIOCKOCTHM ypaBHeHueM x° + y® =1 zamana
OKPY2KHOCTh. JloKakuTe, 4To o0pas aToil OKPYIKHOCTH IIPpHU Iepe-

HOCe Ha BEKTOp E(a; b) sajaércs ypasHenueMm (x — a)® + (y— b)® = 1.

Beiumcnaem

IIycrs nmapannenorpamm P mmeer naomans S. Ilyers Touxka A —
ero BepmimHa, O — TOYKA IepeceuyeHHHA ero guaroHajuei, @ —

——
obpas mapananenorpamma P npu nepenoce Ha Bexktop AO. Hapu-
cyiite nepecedenue u obwbenuHenue ¢puryp P u @ u HaliguTe uUX
ILJIOIIAH .

ITIyere AABC uMmeer muomans S u Touka O — ero LeHTP Macc.

Hapucyiite o6pas AABC npu nepeHoce Ha BeKTop AO. Breruncin-
Te maolagu mnepecedeHus u obwenuHenus AABC u ero oGpasa.

Xf

HanmoMHUM, uTO LEHTPanNbHOW cuMMeTpUEi 0
So_C ueHTpom O HasweIBaeTcsa Takoe Ipeodpaso-
BaHue (UIYpPEl, KOTOpOe KaxIoifi eé Touke X COIO- X

cTapiadeT TOUKY X', CUMMETPMYHYIO €l OTHOCHTENIb-
HO Toukm O (puc. 91). s aroro onpenenenusa cie- Puc. 91
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AyeT, 4TO LEHTPAJBHYI CUMMeTpUIO S, 3aaéT ykasaHue eé mentpa O.
®duxcupysa Touky O, Mbl jerko crpouM obpas X' = S, (X) moboit Tou-
kn X (orauuHoi or O): mpogosxaem orpe3ok XO 3a Touky O Ha orpe-
3ok OX’, paBublit orpesky XO (cm. puc. 91), T.e. Touka O sBiAeTCA
cepenuHOil orpeska XX'. Eciu xe X = O, 10 S5(0) = O.

Ha BeKTOpDHOM fA3BIKE 3TO MOXKHO 3aIlMCATh TaK:

O0X' = -OX. )

HenmoaBu»xHOH TOYKOH IeHTPaNbHOH CUMMeTpUH S, ABIAETCA

anmb eé nearp O.
JoxarkeM, YTO IEHTpajJibHasi CHMMETPHA COXPaHAET PACCTOAHUA,
T. €. ABJSAETCA ABUXKEHUEM.

O ITycrs meHTpanbHas cuMMeTpusa S, CTaBUT B '

coorBeTcTBUE TOYKe X Touky X', a TOYKe Y TOYKY X 4
Y’ (puc. 92). Torga sBeimonnaiTca paseHcTsBa (7) u

oY’ = -0Y. (8)
W3 pasenctB (7) u (8) caexgyer, 4TO

X'V - 0¥ - 0X'= 0T + 0% = Y%= -X¥. X Y

NUrak, pasa awoboit maper Touek X, Y u mx o6- Puc. 92
pasoB X', Y’ BHIIOJIHAETCA BEKTOPHOE PABEHCTBO

XY =-XY. n 9)

OHO o3HauaeT, BO-NEPBBLIX, YTO AJUHBI OoTpe3dkoB XY u X'Y’ pas-
HBI, T.€. YEHMPAAbHAL CUMMempus sA6asemcsa 0suxcenuem. A Bo-BTO-

—_— —

peix, paseHcTBO (9) roBopuT 0 TOM, 4To BeKTOpbl XY’ m XY Hampas-
JeHbl HPOTHBOMIOJOMXHO, T.E€. UeHMPALbHAA CUMMempus U3MeHAem
HanpaeeHus 6eKmMopo8 Ha NPOMuBONnOLONCHbLE.

9T0 CBOMCTBO SABIAETCA XAPAKTEPHBIM CBOHCTBOM UEHTPAJIBHOM
CHMMETDHH, BBIJEJAIIIAM €€ Cpely ABHXKeHHMU. A MMEHHO: IBHIKeHHE,
H3MEHAIoIee HaNpaBJeHHe KajkJI0oro BEKTOpa Ha NPOTHBOIOJOMKHOE,
ABIfAETCA LeHTpaIbHoM cumMerpuei. JlokakeM aTo yTBep:KIeHUe.

% 00 PaccMOTpUM Takoe ABHKEHME [, YTO IIsA Jr060# mapbl TOUEK
X, Y n ux obpaszos X’ = f(X), Y’ = f(Y) BeInosHseTca BeKTOpHOE pa-
BEHCTBO

XY = -XY.
IIycre Tourka O — cepefuHa oTpe3dka XX’ (ecam X = X', To

O = X). Toraa BeimosiHsercds paBeHCTBO (7). M3 pasencts (7) u (9)
ciIenyeT paBeHCTBO (8), Tak KaK

0Y'=0X'+ X'Y'= -0X - XY = -OY,
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a 5TO M 3HAYMT, 4TO Touka O — cepeaumHa orpeska YY’, T.e. ero KOH-
bl CHMMETPUYHBI OTHOCUTEJBHO TOYKH O. HUrak, nBmyKeHWe [ — IEHT-

panbHasg CHMMeTpus c¢ meHTpoM O. BX

XapakTepHsie CBOMCTBA NepeHOCA M NEHTPAJbHON CHMMETPHUH
MMO3BOJAIOT JETKO YCTAHOBHMTH, KAKUM ABH)KEHHeM sBJAeTcs Jwobas
KOMITO3HIIMA MEePEeHOCOB U IeHTpalbHBIX cuMMmerpuii. Hanpumep, pac-
CMOTPHMM KOMIIO3HMIIMIO ABYX IeHTPAJBHBIX CHMMeTpuil S, u Sp ¢ meHT-
pamu O u P. Takasa KOMIO3HLIWA ABISAETCHA NBHKEHHEM, He H3MeHSAIO-
MM HaINpaBJIeHHUs BEKTOPOB (ZBYKpPaTHOe H3MeHEHHE HAaIpaBJIeHHUA
ocTaBiaAeT ero npe)XHum!), T.e. nmepeHocoM. BEISCHHTE CaMOCTOATENb-
HO, KAKOB BEKTOp aroro nepeHoca. Obnagaer Jau 3Ta KOMIIO3UIIUA CBOH-
CTBOM KOMMYTATHBHOCTH?

© Bonpoce ans camokonTpons

iu;-:f{u‘.’.u:..-'...“.. R L L T
1. Kakum npeobpasoBaHuem sBnaeTca npeobpa3oBaHue, o6paTHOe LeHTpanbHON
cuMmmeTpun?

2. YkaxuTe HenoaBWXHblE TOYKW LEHTPaNbHOW CUMMETPUWM.

3. KakoBO xapakTepHoe CBOWMCTBO LEHTPantHOW CUMMETpun?

4. YeM aBNSieTCA KOMMO3ULMA OBYX LEHTPaNbHbIX CUMMETPUA?

O NMpepacrasnasem

8.16. Kax pacmoJsioskeHBI IpaMas U eé o0pas IpH IeHTPAIbHON CHM-
MeTpun?

D Mccnepyem

8.17. Yem ABIAeTcCA KOMIIO3UIUA IlepeHOCA M IEHTPAJbHOW CHMMeT-
puu?

t Boiuvcnaem ¥

8.18. Hapucyiite Tpeyroasauk ABC. O6ozHaubTe 4yepe3 O TOUYKy Ie-
peceueHus ero MmeauaH. IlocrpoiiTe TpeyroasHuk S,(AABC).
Hapucyiite ero mepecedenue ¢ TpeyroJabHMKOM ABC u HaiiguTe
ero mjaomazb, CYuUTad, 4YTO ILIOmAanb TpeyroarHuka ABC pas-
Ha 1.
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8.5. OceBasi CHMMeTPHA HA MJIOCKOCTH

Bce yTBepiAeHHA, JOKasaHHLIe HAMH B JBYX IIpe-
ABIAYINMX HYHKTaX, OKAa3bIBAIOTCSA BePHBIMH IJIfA
rnapaJjjiesbHbIX II€PeHOCOB M IeHTPAJbHBIX CHMMEeT-
pull Kak Ha IJOCKOCTH, TAK M B IIPOCTPAHCTBE.
Insa gpyrux ABHMKEHUM 3TO He TakK. 1109TOMY MBI
OyZeM paccMaTpHUBaTh CHayaja ABHKeHHe Ha ILIoC-
KOCTH, & 3aTeM aHaJIOI'MYHOe ABHXXKeHHe B IIpoc-
TPaHCTBE.

Haunrém c oceBoii cumMMeTpuM Ha ILJIOCKOCTH.
HamomMHuM, 4TO Tpuein cdwur THo- Vc. 93
CUTEeNnbHO HEeKOTOopoih npaMoih (oceBOW
cuMMeTpuen) HasbiBaeTca Ipeobpa3soBaHHE ITOM
(Gurypsl, KOTropoe Kax)moili eé Touxke A comocTaBJd-
eT TOYKY A’, CHMMETPHUUYHYIO TOYKe A OTHOCHTENb- YA
HO 9TO# mpamoii (puc. 93). A(x1, yy)

OceByi0 CHMMETPHIO OTHOCHTEJIBHO NPAMOM p B(xg,yz)
MBI 0OO3HaYaeM S,

CHauana AOKa’skeM, YTO OceBas CAMMeTpHA L -
IJIOCKOCTH SABJISAETCH ABHIKCHHEM., (o} x
Ilnst moxasaTeJbCTBA BOCIIONb3YeMCH METOZOM .
KOODAMHAT. : B(x32, —¥)
A(xy, —yy)

% 0 BBesiéM AeKapTOBbl KOOPAMHATHI TaK, 4TO-
661 ochb cumMmeTpuu p 6bL1a ocko Ox (puc. 94). Puc. 94

Bo3pMéM aBe IpOHU3BOJIBHBIE TOUKH A(X;; Yy)
u B(x,;Y,). Y CHMMETPUYHBIX MM OTHOCHTEJIbHO
ocu Ox ToueK abcIucChl Te Ke, a OPAMHATHI IIPOTHBOMNOJIOMHBI. Ilo-
aTOMY Sp (A) = A'(xy; —yy) 1 S,(B) = B'(x,; —Y,). Beipadus paccroaHus
AB u A’B’ yepes KOOPAMHATHI, ITOJYIHUM

|A’B| = J(xz —x) +(pmtu) =

= J(xz K x1)2 + (. + y1)2 = |AB|.
Hrak, oceBag CUMMETPHA COXPaHAET PACCTOAHUA MEMXJY TOUKAMH,
T. e. ABJdeTCcH IABHKeHHeM. H %

Cpeau Bcex IBMKEHUU IIJIOCKOCTH OCEBble CHMMETDHUHU BBIZEJIAIOT-
CA CHeAYIOIMM XapaKTepHBIM IIPH3HAKOM:

NMPU3HAK ,HBHJRGHHB IJIOCKOCTH, ¥ KOTOPOr0 MHOMXKECTBO HEINOABHKHBIX
TOYeK — MnpAaMasd, ABJIAeTCA 0CeBOH cnmme'rpnei‘l.

Mokazareaserso. IlyeTs [ — OaHHOe ABMMKEHMWE, 0 KOTOPOM HAM
HM3BECTHO, YTO BCE TOYKYU HEKOTOPOH NPAMOI (HA30BEM €& p) HemOABHMK-
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HBI, & JAPYTHUX HEMNOJBMXKHBIX TOYEK IPHU STOM JABM:KeHUH HeT. Ham
HYKHO [0Ka3aTh, 4T0 [ — CHMMeTPHA OTHOCHTEJLHO NPAMOM p. 3Ha-
YyuT, HYIKHO J0KA3aTh, UTO IIPHU 9TOM IpeoOpasoBaHUM KaKIas TOYKA
IJIOCKOCTH MHepPeXOoAUT B TOYKY, CHMMETPHYHYIO eii OTHOCHTEJIbLHO
IIpAMOH p.

Yto KacaeTcs TOYEK, JEMKAIIUX Ha NPAMOH p, TAK 9TO OYEBUIHO:
OHM IO YCJOBHIO HENOABHIKHEI. BospMéM n100yI0 TOuky A, He JIeKaliyio
Ha NpAMOM p, W TOKaykeM, 4To eé obpas A’ = f(A) cummeTpuueH A
orHOCUTEJbHO p. flcHO, uTO TOuKM A’ M A He COBHAjalOT, TaKk Kak TOY-
Ka A He JexxuT HaA npsamo# p. OnycTHM HaA IPAMYIO
p nepuenaukyasap AB (puc. 95). A

Tak xaxk B — HemOABUIKHAA TOYKA IPHU JBU-
skennu f, to f(AB)= A’B, a Tak Kak [ — ABHUMKe-

HHe, To AB = A’B. JIBuKeHHe COXpaHAeT He TONb- P B
KO DPacCTOAHUA, HO U NEePNeHANKYJISIPHOCTH, a I0-
TOMY OTPe30K A’B mnepuneHZUKYJISPEH NPAMOM p.
Ho sTo u o3HauaeT, 4T0 TOUuKH A u A’ cuMMeTpuu-

HbI OTHOCHTENIBbHO HpAMOi p. W moCKOABKY aTH A
paccy:KJeHus BepHBI AJd NPOU3BOJBHONH TOukuM A
mwrockoct, 10 f=S,. W Puc. 95

1. Kaknm npeobpasosaHuemM sBnaetcsa npeobpasoBaHue, o6paTtHoe OCEBON CUM-
MeTpumn? :
2. YKaxuTe HenoABWXHbIE TOYKW OCEBOW CUMMETPUW. .
3. KakoBoO xapakTepHoe CBOWCTBO OCEBOM CUMMETPUN?

4, Kakne ¢opmynbl 3apal0T OCEBYI0 CUMMETPUI0 C OCbid Ha ocu abcumcc?

...... Pesteseresssessracessesenneiienees o ouu———
e, e

\'1
Pucyem

8.19. HapucyiiTe Kakyr-HUOYAb JOMAHYIO U HPAMYIO @, TIEPECEKAIOLIYIO
ary Jnomanyio. Hapucyiite JIOMaHyo0, CHMMETPHYHYIO II€PBON OT-
HOCHUTEJILHO IIPAMON a. ,

8.20. HapucyiiTe npoH3BOJNBHYI (GHUIrypy M KaKyO-HUOYAb NIPAMYIO Q.
Hapucyiite o6pa3 aToii Urypbl OpHM CHMMETDHH OTHOCHUTEJIBHO
npamMoil a. Pemure aTy 3amavy, BeIOpaB B Ka4YecTBe MCXOTHOMU (hu-
TYpBI: &) TPEYTOJbHUK; 0) MATHYTrOJBHHK; B) KDPYT; TI') mapaJijieso-
rpaMM.

80 !Fnasa Il.i MpeobpasoBaHus



8.21. HapucyiiTe npAMOyroiabHbIid TpeyronbHUK ABC, B KOTOPOM yroJ
C npamoii. HapucyiiTe TpeyroibHuK, CHMMETPDUYHBIN JaHHOMY OT-
HocuTenbHO: a) npsamoit AC; 6) npamoii BC; B) npamoit AB. Ka-
Koif (hUrypoii B Ka)kaoMm ciyuae SBJIseTCA 00beIUHEHHE NAHHOTO
TPeyroJIbHUKA U mocTpoeHHOro? MokeT JIH IPH 3TOM HOJYUUTh-
csa KBajgpar?

b e d
Hapucyiite kakyo-HuOyAL NpAMY0 [ 1 BEKTOP 4, MapajjebHBIH
aTo¥ mpamoit. Hapucyiite o6pas Kakoro-HuOyab TPeyTOJIbHUKA
—_

IIPY KOMIIOBHIIMK NAPAJJIEJbHOTO MepeHoca Ha BEKTOD 4 U CHUM-
MeTPHUH OTHOCHTEJIBHO MpAMO [.

(!) AokassiBaem

8.23. IIse nupamsie a u b nmepecexkawrcsa B Touke O U CUMMETPUYHBL APYT
APYTY OTHOCHUTEeabHO mpsiMmoit ¢. Iloxkakure, yro Touka O npuHan-
JIEKUT IIPAMOH C.

8.24. Komnosunusa napajienbHoro mnepeHoca 7, ¥ CHMMMETPHUHM OTHOCH-

8.22

—
TeJBHO IPAMOU p, MapajljieIbHON BEKTODPY 4, HABHIBAETCA CKOMNb-
3auen oceBon cummeTpuein. [lokaxxure, 94TO Spo T, = TaoSp.

@ Uccnepyem

8.25. HapucyiiTe ABa paBHBIX TpeyrojbHuKa. Kak OCeBBIMM CHMMETDPHU-
AMH OOWH M3 HHUX INepPeBeCTH B APYyrou?

8.26. Ilycts @ u b — mnpamsble, a ¢ = S,(b). B xakom cayuae: a) b= c;
6) blle; B) b u ¢ mepecexaiorcsa?

8.27. Ha KOoOpAMHATHO# IIJIOCKOCTH ypaBHeHueM (x — 1)% + y2 = 1 sagpa-
Ha OKpy:KHOCTh. Kakum ypaBHeHUeM 3agaH o0pa3 aToil OKPYKHOC-
TH NpH CHMMETDHM OTHOCHTEJBLHO: a) ocm abcmucc; 6) ocu opau-
HAT; B) IPAMOU, 3afaHHON ypaBHEHUEM X = a?

A 8.6. 3epkanpHaa CHMMMeTpPHSA

B npocTpaHcTBe aHAJOrOM M3yYeHHOH HamMu B 1. 8.5
OCeBOII CHMMMETPHH Ha IJOCKOCTH SABJAETCH 3ep-

KQJIbHASA CHUMMETpUS — CHMMETPHUS OTHOCHUTEJbHO
ILTOCKOCTH.

Bo-nepBeIX, CUMMET n 7 bl _OT-
HOCUTENbHO HEKOT n KOCTU O (3ep-

KanbHOW cuMMeTpuein) HasweIBaercs npeobpaso-
BaHMe B3TOH (DUIYpHI, KOTOpPOe KaXK[0oi eé Touxke A
COIOCTABJIAET TOUKY A’, CHMMETPHUUYHYIO Touke A
OTHOCHUTEJbHO 3TOi miockocTu (puc. 96). A
Bo-BTopsix, uTOOBI MOKAa3aTh, YTO 3epKAJbHASN
CHMMeTpHA — JBUJKEeHHe, MOYKHO, KaK M B cay4dae Puc. 96
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oceBOH CHMMETPHM, NPUMEHHTbh METOJ KOOPAUHAT,
B3sB B KauecTBe KOOPAMHATHOH IIockoctu xOy
miaockoeTh o (pue. 97).

B-Tpersux, npeodépazoeanueM, o6paTHEIM CHM-
MeTPHMH OTHOCHTEJHHO ILIOCKOCTH, HABJIAETCA CHM-
MeTpPHMs OTHOCHTEJBHO TOM e IIJIOCKOCTH, T.e. 3ep-
KaJbHAs CHMMeTpusa cama cebe oOpaTHa (KaK U Bce
CUMMETDPUH).

B-yerBépTHIX, INPH3HAK, BBIJEJAOIIHUNA 3ep-
KaJbHYI0 CHMMETPHIO CPegH BCeX ABHMMKEHHH IIPOCT- (x, Y, —2)
PaHCTBAa, aHAJOTHYEH XapaKTePHOMY IDH3HAKY Oce-

BOM CHMMETPHH HA IJIOCKOCTH. JTOT Puc. 97

NMPU3HAK ,Ilnmlcenne NpOCTPaAaHCTBA, MHOKECTBO HENOJABHKHBIX TOYEK
KOTOpOro eCcTh ILIOCKOCTH, ABJAETCH cmume'rpueii OTHOCHUTEJIBHO 3ITOH

MNJIOCKOCTH.

,D;OK.&!?:&TGJIBCTBO 9TOT0 MpPH3HaAKa COBEepPIIEeHHO aHaJOI'MYHO AOoKas3a-
TeJLCTBY IPHU3HAKa 0CEeBOM CHMMMETPHH, IIPOBEAEHHOMY B II. 8.5.

1. Kakum npeobpasosaHnem sBnsietTca npeobpa3oBaHve, obpaTHOe 3epKanbHOW *
cuMmmeTpun?

2. YKaxuTe HenogBWXHble TOYKW 3epKanbHOW CUMMETPUMN.

3. KakoBO xapakTepHoe CBOWCTBO 3epKanbHOW CUMMEeTpUn?

4. Kakne dopmynbl 3a0al0T CUMMETPUIO OTHOCUTENBHO KOOPAWHATHOW NAOCKOC-

™ x0y? V

ELY-TXT]
Q
Pucyem

8.28. HapucyiiTe gBe paBHBIe IIDABHJIBHEIE UETHIPEXYIrOJbHbIE HHPAMH-
abl ¢ obmum ocHoBaHMeM ABCD u Bepmusamu P u P,, pac-
IOJIOXKeHHLIE II0 Pa3HBIE CTOPOHBI OT IIJIOCKOCTH 9TOrO OCHOBAa-
HHA. YKaKHUTe OTPe30K, CHMMETPHYHBIN oTpe3sky PC, u Tpe-
VIOJbHHUK, CUMMETDUUYHBIA TPEeyrolbHHUKY ABP;, OTHOCHTEIBHO

naockoctu ABC.

8.29. Hapucyiire Ky0 ABCDAlBICIbl. Ilycrs Toukn M, N, P, @ — ce-
penuHbl pédep AA,, BB,, CC,, DD, coorseTcTBeHHO. Hapucyiire:
a) TOYKH, CHMMeTpUuYHbie ToukaMm A, B, C OTHOCHTENBbHO IIJIOCKOC-
™ MNPQ; 6) Touku, CUMMeTpU4YHbIe ToukaM A, D, B, oTHOCH-

TenbHO miaockoctu ACA,C;; B) OTpe3KH, CUMMETDHUYHBIE OTPE3KaM
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AB, DA,, BB, orHocHuTenbHO miaockocTn MNPQ; r) oTpesku, CUM-
MeTpuuYHBIe OTpe3akam AB, DA,, BB, OTHOCHTENIBHO MJOCKOCTH
ACA,C,.

8.30. HapucyiiTe NpaBUIBHYI0 TPEyroJbHYI0 IHPAMHAY M IIJIOCKOCTh
O, IPOXOAALIYIO Yeped cepefuHEI €€ O0KOBbIX pébep. IlocTpoiire
o6pa3 aTO¥l MMpaAMHUALI OPX CHMMETPHUH OTHOCHTEILHO IIJIOCKOC-
T4 o. Beigenure o6beauHeHue W IepecedueHHe IOCTPOEHHBIX IIH-
pamuz.

8.31. PemuTe 3amauy, aHaJOrMYHYIO IPeABIAYINEH, AJIA OPAaBUIbHOH ude-
TBIDEXYTOJIBHONM MUPAMUJIEI.

(D Aokasbisaem
8.32. A Komnosunus cuMmerpuy S, OTHOCHUTEJIBHO IJIOCKOCTH O M Ia-
—_
pajinenpHOro nmeperoca 7, Ha BEKTOp @, HapaJlIeIbHBIN IJIOCKOC-

e

TH O, HAa3hIBAETCA CKONb3ALLEN KanbHOW CMMMeET A
Hoxaxure, uro S,oT,=T,0S,.

@ Uccnepyem

8.33. Uem sBiIseTcA KOMIO3HIUA [ABYX B3€PKAaJbHBIX CHMMETPHH OT-
HOCHTEJNBHO JABYX HDapajlielbHBIX ILIocKocTe? KomMyrarmBHA

Ju oHa? ¥

8.7. IloBOpPOT HA ILIOCKOCTH "

IIpumepsl IOBOPOTOB HAa ILIOCKOCTH AAIOT HAM CTpeJI-
K#u 4dacoB (puc. 98) mim xKaxkux-n1ubo npubopos, Ha-
npumep cuugomerpa (puc. 99), 6apomerpa U Ap.
Crpenxku npubOpoB MOrYyT ABUraThCA B HAIpaB-
JEeHUU ABUIKEHHUS CTPeJKH YacoB (HampuMmep, Tak
ABMIKeTCA CcTpelKa GapomMerpa, Korjga aTrMmocdepHoe
maBaeHue pactét). Ho BO3MOXKHO JBHKEHUE CTpeJi-
KH npubopa M HOPOTHB 4YacOBOM CTpenkKH (Tak ABU-
JKeTcA cTpesaka Gapomerpa, Korjga armocdepHoe aas-
JleHHe majzaer). ITUMHU MeXaHUYeCKHUMU IpeACcTaBJe-
HUAMHA O HAIPABJIEHWHW TIOBOPOTA NO YACO80il
cmpejike WJIN NPOMUE He€ MBI BOCIOJB3YyeMCS IIPU
OomnpefieJIeHUH TIOBOPOTa (PUI'YDPHI HA TIJIOCKOCTH.
MNosoporom durypsl M Ha NNOCKOCTWU C
ueHTpom B TO4YKe O Ha yron @ B AaHHOM
HanpasneHWW Ha3bLIBaeTcsa Takoe IpeobpasoBa-
Hue ¢uryper M, npy KOTOpPOM KaKJoH Touke X,
OTIUYHOHM oT Toukm O, comocraBjseTcdA Takas Tod-

ka X’, uto, BO-mepBBIX, |OX| = |0OX’|, BO-BTODPBIX, Puc. 99

i__§_ 8‘ ABv>XeHna 83



/. X0OX’ = ¢ u, B-rpersux, yroa XOX’' oTKiaaasi-
paercsa orT jayda OX B 3aJlaHHOM HaIpaBJIeHUH
(puc. 100). IIpun sTom ToukKa O HA3BIBACTCH UEHM-
pom noeopoma, a yroix ¢ — YIJIOM IIOBOPOTA.

Ecan ke menTp moBopora O nNpHHALIENKUT (Hu-
rype M, To mpu IOBOpPOTe 3TOH (GUIYyPBEI OH ABJIA-
eTcA HEMOABHIKHON TOuKOM mnoBopora. Iloeopor ¢
meHTpoM B Touke O HA3BLIBAIOT TAK)Ke IIOBOPOTOM
soxpyz mouxu O.

HUrak, npu mosopore ¢urypsl M BOKpPYr TouY-
Ku O Bce orpesku OX, uaymue u3 Touku O B T0Y-
ku X sro QUrypsl, MOBOPAYUBAIOTCA B OJHOM
M TOM ’Ke HampaBJIeHHH Ha OZHH M TOT JKe YroJ
(puc. 101).

Eciun B kKauvecTBe ¢urypsl M paccMaTpHBAIOT
BCIO IIJIOCKOCTB, TO TOBOPAT HE O MOBOPOTe HAa ILJIOC-
KOCTH, & O IOBOPOTE IIIOCKOCTH.

OrmeruM, 4TO nosgopom naockocmu Ha 180°
ABNAEMCA CuMMempuell OMHOCUMENbHO YeHmpa
nosopoma (puc. 102);

Nnogopom nAOCKOCMU HA HYJLe80U Y20l ecmb
modxcdecmeenHoe npeobpa3osanue.

JlokasaTh, 4YTO IOBOPOT IIJIOCKOCTH SBJIAETCS
JABMIKEHHEM, CJIOMKHEee, YeM JOKasaTh TO JKe camoe
JJIA I[epeHoca WJIM CHMMETPHH. Beigenum aTO
YTBep:KAEHUE KaK meopemy o noeopome.

IloBOpOT MIOCKOCTH ABJAAETCHA TBH-
KeHUeM.

% Joxasatensctso. IIycts npu mosopore f Bo-
Kpyr touku O Ha yron ¢ touxam X u Y comocraBis-
wrea Touku X’ u Y’. Iloxaxkem, uro X'Y’' = XY.

B uactHOM ciyuae, kKorga Touku X u Y JjiesKar
Ha OofHOM npamoii ¢ Toukoii O (puc. 103, 104), Tpe-
OyeMoe paBeHCTBO Cpa3y cjleAyeT M3 TOr0, YTO OT-
pesok XY siBasieTcA CyMMOI HJIM Pa3HOCTBHIO OTPEs-
xoB OX u OY (npoBeauTe COOTBETCTBYIOIIHE pac-
CYKIACHUA CAMOCTOATEJIBHO).

Bouee TpyaHBIM ABJseTCA 001U cayuai, Kor-
fa Touku O, X, Y He Jexar HA OAHON HPAMOIM.
INokakem cHadana, 4TO

LX'0Y = £LX0OY. ° (10)

HeicTBUTENIBHO, MyCTh CHAYAJA HAIpABIEeHHE
nosopora BHYTpH yraa XOY or ayya OX K Jy-
9y OY cosmazaer ¢ HampaBJeHueM I[oBopoTa [
(puc. 105). Torma, ¢ OAHO# CTOPOHEI,

£LXOY' = £LXOY + LYOY' = £LXOY + ¢. (11)

Puc. 101
180°
X 0 X'
Puc. 102
Xl
Y
(0}
X ¥
Puc. 103
Yl’
X!
AR Y
Puc. 104
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C apyroi CTOpPOHBEI,
LXOY' = LXOX' + £X'0Y' = £X'0Y’ + 9. (12)

W3 pasencrs (11) u (12) cieayer pasercrso (10).

Ecnu e HampaBieHue moBopoTa BHYTPH yIJja
XOY or ayda OX K nyuy OY OpoTHBOIIOJOXKHO Ha-
npasJyieHuIo mosopora f (puc. 106), To

LYOX' = LYOX + £XOX' = £X0OY +¢ (119
u Puc. 105

LYOX' = LYOY' + LY'OX' = LX'OY' + . (12

W3 pasencte (11°) u (12') cHoBa monydaeMm pa-
BeHcTBO (10).

Teneps Aoka)xeM paBeHCTBO oTpe3koB XY u
XY

Pacemorpum tpeyronsauxku X0Y u X'OY’. Oun
paBHBI, Tak Kak OX = 0X’, OY = OY’, £ XOY =
= /£ X'0Y’. CnepoBarenpHo, XY =X'Y’. R

Cpe,rm BCeX [IBMIKEHHUH IIJIOCKOCTH IIOBOPOT BBI-
JejdgeTrTcda CHAeOVIOINMM IIPDH3HaKOM:

NPU3HAK JIBuikeHHEe ILIOCKOCTH, MMeIOlIee eIUH-
CTBEHHYI0 HEIIOABMIKHYIO TOYKY, ABJIAETCA IOBOPO-
TOM ILIOCKOCTH BOKPYTI 3TOM TOYKH.

Mg=1 aToT IIPH3HaAK He HCIIOJIB3YeM, a IIOTOMY €ro
He NOoKasbiBaeM. ¥

1. HYem 3apaértca NoBOpPOT Ha MAOCKOCTH?

2. Kakum npeoGpasoBaHnem saBnaeTca npeobpasoBaHwe, obpaTHoe NOBOPOTY?
3. Ykaxute HenoABuXHbIe TOYKWM nosopoTa.

4. MoxeT nu NoBopoT 6biTb OAHON U3 CUMMETPWIA?

LU

ELY.YXTN
% Pucyem

8.34. Pom6 ABCD c yriom A, paBHeIM 60°, mosepryau Ha 120° mo ua-
COBOI CTpeJiKe M IIPOTHUB Heé BOKDPYI' TOUKM D H MOJYyYUJIH [Be
HOBbIe ¢urypsl. Kakoil durypoil aensercs obbefUHEeHUE ABYX IO-
JAy4YeHHBIX (QUIyp U ZaHHOTO pomba?
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D)

8.35.

- =

8.36.

8.37.

8.38.

8.39.

8.40

8.41.

8.42,

Mpeacraenaem

Kakum npeoﬁpasonannem ABJIAETCA KOMIO3HMIHA ABYX OCEBBIX
cnmme*rpuﬁ, 0OCH HKOTODPBIX IIBpBCGEaIOTCH?

Briuncnsaem

Touxka O — cepeAuHA TUNOTEHY3Bl DPABHOOEAPEHHOIO IPAMO-
yroapHOro TpeyrojsHuka T ¢ xareroMm, paBHbIM 1. TpeyromsHHK
T, moiay4eH M3 TpeyrojabHukKa T MmOBOPOTOM BOKpPYr Touku O Ha
90°. Haiigure miomianh nepecedyeHus U o6befUHEHUA TPEYTOJIbHU-
koB T u T,.

IIpaMoyroyibHbINH paBHOOEAPEHHBIN TPEYTOJbHHUK, KaTeT KOTOpPOro
PaBeH a, NOBEpPHYJH HA YroJ, PaBHBIM O, BOKPYI' BEpIIWHEI IIpA-
moro yria. OnpegenuTe ILIOLIAAM IepeceyeHUs M 00BbeAUHEHUS
JaHHOT'O TPEeyroJbLHUKA U ero obpasa IIpu IIOBOPOTE, ecaH o = 45°,
Kak uameHHUTCA Kamxogada H3 9THX nnoma,neﬁ IpH M3MEeHEeHHH yrI-
ada o or 0° mo 90°?

doka3biBaem

HN3BecTHO, UTO IpAMas @ IIOJNy4YeHA M3 IPAMON b IOBOPOTOM BO-
KPYr HEKOTOPOH TOYKH Ha yroJ o. [loka:Kkure, 4TO OOGUH M3 YIJIOB,
o6pasoBaHHBIX IPAMBIMU a U b, paBeH «.

Uccnepnyem

PaBroOespenHblil TpeyronbHUK T ¢ BepmnHo# O M yriaom (¢ Ipu
BepIIMHE IIOBOPAYMBAIOT BOKPYr Touku O Ha yrasl @, 20, 30,
49 u 1.p1. IIpum kKakux yraax ¢ o6weguHeHWe TpeyroiabHuka T
U ero o0pasoB IPH BTHUX IIOBOPOTAX SABJIAETCA NPABHJIBHBIM MHO-
royroabauKomM? CrenaiiTe HECKOJNBKO pHCYHKOB. Mosker Jam Tpe-
yroabHuK T GBITH TYHOYTOJbHBIM?

HapucyiiTe aBa paBHBIX OTpPe3Ka, JeKallue B OLHOH IIJIIOCKOCTH.
Haiigure aBuiKeHHe NMIOCKOCTH, C IIOMOINbI0 KOTODOr'O OAUH OT-
pes3ox moskeT ObITh npeobpasoBaH B apyroi. PaccMorpure pas-
JUYHBIE CJIyYad B3AUMHOIO PACHOJOXKEeHHS OTPEe3KOB Ha ILIOC-
KOCTH.

Ha nnockoctn nocJaegoBaTeJIRFHO BBINNOJHHJN OBa IIOBOpOTa C O~
HHUM H TeM e IeHTPOM. Kakoe ABHME€HNE IIJIOCKOCTH IIOJYy4YH-
J0ch? P&CCMOTpHTE pasJiHYHble YIJIbl IIOBOPOTOB.

Ha xoopaumsaTHO# mnaockoctm xOy Touka A HMeeT KOODAMHATHI
(a; b). Kakue xoopauuarsl GygeTr ©uMeTh 00pa3 9ToH TOUKMU IIPH IO-
BOPOTe BOKpPYr Hauajga kKoopzauHaT Ha yron 90°: a) mo gacosoit
cTpesike; 6) IPOTHB YACOBOM CTPENIKH?

|
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A 8.8. Knaccnpurxauus ABMAKEHUN ILIOCKOCTH

M3y4unB COBCEM HEMHOIO YaCTHBIX BHJOB ABMXKEHHMMI ILIOCKOCTH, MbI, OKAa-
3bIBAETCS, NMO3HAKOMMJINCH CO BCeMH BO3MOXKHBIMHM BHJaMH OBHIKEHHIA.
ObocHoBaHMeM 3TOro (hakra siBIfgeTCsa TeopeMa, NOKA3aHHAS B cepeju-
He XIX B. dparnysckum reomerpom Munresem Illanem (1793—1880).
Cornacuo aroit Teopeme, Jro6oe ABHIKEHHE IUVIOCKOCTH ABIAETCH JuGO
NMOBOPOTOM, JNHOO mMepeHocoM, JuOO0 OceBOH CMMMeTpHei, Jub60 KoMmoO-
3HIMel 0CeBONl CHMMETPHH M IepeHoca Ha BEKTOP, MapaJliieIbHBIH OCH
cummerpuu. Taxkas KoMnmosunus HA3bIBAETCHA CKOLb3AWEN CUMMempu-
eit. UnTEpecHO, 9TO KaKJoe M3 3TUX ABUXKEHUIH MOXKeT OBITh IpejacTaB-
JIEHO B BHJle KOMIIOBMIIUM He 0ojiee 4eM TPEX OCEBBHIX CHMMETPHIi.
JokazaTenbCTBO 3TOM TeopeMbl Bbl MOXeTe HaliTH B yueOHHUKAX AJs
yrayO6Ja€éHHOrO M3yd4eHus reomerpuu. V

8.9. PaBeHCTBO (UIYp M ABHIKeHHS

O pBmKeHHMAX (Uryp HesBHO ropopurcs B «Hauamax» EBxkaujga B ak-
cuome 7: «HM coBmermarmigueca APYr ¢ APYroM PaBHBI MeXAy CO00i».
B aroif aKcrHome mocie cIoBa «COBMeIAloIuecA» TaK M XodeTcsa moba-
BHTH CJIOBO «JBH)KEHHEM»: BeJb HMEHHO 00 aTOM IpeoOpasoOBaHHMHU IO-
BoputT EBxkauz. Teneppb, mouTH noBTOpAsa EBKINAA, MBI MOXKeM OIpeze-
JIATH PaBEHCTBO (HUryp TakKuM oOpasoM:

Onpepnenexnve 1. duUrypol HA3BIBATCA PABHbLIMMW, €CIU UX
MOKHO COBMECTHUTH ZBHUXKEHUEM,

HOpyrumu caoBamu, ¢purypsl M u P Ha3pIBalOTCA PABHBIMH, €CJIH
Haigércs takoe aBmkeHue f, uro f(M) = P (cm. puc. 80).

PaBeHCTBO ABYX (UI'yp MOXKHO OIpeAeNUTs U He ynorpebias tep-
MHUH «JIBHXKEHHE»,

Onpepenexue 2. JIee duUrypsbl Has3eBAIOTCHA PABHBIMMW, €CIu

MEeXIy HX TOYKaMH MOXHO YCTaHOBHTHE COOTBETCTBHE, COXpPaHAIOIIee
pPacCToaHHA.

9ra Bropas GOPMYJHPOBKAa PABHOCHJILHA NEPBOM, TAK KAK YCTAHOB-
JleHye COOTBETCTBHSA, COXPAHAIONIIETO PACCTOAHMWA, H O3HAYAET, YTO IIPO-
H3BeJIeHO IpeoOpasoBaHue OJHOH (Urypsl B ApYyrylo, KOTOPOe COXpaHA-
eT pacCcTOAHHHA, T.e. JABHIKEHHe,

Bropoe ompejejieHHe PaBeHCTBAa (DUI'YP COOTBETCTBYET TOMY, Kak
Ha NpaKTHKe CPaBHUBAIOT IpeAMeThl. ToJbKO HA HPaKTHKe IIDH 3TOM
HHUKTO He COIIOCTAaBJIAEeT KAMAYIO TOYKY OJHOr0 IpeiMeTa TOUYKaM JApPY-
roro. CpaBHHMBAIOT JUIIE Te€ PACCTOAHHS, KOTOPble HI'DAIOT OIpeAessio-
Y0 pOJb, HAIpUMED AJUHY U IIUPUHY NPAMOYTOJBHOTO CTOJA, WJIH
IJIHHY, IIAPUHY M BBICOTY KOMHATBI, MM AUAMETPHI KPYIJIBIX HpeaMe-
TOB, T.€. COOTBETCTBYIOIIMEe pasMeps! npenmeros. M camu sTu mpegme-
THI HA3BLIBAIOT OJAMHAKOBBIMM, KOIJla ¥ HUX COOTBETCTBYIOIHE pa3Mephl
OAVHAKOBBIE, M PA3HBIMH B IIPOTHMBHOM cCJIy4ae.
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Tax M MBI TOCTYIAJH, KOTZA OUPEeNeNdaid, KaKue TPeyroJbHUKHU
Ha3bIBAIOTCS PABHBIMM, KaKHe IPAMOYIOJBHHKYM DaBHEI, Kakue TeTpa-
5Apbl PABHBI M T.II.: Mbl I'OBOPDHJIM JHIIbL O DPaBEHCTBE PaCCTOAHHIM,
OTNpeIeISII0INNX 9TH (UIYDPHL.

Ilns TpeyroJlbHUKOB OIPEAEAIIIUMA pasMepaMu SABISIOTCA AJIN-
HBI ero cropoH. M B 7 Kjacce Mbl Ha3BaJH PABHBIMH T€ TPEYTOJBHHU-
KU, V KOTOPBIX COOTBETCTBEHHO PABHBI CTOPOHHI. Temeph y HAC HOABH-
JI0Ch ewé 00HOo onpedesieiue pageHCcmMBa TPEYroJbHUKOB, BhITEKAIOIIee
u3 obIIero ompenesieHUs PABEHCTBA (PUIYp: TPeyroJbHUKH PaBHBI,
ecJH HX MOMKHO COBMECTUTH JABM:KeHHeMm. He mporuBopeuar M OHH
apyr npyry? PaBuocunbubl gu oHu? Ila, paBHocuabHbl! I MBI ceituac
B aTOM yOeguMcd.

* O fcHO, 4TO yV TPEYroJbHUKORB, COBMEIIAIONIMXCA ABUKEHUEM, CO-
OTBETCTBEHHBIE CTOPOHBI PAaBHBI (ABHYKEHHE COXPAaHAET AJUHBI OTPE3KOB).
IToxkaxem, 4TO BepHO M oOpaTHOe yTBep:KAeHHe: TpeyroabHuku A BC
n A;B,C,, Yy KOTODBIX COOTBETCTBEHHbIe CTOPOHBI paBHbl (AB = A,B,,
AC= A,C,, BC= B,C,), MO}XHO COBMECTUTH JBUIKEHHEM.

IIpoBegém paccysKAeHHe IJs TPeyroJbHHKOB, JEMAIlNX B OLHOM
IJIOCKOCTH (TaK KaxX B IPOTHBHOM CJIYyYae MOYKHO COBMECTHUTH IIJIOCKOCTD
OJHOTO TPEYrONbHHKA C IIJIOCKOCTHIO APYroro IapaJjijieJIbHBIM IIEPeHOCOM
WM IIOBOPOTOM, COXPAHSAIOIIMMHU PACCTOSHHS).

CHauyasna BBIIOJHHM HOepeHoC TpeyronbHuKa ABC Ha BeKTOp

—_—

AA, m monyuum TtpeyroasHuK A,B,C,. Eciu oH coBmajs c TpeyroJs-
HUKOM A,B,C,, To Ha BTOM JOKa3aTeJLCTBO 3aBepmaerca. Ecau aTo
He Tak, TO IOBOPOTOM TpeyronsHuka A,B,C, BOKPYT TOYKK A, Ha yroJa
¢ = £ZB,A,B, coBmeniaeM oTpe3oKk A;B, ¢ orpesakoM A,B,. Ilocne ra-
Koro mosopora aubo TpeyroabHuk A,B,C, nmepexofuT B TPeyrolbHUK
A;B,C, u [OKasaTeJbCTBO 3aBeplIaeTcsa, JUG0 OH IIEPEXOIUT B Tpe-
yronsHuK A,B,Cg, cuMmMeTpuuHbIil TpeyronbHuKy A;B,C,. B nocnen-
HeM cJiy4ae CHMMeTDPHA OTHOCHTEJNbHO npamMoil A,;B; 3aBepinaer goka-

3aTenbCcTBO. W %

8§9. Cummertpus uryp

9.1. O6mee nmousaTHEe 0 cuMMeTpuu Guryp.
Buasl cumMerpun duryp
I'peveckoe cI0BO cummempus O3HAYAET COZIACOBAHHOCMbL PA3IMEPOS, CO-
pasmeprocmsy. OKpyIKAOIAA HAC MUDP BO MHOIOM CHMMETDHUYEH: CHM-
MEeTPUYHBI CHeXWHKH M KPHUCTAJLJIBI, IIBETHI M JINCThSA, T€JIa HACEKOMBIX
M KUBOTHBIX M T.HA. u T. . (puc. 107—111).

W Bcé cospmaHHOE YEJIOBEKOM TOYKEe dallle BCero CHMMETDHYHO: ap-
XUTEKTYPHBIE COOpY’yKeHusi, mMebesb, Hocyna, aBTOMOOHMJIM, CaMOJIETHI
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u T. n. CUMMETPHIO Mbl HAXOAUM U B MY3bIKe (B MEJIOAUAX U PUTMAX),
U B N033uU (B pa3dMepax u pu(dmax), ¥ B CIOPTE.

A B reomMeTpHH, M3ydas TOT MJIM HMHOH Kiacc (HUryp, paccMaTpu-
BaioT Gosee moapoOHO cpeau (uryp sroro Kjgacca Hauboaee cumMMeTpuy-
Hble: paBHOOE/JpeHHbIe ¥ PAaBHOCTOPOHHHE TPEYrOJBHUKH B Kjacce Tpe-
YTOJBHUKOB, IPaABUJIBHBIE TUPAMHUILI M IIPABUJIbHBIE IPHU3MBI CPeIH IIH-
paMuJ ¥ IPU3M U T. II,

Boob6iie roepopst, uro ¢urypa o6nanaer cCUMMeETpPUENn, eciu
CyIIecTByeT Takoe (HeTOXK/eCTBeHHOe) ABHIKeHne 3Toi (hUTYpHBI, IPU KO-
TopoM oOpa3oM 3TOH (HuUrypsl aBiseTcA oHA camMa (MHAYe TOBOPSA, IIPH
KOTOPOM OHA CAMOCOBMEINIAETCH).

B cooTBeTCTBHM C TeM, KAKHM BHAOM SBJISETCHA JBHMKEHHE, CaMOCO-
BMeIlamolnee (GUrypy, ropopAaT 0 HMEeHTPAaJbHOM, 0CeBOi, IOBOPOTHOM, me-
PEHOCHOM, 3epKAJbHOM M APYIrUX CUMMETPHUAX (DUTypHI.

Opua u Ta e Gurypa Mmoxer ob6aJarTs HECKOIBKUMH BUIAMH CHUM-
meTpuu. Hanpumep, npaBuiabHBEINA TPEYroJBHHUK 00JafaeT TpeMs OCEBBI-
MH CHUMMETPHSMH M IIOBOPOTHBIMM cumMmerpusmu Ha 120° u ma 240°
(puc. 112).

Puc. 107 Puc. 109
(0)
Puc. 110 Puc. 111 Puc. 112
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© Bonpocsi ans camokoHTpons S

1. Mepe4yncnure U3BECTHLIE BaM BUObl CUMMETPUIA.

2. BcnomHute 06 M3BECTHBLIX BAM CUMMETPUYHLIX NPeaMeTax W ykaxuTe, Kakown

cuMMeTpuen oHu obnaaaioT.

ELY:YXT]

O NMpepcraenaem

9.1. Kakoii cumMerpueil obnazaioT (pUrypsl, usobpakéHHbBIe HA DPHUCYH-

Ke 1137

Pucyem

9.2. Hapucyiite niockue Gurypsl, odnagaionide: a) LeHTPaNbHOM CHM-
MmeTpuei; 0) oceBOll CHMMeTpHel; B) IOBOPOTHOM CHUMMeETpPHEN;

I') IIEPEHOCHOM CHMMeTpHe.

9.3. Hapucyiite Hemockue (pUrypsl, obiazarolmnue: a) IeHT-
panbHOM cumMMeTpuell; 6) sepKaJbHON CUMMeTDHEH;
B) HOBOPOTHOIH CHMMeETpPHEH; I') 0OCeBOM CHMMETpPHEeH;
Ii) IEPeHOCHOIl cuMMeTpHel.

9.4. Hapucyiite niockue (Qurypsl, objamaroiimue CHMMET-
PHAMH He MeHee 4eM JBYX BHIOB.

9.5. Hapucyiite Hemaockue (QUIrypbl, obiagaroime CHM-
MEeTPUAMH He MeHee 4YeM JBYX BUIOB.

@ Uccnepyem

9.6. HasoBuTe u3BeCcTHLIE BAM CHUMMETPHYHBLIE apPXUTEK-
TYypHBIE coopyxeHusa. KakuM M3 BMIOB CHMMeTpPHH
oHHn obmamaior?

9.7, UsBecTHO, UTO HeKOTOpadA IIOCKad (hurypa mMeer IBe
ocu cummerpun. Obnazmaer jgu ara purypa CHMMeTpH-
eif, oTaM4YHON oT oceBoit? Paccmorpure ciaydyaum na-
palleNbHEIX U INepeceKalluxcd ocell CHMMETPHU

(Urypsl.

9.8. H3BecTHO, 4TO HEKOTOpas HemJIockas (Urypa umMeer
ABe TIocKocTH cuMMmerpuu. Obnazaer au ata purypa
CHMMeTpHell, OTJIMYHON oT 3epkanbHO? Paccmorpu-
Te cay4daH napanjejlbHBIX H nepecemamm;!ixca njaoc-
KocTell cuMmMmeTpun GUIYypPHI.

Puc. 113
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v 9.2. durypsi, oﬁ::a.ualomne NepeHoCHOM
cHMMeTpHel ;

BeI, BepoATHO, 00paTHIX BHEMaHHe HA TO, YTO Cpe-
A1 npuMmepoB ¢duryp, obiramamliux OepeHOCHOH
cUMMeTpHeH, HeT OrDAHHYEHHBIX., JTO HE CJaydau-
#o. Ceifyac MBI AOKaMXeMm, 4YTO NepeHOCHOU CUM-
Mmempuell mozym obaradams AUULL HEOZDAHUYEHHbLE
Guzypul.

HeiicTBuTENBHO, TyCTh (hurypa M caMocoBMeIna-
eTcs NpU HApPAJIeILHOM IepeHoce T HA HeHYJIeBOH

BEKTOP 3, T.e. T(M) = M. Bossmém s106yi0 TOurky A
duryper M. Ilpu nepeHoce T ona mnepeiifiér B Ta-

KyI0 TOUKYy A, durypsl M, yro AA, = a (puc. 114).
B cBowo ouepens, Touxka A, nmpu nepeHoce T mepeii-

s B —
JéT B TaKyl To4yky A, ¢puryper M, uyro AA, = a,
i 2
a motomy AA, = 2a.

IloBTOpAA 2TH paccyxkaeHud, ybengumcs, 4ToO
¢urype M npuHALIe:KHT OeCKOHeUYHAS IIOCJIELOBAa-
TeNbHOCTh TO4YEK A, A,, A,, ..., A,, .., JeKaIUX Ha
npsamMon AA;, U TaKUX, YTO AJA JI000OT0 HATYypAayb-

HOT'O YMCJA N BBINOJHAETCS DABEHCTBO
2 1Y 19
AA, = na.

L
scuo, uTo paccrosinue AA, pasHO nlal u moxer

OBITh CKOJIb YIOZHO BEJMKO IIPH AOCTATOYHO OOJIB-
mux n. A moromy namHad ¢urypa M momxHa ObBITH
HEOrpaHUYeHHOM.

IlpumepamMu HeOrpaHUdYeHHBIX (uryp, obiraza-
JOIIUX IepeHOCHOU CMMMeTpHel, ABJIAIOTCA 60pJiopbl
(puc. 115).

Bopawp — 2T0 Iojoca MeKAYy [ABYyMs Iapaj-
JIeJIbHBIMHM NPAMBIMH, 3alI0JHEHHAas DPaBHBIMHU JpPYT
ApYyry GurypamMm KOTOpbIE, IOJYyYalTCHd M3 ONHOH H3
HUX IIPU ITOMOINM IApaJlJIeILHOIO IepeHoca.

IlepenocHoit cuMmMmeTpHell MoOryt obJjagaTe u
naprxemut (puc. 116).

MapkeT — »T0 3aMoINeHHe (MOKPBITHE) ILIOC-
KOCTM DaBHBIMH APYT APYyry (GuUrypamm, KoTopble
He nepexpsiBarmoTca (puc. 117).

W Goparopel, W NapKeTbl MOTyT o6Jajares He
TOJBKO IEPEeHOCHOH, HO M APYTI'MMH BHIAMH CHMMeET-
puii. MoKHO ODpHAyMAaTh 3aMOINEHUS IJI0CKOCTH 0o-
Jee cjaoxHbBIMH (urypamu (puc. 118).

Puc. 115

M| 25
BNE
SENbS

Puc. 116

[

Puc. 118
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G Cnpaska cnosecHuka. Bopdwop (bpaunu. bordure, or bord —
Kpail) — YKpallleHHe II0 KpasfM 4Yero-HuOyab; B JEKOPaTHMBHOM CaJ0BO-
acTBEe — TOCaJKa HU3KHX (OOPAIOPHBIX) pacTeHMil II0 KOHTYPY KJIyM-
651, 10 KpasM AOPO’KEK MJIN T'a3oHa. Bopaiopbl HMCIOJB3YIOTCHA TaKke
I8 YKpalleHus 3JaHUM U KOMHAT.

CnoBo napkem (pargquet) B nepeBofe ¢ GpaHIy3CKOIo A3bIKa O3HA-
yaeT WMYYHbLI NOJ, TPOUCXOAUT OT JATHHCKOTO pars — 4YacTkb.

(2 Bonpocg ANS COMOKOHTPONS s

1. MNoyemy He MOryT ObiTb OrpaHu4eHHbIMKM Gurypel, o6nagalowme NepeHoCHon -
cummeTpuein? -
2. Foe B ObiTy Bbl BCTpEYanu napketol 1 6opawopbi?

....... R !

(3AAAYM

@ Cmotpum

9.9. Omnpegenure, KAKHMHM BHIAMH CHMMeTpHH 00JazanT GOPIIOPHI
M MapKeThl, M300pak€éHHble HAa pucyHKax 119—122.

Puc. 120

Puc. 121

N
Pucyem

9.10. Hapucyiite xaxoit-Hubyap 60paiop, o61aAalolInii; a) TOJIBKO mepe-
HOCHBIMHU CHMMeTpUsMM; 6) HEeHTPAJbHON CHUMMeTpueiil; B) OCEBOM
cuMmMmeTtpueir, V

92 Mnaga Il. | Mpeo6pasosanus



9.3. dnemenTsl cuMmerpun uryp

IlenTpanbHas, oceBasd, 3epKaJbHAA CHMMETPHH 3aJal0TCA COOTBETCTBEH-
HO ILEHTPOM, OCBIO, IIJTOCKOCTHIO. JTH ILEHTD, OCh, IIJIOCKOCTHL HA3BLIBA-
IOTCA 3NeMEeHTaMuU CUMMeTpumn Toii PuUurypsl, Koropas obmazaer
COOTBETCTBEHHO LEHTPAJBbHOI, 0CeBOi, 3epPKAaJbHOM CHAMMETDUSAMU.
IlepenocHasa cuMMeTpus 3azaéTca BEKTOpPOM mnepeHoca. Ero m Ha-
30BEM 2JIEMEHTOM CHMMeTpuH (Qurypsi, obiaagaomnieil IepeHOCHON cuM-
merpueit. Ecim ninockasa durypa obnazaeT IOBOPOTHOH CHMMeTpHei,
TO BJIEMEHTOM 3TOM CHMMETPUM HABJIsSEeTCA Iapa, COCTOAIad M3 IeHT-
pa IIOBOPOTA M HEHYJEeBOro yrJja IIOBOpPOTa, IPH KOTOPOM Qurypa ca-
MocoBMeniaerca. Takue ¢urypsl, Kak OKPYXHOCTb, KPYT, KOJIBIO
MeXAY KOHIEHTPHYECKUMHU OKPYIKHOCTAMH H T. . (puc. 123), umeror
6ecCKOHEeYHOe MHOXKeCTBO MIOBOPOTHBIX CUMMETPHIA,
TaK KakKk OHM CaMOCOBMeNIalOTCs IPHU IIOBOpPOTE
BOKDPYI' CBOEI'0 IIeHTPA HA IIPOM3BOJBLHBIA YIOJI.
9JIeMeHTOM IIOBOPOTHOM CHMMETPHUU (PHIypPBI )
B IIDOCTPAHCTBE SABJIAETCA Iapa, COCTOAIIad U3 \
OCHM CHMMETPHH M HeHYJeBOro yrja II0BOpoTa,
IpHd KOTOPOM camocoBMemgaercsa ¢urypa. ILlu-
auuap (puc. 124, a) u xouyc (puc. 124, 6) obusa-
IaT- 0ECKOHEUYHBIM MHOXECTBOM IIOBOPOTHBIX
CHMMeTPH, TaK KakK KakJasd U3 9THX (uryp ca-
MOCOBMeEINIAeTCA OpH JI0O60M MOBOPOTE BOKPYI HX
ocu. A cdepa m OorpaHHMUEHHBIN €10 IIApD CaMOCO-
BMEIIAKTCA HPHU JI0O0M IOBOPOTE BOKPYT KaXI0MH
NpAMOM, MPOXOAsAILe yepesd ux meHTtp (puc. 125).
Takue GUrypbl, KOTOPBble CAMOCOBMEIAIOTCH IIPHU
11060M ODOBOPOTE BOKPYI HEKOTOPOIl IpAMOI, Ha-
3pIBaoTCA PUrypamMm BpauweHwus, a aTa mnpH-
Masg — HMX OCbI BpauweHusd.

Puc. 123

=l g ————

Puc. 125
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O

Va

CmotTpum
9.11. Ha pucynke 126 mzobpa’keHO HECKOJBKO apXUTEeKTYPHBIX COOPY-

skeHui. OHM M MX geTaJu obJazaT pasHOOOpa3HBLIMH dJIeMEHTAa-
MM CHMMETPHH. ¥ KAXKHTEe 3TH BJIEMEHThl CHUMMETPHH.

Pucyem

9.12. HapucyiiTe reoMeTpu4YecKyio GUIypy, MMeErIlyio: a) TOJAbKO O-

O

HY IJIOCKOCTh CHMMETPHH; 6) TOJBKO ABe INJI0CKOCTH CHMMETPHH;
B) TPH ILJIOCKOCTH CHMMETDPHH.

Uccnepgyem

9.13. Mosxker au durypa HMMeTh HECKOJbKO I€HTPOB CHMMeETPHH?

B caydae DOJIOKUTENSBHOIO OTBeTa IPHUBEAHNTE COOTBETCTBYIOLIMI
npuMep.

9.14, BepHO J1, 4YTO LEHTP CHMMETPHH (HUIyphl MOKET He IpPHHALJe-

kath ei? Ecam ga, To HapucyiTe Takyio Gurypy.

9.15. Vrkaxkure Kakyo-HUOyIb QUIYyPy, He ABJSAIOINYIOCA OKPYIXHOCTBIO
U 00beAUHEHNEeM KOHIEHTPHUYECKHX OKPY KHOCTEH W HMEIOIIYIO
0eCKOHEYHO MHOro oceifi CHMMEeTpPHH.

Puc. 126
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9.4. Cnnme'rpnk .npannm.m-xx

MpaBunbHbI# MHOrOYroNibHUK ONpeNeNdaloT Kak
MHOTOYIOJIbHHEK, B KOTOPOM paBHBI ApPYr APYry Bce

CTOPOHBI M PaBHHI APYT APYry Bce yrubl. IlpaBmis-
Hbleé MHOTOYIOJBHHKM MOYKHO COCTABHMTh, IIPHKJIA-
AbIBadg APYr K APYTY o O0KOBBIM CTOPOHaAM DaBHO-
OefpeHHbIe TPEyroJbHHKH (puc. 127, a). Ux obmas
pepminHa O — 3TO LEHTP NPaBUNBHOrO MHOrO-
yronbHuka. Te paBHOGegpeHHBIE TPEYTOJBHUKH, U3
KOTOPBIX COCTABJIEH IIPABUJBHBLIN M-YTOJBHHUK, HMMe- 6
360°
n

10T pH BepminHe O yroa ¢,, paBHbIH

OHp mosy4amTca APYr ua Apyra IIPU IIOBOPOTE
BOKDPYT Touyku O (B ar060M HampaBiaeHHMH) HA yroa @,
a TakKe Ha J000# KpaTHbBIM emy yroi. Iloatomy npa-
BUNbHBLIL MH020Y20/lbHUK 001a0aen nosopomHoLl CuM-
Mempuell ¢ yznom nosopoma, pasublm ¢@,. Tem caMbIM

LIeHTP IIPABUJIBHOTO MHOTOYIOJIBHUKA SBJIAETCA LEHT-
POM IOBOPOTHOH CHMMETPHM STOTO MHOTOYTOJIBHHKA.

IlerTp NpaBHJABHOIO MHOTOYTOJBHHKA PaBHO-
yIaJIéH OT BCcex ero BepmuH (cM. puc. 127, a) u pas-
HOy#anéH oT Bcex ero cropoH (puc. 127, 6).

Ecau n uémno, mo yeHmp npasuivHozo n-yzolb- a
HUKaG A8AAemcsa €20 uenmpom cummempuu. Jleiict-
BUTEJIbHO, B OTOM CcJiy4yae paBHOGeJpEeHHBIE Tpe-
YIrOJBHHUKH, U3 KOTOPBIX COCTABJEH MHOIOYIOJIBHHUK,
pacrnajaiTcs HA Mapbl CHMMETPUYHBIX OTHOCHUTENb-
HO IeHTpa TpeyroJbHUKOB. IloaTomy u Bech MHOro-
YroJILHHMK 00Ja7aeT MEeHTpansHoil cumMmerpuen. (Or-
MEeTHM, 4YTO B 3TOM CJydae MHOIOYIOJLHUK HMeeT
MOMapHO IapaJijielbHble CTOPOHBI — OCHOBAHHUA IIO-
IapHO IeHTPAJbHO CHMMETDUYHBIX TPEyroJbHUKOB.)

Ecau n neuémmuo, mo yenmpa cummempuu Yy
n-yzoavruka wem (006BACHUTE TMOYEMYy).

ITpasunvhblii n-yzorbHulK umeem n oceil cum-
mMempuu, npoxodAuLux 4epes ezo yenmp.

Eciu n 4éTHO, TO OCH CHMMETPUHM IIPABHJIBHOTO
MHOI'OYrOJbHMKA COAEeP2KaT IIPOTHBOIOJOMKHEIE Bep-
IIHHBLI I OPOXOAAT Yepes CepelUHbl HapaJlieIbHbIX
cropou (puc. 128, a). Eciu ke n He4yéTHO, TO OCAMH
CUMMEeTPHH IPABUJILHOTO MHOTOYTOJBHUKA ABIAIOTCA
NpsaMBIe, KaJasd M3 KOTOPBIX HPOXOAUT uyepe3 Bep-
HIHHY MHOTOYTI'OJbHHUKA NEPHEHAUKYIAPHO npoTuBo- Puc. 128

Puc. 127

=]}
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ae:;xamiein el cropoHe (puc. 128, 6). [Joxaxure 9TH yTBEp)KIEHUS, Ha-
npuUMep, AJA PABUJIBHBIX HATHYTOJIBHUKA U IIECTUYTOJbHHKA.

CuMMeTPHUH NPAaBHJIBHBIX MUPAMMJ U HPABHIBHBEIX IIPU3M IIOPOXK-
Jlal0TCsA CUMMeTpHeil MX OCHOBAHMHI — IIPaBMJIBHBIX MHOTOYTOJBHHKOB.
OcH CUMMETDPHMHU OCHOBAHUIA MOPOKAAIOT TJIOCKOCTH CHMMETDHUHU IIPHU3M
M IUPaMHZ, a HEeHTP IOBOPOTHOH CHMMETPHMM OCHOBAHMA IPHU3MBI (IIH-
paMu/ibl) MOPOKAAET OCh MOBOPOTHOM CUMMETPHH HPU3MBI (IHUPAMUIBI).
¥ npaBUJIBHBIX IPU3M €CTh €Illé M ApyTue dJIeMeHThl CHMMeTPHUH. YKa-
JKUTE UX, pemrasd 3agadydl K 3TOMY IIYHKTY.

e Bonpocu AN CAOMOKOHTpOnNs

1. Kakumun snemMeHTammn cummeTpuu o6nafaioT npaBuibHbIE MHOMOYroNbHUKU?
2. Kakumu anemeHTaMu cuMMeTpun o6naaaioT npasuibHbIE NPU3MbI?
3. Kakumu anemeHTamMym cummeTpuM ob6nafaioT npaBuibHbIE NMPaMyUabl?

Crpoum

9.16. Ucnons3ysi 0CeBYI0 M IEHTPAJNBHYI0 CUMMETPUH, IIOCTPOMTEe IIpa-
BWJIBLHBIH: a) LI€CTUYIrOJbHUK; 0) BOCBMHYTIOJbHUK.

@ Uccnepyem

9.17. CKOJBKO Oceil MOBOPOTHOW CHMMETPHM HMeEeT NpaBUJbHAA IIPH3-
Ma, B OCHOBAHHM KOTOPOH MHOTOYIOJbHHK, MMEMIIHI: a) OATh
cropoH; 0) miects cropou? CaesaliTe oBIIMIA BBIBO.

9.18. Ects au v KyDa IJIOCKOCTH CHMMETPHH, COJAEpkKalnasg KaKylo-HH-
Oyap ero BepmuHEy? EcTh JIM Takafd IJIOCKOCTh CHMMETPHU Yy IIPO-
H3BOJILHOTO NPAMOYIOJBHOIO HapaJeenunena?

9.19. Cronpko miaockocted cumMerpuu mMeer Ky0? Kax onm pacmoso-
JKEeHBI OTHOCHTENLHO pébep Kybda?

9.20. CKOJBKO IJIOCKOCTEH CUMMETPHM HMeeT NPAMOYTOJbHBIN mapa-
Jelenunes, B KOTOPOM: &) eCTh POBHO JABe KBaJpaTHbIe I'DAHU;
0) ecTs ueThIpe KBaApaTHBIE I'DAHH; B) HET KBAJPATHBIX TrpaHei?

9.21. CKOJIBKO IJIOCKOCTeH CUMMETPMM HMeeT IIPaBHJILHAS IUpPaAMHUIA,
B KOTOpOii: a) yeTnIipe OOKOBBIe rpaHu; 0) NATH GOKOBBIX rpaHei?
CnenaiiTe o6ImHH BBEIBOZ.

9.22. CroNbKO mIIOCKOCTEeH CUMMETPHM HMMeeT NpPAaBUJILHAA IPHU3Ma, B KO-
TOpOi: a) Tpu GOKOBBIe rpaHu; 0) mecrh ODOKOBHIX rpaneii? Cpe-
naiTe obmuii BeiBoj. CpaBHuTe pesyiabraThl 3azauy 9.21 u 9.22.
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9.5. IIpaBuIbHBIE MHOrOrpaHHHUKH

ITo anajoruu ¢ NpPaBHUJBLHBIMH IJIOCKMMH (pUTrypa-
MH — MHOTOYI'OJIbHUKaMH — B INPOCTPAHCTBE OIIpe-
JAeNA0T NPABUIbHBIE MHOTOIDAHHUKHN: MHOrFOrpaH-
HWUK HAa3bIBaeTCAd NPABUNBbHbLIM, €CJIH BCE €ro
rpaHd — DpaBHbIE APYr APYry NpaBUJbHble MHOIO-
YIrOJIBHHKH, a BCe ero ABYrpaHHbLIE YIJIbI PaBHBI
Mexay coboii.

Mg 3HaeM, 4YTO CyIecTByeT IpaBUJIbHBIH MHOIO-
YTOJNBHHK C JIOOBIM KOJHYECTBOM CTOPOH, T. €., YHCJO
BHUJIOB IIPABUJBHBIX MHOI'OYTI'OJLHUKOB OecKOHed-
Ho. OHAKO /1A NPaBMJIBLHBIX MHOTIOIPDAHHHKOB BTO
He Tak.

Emé EBxkampx mpoxasan B XIII kHuUre cBOMX
«Ha4yaja» B IOCJHeZHEM IpPeAJIOKeHUH, UTO CYIIecTBY-
€T BCero NnATh BU/0B NPABHUJIBHBIX MHOIOIDAHHHUKOB.
IIpepnosenue, KOTOPBIM OH 3aBepiiaeT cBou «Haua-
Jna», 3BY4YUT Tak: «Bom s ymeepxucdaio, wmo kpome
YNOMAHYMbBLX NAMU MeJl Helb3s nocmpoums dpyezo-
20 mena, 3aAKJAIOYEHH020 MeHdY PABHOCMOPOHHUMU
U pasHOYyzONbHbLMU pABHbLMU Opyz Opyzy MHOZO-
Y20AbHUKAMUY .

ITepeuuciyM npaBUJIbHEIE MHOTOIDAHHUKMT:

— IpaBUJbLHBLIE TeTPAsAPHI (YeTHLIPEXTPAHHHKH),
Y KOTOPBEIX TPDAHH — IPABUJbLHBIE TPEYIrOJBHHKH
(puc. 129, a);

— KyObl (IpaBUJIBHBIE T'eKCasAphbl, INECTUIDPAH-
HHUKH), ¥ KOTOPBIX I'paHu — KBagpaTs! (puc. 129, 6);

— IIpaBHJBHBIE OKTAadApPEl (BOCBMHUI'PAHHHMKN),
Y KOTOpPBIX T'PAHM — IIPABHJLHBIE TPEYIrOJbHUKH
(puc. 129, B);

— npaBuUJIbHBIE AOAEKAa’[phl (ABeHALIATHIDAH-
HUKH), Y KOTOPBIX I'DAHU — IPABUJIbHBIE MATHYTOJIb-
HuKM (puc. 129, r);

— npaBUJIBHBIE MKOCAdADHI (ABafIlaTUIPaHHMI-
KH), ¥ KOTOPBIX I'PAHM — IIPABUJIbHbIE TPEYyroJbHMI-
ku (puc. 129, n).

HNHaTepecHO, YTO LEHTPHI I'PaHedl KayKJIOro Inpa-
BHUJIBHOIO MHOTOTPAHHMKA ABJISAIOTCA BepHIMHAMH
ApYroro mpaBMJBHOIO MHOrOrpaHHmkKa. Tak, Hal-
pHuMep, OTMeTHB LIeHTPHI IpaHel Kyba, MBI MOXKEM
NONYYUTL IPABUIBHBIA OKTasnp (puc. 130,a), u
naobopor (puc. 130, 6). Hanee, nenrper rpaneit mpa-
BHJIBHOTO Ooagexasgpa ABJAITCA Bep[LIHHaMH apa-
BHJIBHOTO HMKOcasapa, M Haobopor (pme. 130, B, I).
A nenTpsl rpaHeil IPaBUJIBHOIO TeTpasApa ABASAIT- Puc. 129
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cAd BEpPIIMHAMH HOBOTO NPABHJIBHOTO TeTpasipa
(puc. 130, x).

ITaper Ky6 ¥ OKTa’Ap, AOAEKAdAD M HMKOCAdAD
Ha3LIBAIOT 080UCMBEHHbIMU JIPYr APYr'Yy HOpPaBHIb-
HBIMM MHOTOIpAaHHHKaMH. A TeTpasap ABOMCTBe-
HeH caM cebe.

ITopymaiiTe, KAKEMH CHMMETPHAMH 00/1a1a10T
npaBuiabHbBle MHOrorpasHuku. Ilogpo6Ho 06 mMX
CHMMeETPHH OyJeT paccKas3aHO B CTAPIIMX KJjaccax. Puc. 130

© Bonpock ans camokoHTpons i

1. Kakne MHOrorpaHHWKM HasblBAIOTCA MpPaBubHLIMU?
2. MNepeyncnute NpaBUNbLHBIE MHOTOrPaHHUKM,

3. Kak cTpoaTca ABOWMCTBEHHbIE APYr APYry MPaBW/ibHbIE MHOMOrPaHHWUKKU?
4, Kakne napbl ABOMCTBEHHbLIX MHOMOrpaHHUKOB Bbl MOXETe HasBaTb?
s

- 3 '

E Uccnepyem

9.23. Moryr i1 usobpakénnsie Ha pucyHkKax 131—134 mHOrorpansm-
KK OBITh HPABHUIBLHLIMH MHOTOTPAHHHUKAMH?

9.24. Hapucyiite: a) npaBuJbHBIN Terpasap; 6) xyd; B) mNpaBUAbHBLIH
OKTas p. B Ka)KAOM ciydyae HapucyiTe pasjgWYHbIE CEYEHHA MHO-
rorpaHHUKa, ABJIAIOIINECAd IIPABHJIBHBIMH MHOrOYIrOJbHHUKAMM.
(OGpaTuTe BHMMAaHKHE Ha TO, YTO y IIPABHJBHOIO TeTpasgpa €eCThb
KBagparHoe ceuyeHue. I'me ono?) Ecte nu cpeau cedeHuit kyba mpa-
BHJIbHEIE NATHYTOJBHHUK M LIECTHYTIOJBHUK?

9.25. Or npaBUIBHOrO TeTpasApa OTpe3ajH YeThbiDe DABHBIX IPaBHIIb-
HBIX TeTpasjpa. HapucyiiTe pasjaudHbIe BAPHMAHTHI MHOIOIDAHHU-
KOB, KOTODBIE MOIVIM IIDM 3TOM IOJYUYHTHCA. VIMeer ju mosydus-
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Puc. 133 Puc. 134

Puc. 135

muiicA MHOTOTPAHHUK LIEHTDP, OCH, IJIOCKOCTH cuMMmeTpuu? ObGia-
JaeT JIM OH IMOBOPOTHOM cummerpueit? CresnaiiTe pasBépTKY IOJY-
YHBIIETOCA MHOIOIDAHHHKA M CKJEHTe ero.

9.26. Or Ky6a oTpe3anmu BOCeMb PABHEIX IIPABHUJIBHEIX TPEYTOJBHBEIX ITH-
pamug. CKONBKO rpaHell MMeeT HOJYYHMBIIHMCA MHOINOTPDAHHHUK?
Hmeer sm OH aneMeHTHI cuMMerpuu? B ciydyae mOJI0KHTEIHLHOTO
oTrBeTa mnepeuuciauTe ux. ChenaiTe pasBEPTKY IOJYYUBIIErOCH
MHOrOrpaHHUKA U CKJEHTe ero.

@ Aenaem

9.27. ChenaiiTe pasBEPTKY NPABUJIBHOIO AOAEKA3APA: BBIDEKHUTE U3 Kap-
TOHA JBa OAWMHAKOBBEIX MHOIOYIOJBHUKA, H300pa*XEHHEIX Ha pH-
cyHKe 135, momokuTe MX APYr Ha Apyra Tak, KaK IIOKa3aHO Ha
pucyske 136, u coenunure pesmakoit (puc. 137).

§ 10. lMopobue

10.1. IIpeo6GpasoBanue moao6us u ero
npocTeMinue cBoHCTBa

Bropoii Ba)kHBII Kiace npeobpasosaHmii, KOTOPBIA MBI M3yYUM, — 3TO
npeobpasoBanusa mofobusa. PeanbHoe mpeoGpaszoBaHHEe IOAOOHS HPOMC-
XOAUT KayXAbIM pas3, Korjga redaraioT (ororpaduio ¢ HeraTusa ¢ TeM
MY MHBIM YBeJHYEeHHEeM, HJIM KOrja KaApbl KHHOIJIEHKH IPOEKTHPY-
I0TCA Ha JKpaH, WJIH KOIJa COo3ZalT MOJAEeNH pealbHBIX IPeIMETOB
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(camoJiéToB, KopabJseif, aBroMoOuieii), uau Korjga
M3roTaBJIMBAIOT reorpadudecKue KapThl OJHOH U TOH
JKe MeCTHOCTH, BHIIIOJHEHHBIE B pa3HBIX MacmiTabax.
Bcé aro ABJfeTCA NpHMepaMH IPHMeHeHHUs mpeob-
pasoBaHua momobus (puc. 138, 139).

B nmpuBeAEHHBIX IPHMepaxX IIPOUCXOIHUT HpPeod-
pa3oBaHUE OAHOM (UTYDPEI B APYryl0 (IozobHYyI0 mep-
BOJf), IPU KOTOPOM BCE PACCTOSHHUS MEMIY TOUKAMU
[IepBOil (GUryphl YMHOMKAIOTCA HAa OJHO M TO K€ IIO-
JIOXKUTEJBHOE UHCJIO.

Onpenenenue. Ilpeodpazosanue [ purypsr M
HasbIBaeTcad npeobGpasoBaHuem nonobusd, ecam
CYIIeCTBYEeT TaKoe IOJOMKUTeIbHOEe UYHUCI0 k, 4TO
ana nwobeix Touek X u Y ¢urypsr M u ux obpasos
X’ u Y’ BommonHserca paseHcTBo (puc. 140)

| X’Y'| = k| XY]. (1)

Yucao k HasslBaeTcsa IIpu 3ToM Koadduuwm-
eHTOM nopanobGuasa.

W3 paHHOrO OmpenesieHUs cJenyeT, 4TO, BO-TIep-
BBIX, JBUMNCEHUE SABAAECMCA LACMHbLM cayvaem nodo-
6us (upn k = 1) u, BO-BTOPBIX, nodobue A8LAEMCA
83AUMHO 00HO3HAYUHbLM NPeodpa3osaHuem.

O HeicTBUTENbHO, €CcaM TOYKKM X M Y pas3jIn4HEI,
10 |XY|> 0. Tax xax k > 0, To ua pasenctsa (1)
caenyer, uro |X'Y’| >0, r.e. Touku X' = f(X)
u Y = f(Y) roxke pasauunbl. B

H3s ezaumnoii o0no3navnocmu nodobus caedy-
em ezo obpamumocms. IIpu arom ecau nodobue f
¢ xKoagppuyuenmom k nepesodum uzypy M 8 @u-
2ypy P, mo o6pamnoe emy npeobpasosanue f ' ¢u-
eypvt P 8 guzypy M moace asnrsemcesa nodobuem, Ko-

agpuyuenm Komopozo paseH % (puc. 141).

0O JelicTBUTEAbHO, NPU NpeobpasoBaHum |
duryper P eé toukam X' = f(X) u Y’ = f(Y) comoc-
rapaaiorea Touku X =f (X)) u Y =F(Y’), u us
paseHcTBa (1) ciaenyer, 4To

|IXY| = %iX'Y’I. A (2)

Hakonen, oTMeTHM, 4TO KOMNO3UUUA nodobuil
¢ Koagppuyuenmamu k, u k, ecmv nodobue c KoIp-

Quyuenmom k- k,.

IX'Y'| = £l XY

Puc. 140

IX'Y'| =kl XY]
X ¥ =Xx'Y!
Puc. 141
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0 [leiicTBUTENBHO, IycTh mojgobue f ¢ Koapbu-
uueHTOM k; mepeBogur durypy M B ¢urypy P =

f
/-’
= f(M), a sarem noxobue g ¢ KoadhduueHTom k, me-
pesonuT durypy P B dpurypy g(P) (puc. 142).

Torma nx KoMmnosumus gof mepeBogUT (DUrYypy
M B ¢urypy g(P). Ecim X u Y — npousBOJBHBIE
TOYKH (uryper M, To

S

1 X'Y'| = k| XY, (3)  gof

rae X' = f(X) u Y’ = f(Y). Oanee, ectu X” = g(X")
o Y g‘(Y'), e Puc. 142
|XIIYH| w3 k2|X,Y’|. (4)
ITosTomy
| X"Y"| = kiky|XY]. (5)

Hrak, gof asasercs nmomobuem c xKoabdumuentom k,k,. W

T'oBopsit, uro ¢urypa P nopobHa cdurype M c koadpdu-
UMEeHTOM nopnobusa k, ecau cyllecTByeT Takoe IpeobpasoBaHMe I10-
nobusa purypel M ¢ koaddummenrom k, Koropoe mepeBoaur hurypy M
B ¢urypy P. CumBoamyecku momodue duryp P u M 3anuceIBaioT Tak:
PoM,

MECUNED R Sa5

1. B 4ém 3akno4aetca noaobHoe npeobpasosaHue GuUrypbi?

2. Kakve durypbl HasbiBaloTcs NogobHbIMKU?

3. Yto Takoe koadppuumeHt nogodbua?

4. Moyemy npeobpasosaHue nopobus obpatumo? Yem aBnsetcs npeobpasosa-
HWe, obpaTHoe npeobpasosaHuio nogobusa ¢ koadduuneHTom k?

5. Yem aBnsieTcs KOMNO3uuma AByx npeobpasoBaHnii nogobus?

6. Moxet nn nopobue BbiTe ABMXEHUEM?

A s s sassss i ssesenes . sessen e e T
[ SRR ST

O NMpepcrasnasem

10.1. IIpuBenuTe TpUMEDPH! NOAOOHBIX (UTYD.

10.2. IIpuaymaiiTe IPM3HAKKN TOXOOUsA: a) MIPAMOYTOJbHHUKOB; 6) poMbOB;
B) IapaJijeIorpaMMoOB; I') IPAMOYTOJBHBIX Hapallesenunesos.

10.3. Mopgenn xopabieil, MaKeThbl 3gaHuii (B My3efAX) HMeIOT 00BIYHO AJIH-
HY WJIM BBICOTY, paBHYI0 npumepno 1 m. Kak BeI gymaere, ¢ KakuMm
K03(h(PHUIIHEHTOM MOA0OHA H3roTABJIMBAIOTCA TaKHUe Mozeau?
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10.4. Kakos xoaddunuent noxobus I'ysummsepa u auaunyra? I'yniuse-
pa u Benukana? J[ofiMoBoukM u eé marTepu? MajabpumKa-c-Iajlb-
yuk u Jliogoema? ([daiiTe OTBETHI HA BOIPOCEI, MPOYHUTAB CKA3KU
. Ceudra «Ilyremecrsus Iyanausepa», I'. X. AmnzaepceHa
«T1oiiMmoBouKa», 6parseB I'puMM « MaJbUNK-C-TTIATBYHK».)

(!) Aoka3biBaem

10.5. Hokaskure, uTo J06ble JBe OKPYYKHOCTH IIOJOOHEI.
10.6. TokaskuTe, uTO JMIOOBIE ABa Kpyra IomOOHBI.

NMpumeHsem reomeTpuio

10.7. Kak 1o mjiaHy MecTHOCTH (MM IO KapTe) ONpeAeIuTh PACCTOAHHE
MeKAy ABYyMA obbexTaMu?

10.2. T'omoTeTua

BaxxuedmuM u3 npeobpasoBaHui moxobus siBasiercsa romorerus. Ha-
IIOMHMM, YTO F'OMOTETHEH ¢ IeHTPOM B Touke O M HeHyJIeBBIM Koaddu-
IUEeHTOM £ Ha3bIBAETCHA TaKoe IpeodpasoBaHME, KOTOPOe KasKIAOH TOUKe
X comocraBisfeT Takyio TOUYKY X', YTO BBINOJHAETCA PAaBEHCTBO

—_— —

OX’'= ROX. (6)

IInsi TeopuHM 3HAYEHHE TOMOTETHM COCTOUT B TOM, YTO, KAK MBI IIO-
KaykeM, Jiroboe mozobue SABAAETCA KOMIIOSHIIMEH IMOMOTeTHH U ABUIKEHU.
IToaTomMy, M3Yy4YMB CBOMCTBA I'OMOTETHM M 3HAA CBOMCTBA ABMXKEHWI, MBI,
COIIOCTABUB WX, HAWIEM CBOMCTBa MIOg00HA.

1
PaccmorpumM BajkHeHIIe CBOMCTBA I'OMOTETHH. X
ceoncteo 1 Ilpu romoreruu c¢ ko3gpunuenTrom k X
KaKaplil BEKTOP YMHOKaeTcsa Ha k.
IMogpobuee: ecniu Touku X M Y NP roMOTETHUH
¢ Koathdpuuuentom k mepemnu B Touku X' u Y', 1O i
) Y ¥

XY = kXY. (7
,I[orcaaa're.nbc'rao. Hyc’rb TOYKa O — IIEHTP I'OMO-
reruu. Torga OX'= OX'= kOX u OY' OY (pnc. 143)
ostomy X'Y’ = OY' — OX' = kOY — kOX = k(OY — OX)
- kXY. ®m .
W3 pasencrBa (7) ciaenyer paBeHCTBO
IX'Y’| = |KIXY], ®)

T. e. 2omomemus ¢ Koappuyuenmom k asasemcs nodobuem ¢ Koappu-
yuenmom |k|.

Puc. 143




3ameyaHnume. JloxasaB cBoiicTBo 1, MBI IIOKa
JHIIb YCTAHOBHJIH, YTO TOMOTETHEH yNOpAAOUYEeHHAA
napa Touek (X;Y) mepesoguTca B TaKyio YIOPSALO-

_— —_
yeHHYIO napy Touek (X’; Y’), uto X'Y'= kXY. A 7o,
4TO KajKJad BHYTPEHHsS TO4YKa oTpeska XY mepeii-
AE€T NPU rOMOTETMH BO BHYTPEHHIOK TOYKY OTpPe3Ka
X'’Y’, MBI YyCTAHOBUM, JOKa3aB CBOICTBO 2.

CBOWCTBO 2 I'omoTeTHs Kamablil OTPE30K NMEPeBOXUT
B OTPE30K; IOMOTETHYHbIe OTpe3KM IapajiiebHbI
HJIM JIeKaT Ha OXHOM npamoi (puc. 144).

Hoxaszarenserso, IToxaskem, 4TO eclaM TOUKH A
1 B mepexoAAT IPH IOMOTETHH COOTBETCTBEHHO B
Touku A’ u B’, 10 smi0bas BHYTpEeHHAA TOYKA OTPE3-
Ka AB mepeiIéT B HEKOTOPYI TOYKY OoTpesaka A’B’
u, Haobopor, awbas Touka orpesxa A’B’ saBisiercs
o6pasoM HEKOTOPO# TOUKM oTpeska AB.

Tourka X nexur Ha oTpesxke AB Torma M TOJb-
KO TOrZia, KOrja Halaércsa TaKkoe UMCJIO { M3 IpoMe-
xKyTKa [0; 1], uro

AX = tAB. (9)

ITpu sToM, Korpa uucio t Boadpacraer ot 0
mo 1, Touka X npobOeraer orpesok AB or A no B
(puc. 145).

YmHOxkUM 006e yacTu paBeHcTBa (9) Ha yucio &,
MOJIYYUM

kAX = t(kAB). (10)

Ilo coitcrey 1 A’X’' = kAX u A’B’ = kAB. Us
aTHX paBeHCTB M paBeHcTBa (10) caexyer, uto A’ X' =

—
= tA’B’. A aro o3HavaeT, 4yTO Touka X' mpobGeraet
orpe3ok A’B’ or A’ mo B’, xorma mapamerp t BO3-
pacraer or 0 qo 1. M

CBOMCTBO 3 TI'oMoOTeTHA COXPaHSET BeJIMUYHHY yIJja.

Ckaxkem 00 aToM mofpobHee: andA JIOOBIX TOUYEK

A, B, C u ux ob6pasoB A’, B’, C’ npu romoreTuu
(puc. 146) BEIMONMHAETCA DPABEHCTBO
LABC = £ A'B'C’.

- —
HMoxaszareascrBo. Ilomoxum a = BA, ¢ = BC,

—_— —

a’ = B'A’, ¢ = B'C’ (puc. 147). Torna 2 ABC
= /ac¢, LA'B'C'= sa’c’. Tlo cBoiictay 1 =k

Puc. 144

A
A X

o B

Puc. 145

Puc. 146

Puc. 147

§10.
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= _ = =
u ¢ = ke. 3 aTux aByX paBeHCTB caeayer, uro |a’| = |klla] u |¢/| =
—
= |kllcl.
—_— — e — a;—* >
Kpome Toro, a’ ¢’ = (ka)+(ke)= k*(a-c). Ho Torpma
— — it e
el kR(a-c)
[’ #?allc]
W3 pasesncrBa (12) KOCHHYCOB YIJOB CJHeAyeT paBeHCTBO yrI-
goB (11). m

cosZa’c’ = = cos Za c. (12)

cBOncTBO 4 TomoTreTus Ra?R,IIBII':I TPpeyYroJdbHHK II€epeBOAHT B TpPeyroJjb-
HHK. CTODOHLI ATHX TPeyroJbHHKOB IIPOIIOPIIHOHAJNBHBI, 4 COOTBETCT-
Be€HHBI€ YIJIbl pPaBHBI.

* oxkaszareaberso. IIycTh roMoTeTHs BEPIIHUHEI
TpeyronbHuKa ABC nepeBoguTr B Touku A, B, u C,
(puc. 148).

Croponbl TpeyronbrHukKa ABC nepeiiayrT B OT-
pesku A;B;, A,C;, B,C,; (no csoiicTBy 2). VrJsI
Mexay aTumu orpeskamu A,;B,, A,C,, B,C, Tpe-
yronsHuka A,B,;C,; paBHEI yriiam TpeyroasHuka A BC
(o cmoiicTBy 3), moaTomy ToukH A,, B, u C, He 1e-
AT HA OAHONW NpPAMOH M ABAAIOTCA BepIIHHAMH
rpeyronsHuka A, B ,C,. Tpeyronsauk ABC 3amnogHa-
erca orpeskaMu AX, HIVIUIMMH K3 BepIIMHEI A
B ToukKu X cTopoHBI BC. 9TH OTpPe3KH IOMOTETHA Pyc. 148
NepeBOAUT B OTPe3Ku A; X, KOHIIBI KOTOPBIX 3aml0J-

HAIOT orpe3ok B,C, (mo ceoiictBy 2). Orpesxu A,X, 3amoJHAIOT Tpe-
yroapHUK A,;B,C,, T.e. B 3TOT TPEyroJbHUK NepeiaéT mpH roMoTeTHH

TpeyroasHuK ABC.
W3 ceoiictBa 1 caexyer, UuTO

_— =

A'B’=kAB, A'C' = kAC, B'C’' = kBC. (13)

IToaromy |A’B’| = |k||AB|, |A’C’| = |k||AC| n |B’C’| = |E||BC|. Cue-
NOBATEeIBLHO,

AR, AL . BE
A A e BE oy . (14)
Bee yrBepsknenus cpoiicTBa 4 moxkasaHbl. B %

3amevyanHue. IlockoabKy romMoTeTus HABIAeTCA NOoHo0HeM, TO
B CBOMCTBe 4 peubh MAET O CBOMCTBAX HOAOOHBIX TPEYrOJBHHUKOB. OTH-
MH CBOMCTBaAMM OmpeneNsjoch MHoaob0Me TPEeYroJIbHHUKOB: HMOAOOHBIMU
Ha3bIBAJIUCH TPEYTOJbBHUKH, Y KOTODPBIX CTOPOHBI IIPONOPIMOHAJIBHBI
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(a paBeHCTBO YTJIOB 3aTeM [OKAa3bIBAJIOCH), HJM e IOZOOHBIMM HABBI-
BaJHCh TPEYTrOJBHHKH, Yy KOTOPBIX CTOPOHBI NPOINOPIHOHAJBLHEI, & CO-
OTBETCTBEHHBIE YyIJIbl paBHbl. O npusHaKax MoJo0UA TPEYroJbHUKOB MbI
cxaxxeMm B 1. 10.4,

G Cnpaska cnoeecHuka. CioBo z2omomemus TPOUBOILIO OT ABYX Ipe-
4eCKHUX CJIOB: homos — opuHAKOBBIA M thelos — DAaCIOJIOKEeHHBIH.

..................................... AT el L s s d s e vt

1. MNpuBeauTe NpUMEpPbLl rOMOTETUYHBLIX GUryp.

2. U3 4ero cnepyert, YTO romoTeTus ABNsSETCH nogobuem?

3. Kakue cBoicTBa roMoTeTMM BaMm WM3BECTHbLI? :
4. OTkyna cnenyert, 4TO rOMOTETUA KaXAYIo MPSMYIO NepesoauT B NapannesbHylo -
€A NpPAMYI0O UK COBNAZaloLylo C Heil npsamyio? .

@ AononHsem Teopuio

10.8. Hantummure opMynbl, KOTOPbIe HA KOOPAWHATHONI ILJIOCKOCTH (B KO-
OpPAMHATHOM IIPDOCTPAHCTBE) 3aJal0T I'OMOTETHIO ¢ KO3(h(DUIMEeHTOM
k M c IeHTpOM B Hadajie KOOPJHHAT.

A Paz6bupaemcs B pewieHumn

10.9. [Tokaxure, 4uTo JIO0ObIe [Ba HEPABHBIX TPEYroJbHUKA C COOTBET-
CTBEHHO HapajjieJbHBIMH CTOPOHAMH IOMOTETHUYHEL.

Pemenwne. Ilycte aBa TpeyronsHuxka ABC u A;B,;C, UMeOT COOTBET-
CTBeHHO TapajlenbHble croponsl: AB | A,B;, BC | B,C,, AC | A,C, (puc.
149). MBI X0oTHM [J0KAa3aTh I'OMOTETHUYHOCTh ITHX TPEYTI'OJBHHUKOB. IJTO
3HAYMT: HYXXHO JI0OKa3aTh, 4TO Halipyrcsa Takas Touka O M Takoe uuc-
g0 k, 4TO TIpH TOMOTETHH ¢ HeHTpoM O u Koa(PUIIMEHTOM kB TPeyroib-
HuK ABC oro6pasurcsa B TpeyroabHuk A,B;C,.

Tak Kax TpeyrolbHHKH He paBHBI, TO He PABHBI KaKHe-HUOYIbL aABe
HUX COOTBETCTBEHHbIE CTOPOHEL. Ilyers, Hanpumep, He paBHbl AB u A B,.

Torna npsmeie AA, u BB, nepecexkaworcsa. (ITouemy?) O6o3Hauum Tou-

Ky ux nepeceuenus 0ykBoi O (puc. 150) u paccCMOTPHUM I'OMOTETHIO, KO-
TOpas HmepeBOJUT TOUKY A B Touky A,. IIpu oroii romorerunm mpamas

AB orobpasurca B IPAMYIO, NapaIeJbHy0 IPpAMONi AB H nNpoxXomsniyo
yepe3 TOYKY A, T.e. B IpamMyo A B,, a npamaa OB — B cebsa. IT0

3HAYUT, UYTO TOYKA B KaK TOYKa nepecedyeHUs NpAMBIX AB m OB ne-
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PEXOAUT B TOUKY B,, ABIAIOIIYIOCA TOYKON IepecedyeHHs: NPAMBIX A, B,

u OB. CosepmeHHo aHamoruuno npsmele BC u AC nmepexogAaT COOTBe-
trcTBeHHO B mpamsie B,C, u A,C, (rak kax BC|B,C, n AC|A,C,),

a nmoromy Touka C mepexoxaur B Touky C, (o6bAcHHTe moapobHee moue-

My).

Taxum o06pa3oM, IPH PACCMOTPEHHOU roMOTETHH TpeyroiabHukKk A BC
orobpasurca B TpeyroabHUK A,B;C,. flcHo, uT0o Momysnb KoaddUuIUeHTa
9TOM IOMOTETHH PAaBE€H OTHOIIEHHIO COOTBETCTBYIOIIHNX CTOPOH TPEyroJb-

HUKOB. B

10.10.

3ameTuM, 4TO, peuias ATy 3a4ady, MBI JAOKAa3aJu

NPU3HAK nodobusa mpeyzorbHukos8., ECIH CTOPOHBI HEepaBHBIX
TPEeyroJIbHUKOB COOTBETCTBEHHO NapaJljielbHbI,

YrOJBHHKH IOJXOOHBI.

Hokaskute, 4To Bce rpaduku QyHKIHHE BUAa Y = ax® (a#0) ro-

MOTETHYHEIL.

* Pemenme. 3azaua 6ygeT pelreHa, eCJId MBI IIOKa’KeM, 4TO Ipa-
dbur F, dyHrOuUU y = ax® romoreTnyen rpabury F dysRIuun y =
= x? (puc. 151). ITposeaém uepes HAYaNO KoopAMHAT O NPSMYIO P

3a/laHHYI0 ypaBHeHUeM y = kx, k#0.

IIpamas p nepeceuér rpapuku F u F,

B Hayajle KOODAWHAT, a TAKKe B TOY-
k, k®

Kax X = (k; k%) u X, = [E’ T]-

n Tellepb CTAHOBHUTCA fCHO, YTO BEK-

e

iy
Top OX = a0X,, T.e. Touka X #ABIA-
erca obpazoM ToOYKH X, IpPH TroMOTe-
TUH ¢ HeHTpoM O U KO03DHUITHEHTOM
a. A noromy u mapabony F, ara romo-
TeTusA nepesoguT B mapaboany F, T.e.
T napabosibl TOMOTETHYHEI. B

By
i Cl B Cl
o P
A
A

Puc. 149 Puc. 150

TO 3TH Tpe-

Puc. 151
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(!) Aoka3siBaem

10.11. ToxakuTe, YTO KOMIO3UIUA ABYX FOMOTETHM C O0GIIUM LIeHTPOM
ABJIAETCA romorerueii. Yemy paBeH eé Koapdunmenrt?

10.12. [ToxaskuTe, HUCIOJBL3ys TIOMOTETUIO, TEOPEMY O CpejiHel JHHHUU
TPeyroJbHUKA.

@ Uccnepyem

10.13. CxonpKO IEHTPOB IOMOTETHH MOTYT HMMETH ABA NapaJJIeNbHBIX
oTpeska?

10.14. Kaxue nBse npamseie roMoTeTuursi? I'ie MOXKeT JIeXKATh UX LEHTP
romoretun? Kakum moxker ObITh K0ahdHUIIMEHT romMoTeTHn?

10.15. Kakue paBe NIJIOCKOCTH TOMOTeTHUYHBI? I'Zle MOKeT JIexXaThb HX
ueHTp romoretnu? Kakum Mosker GuITH KO3(DMUIIMEHT TOMOTETUH?

10.16. MosxeT Jau Kakoe-HUOYAL ABHKEHUEe OBITH YACTHBIM CJIYYaeM Io-
mMoTeTHmn?

10.17. BepHO 1M, 4TO 'OMOTETHYHE! JIIOObIE BA: 4) MHOIOYIr'OJbHUKA C CO-
OTBETCTBEHHO NApPaJJIeIbHBIMH CTOPOHAMM; 0) NPAMOYIOJBHBIX
napaJjuiesienIuIeZa ¢ COOTBETCTBEHHO ITapaJleIbHBIMH pEOpamMm?

10.3. Csoiictea mono6usIx ¢duryp

HokasaTensCcTBa CBOMCTB IOZoOHMA ONMpAIOTCA Ha 6
CJeAVIOIIYIO BajKHYI0O TEOpPEMY O TOM, 4YTO Irojobue
ABJAETCA KOMIIOBHIIMEH TOMOTETHH M IBHXKEHHS.

UGN ] (0 nodobuu rarx romnosuyuu z0mo-

memuu u Odeuixcenus). IlomobHoe mpeobGpaszoBaHmne
¢purypsr P B dburypy M c¢ koadpdunuesrom B MOK-
HO NPEeJACTABHTH KAK KOMIIO3HI[MI) I'OMOTETHHM C KO-
apdunuenTom k U IBUKEHUA.

% loxazaTeascTBo. IlycTe durypa P monmob6Ha
dburype M ¢ xosddunuenrom k (puc. 152, a).

A -

Puc. 152
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BribepeM IIPOU3BOJIBHYIO TOUKY O u romorerneil f ¢ LEHTPOM B TO4YKe
O u xoaddunnentom k nepeseaém durypy M B purypy @ (puc. 152, 6).

Ilokraskem, uto ¢urypa @ paBHa ¢(urype P. BosbMéM naBe Jio-
6pie Toukn X u Y ¢durypsl . OHu ABIAOTCA o6pasaMu IIPM IOMOTe-
THUM HEKOTOPBIX To4eK X, m Y, durypel M, npuyém BBIIOJTHAETCH pa-

BEHCTBO
IXY| = KIX,Y. (15)

Toukam X, m Y, ¢uryper M comocraBiasoTCA

npu nogobun rouku X' u Y’ duryper P, Npu4éM BbI-
MOJIHAETCA PaBEHCTBO

|X'Y’| = EIX,Y,|. (16)

M3 pasencrs (15) u (16) ciaeayer, uro | X'Y'| =
= |XY|, r.e. purypsr P u @ pasael. CienoBaTess-
HO, (purypa @ mepeBogurcs B (hurypy P HEeKOTOPEIM
aem:kenuem g. Takum obpasom, momobue duryp M
1 P MOXHO OCYIIEeCTBHUTh, BHIIIOJHAA CHayaJa IoMo-
Teruio [ (koropasi nepeseaér M B @), a 3aTeM IBHU-

»keHue g (Koropoe nepesenér @ B P). B & Puc. 153

HokxasaB aTy TeopeMy U 3Has CBOMCTBA ABUMKe-
HUI U IOMOTETHH, MBI Telephb JIETKO IIOJYYUM CBOM-
cTBa NMOAODHBIX (DUTYD.

cBOWACTBO 1 IlomoOme r000i OTPE30K NEPEeBOAUT B
0Tpe30K.

JdokazaTeabcTBo. [lelicTBUTENbHO, TOMOTETHSA
IIePEeBOAUT OTPE30K B OTPE30K, ABHM)KEHUE IIepeBo-
JUT OTPE30K B OTPE30K, 3HAUUT, M moxobue, KOTO-
poe SABIsAeTCA KOMIIO3MIIMEH TIOMOTETHH M ABHKE-
HUs, IEePeBOJUT OTPe30K B OTPe3ok. M

HOR&S&TEHBCTB& APyrux CBOHCTB IIPOBOOATCS
aHaJJOTMYHO, ¥ BBl UX BBINOJHHTE CaMOCTOATEJBHO.

CBOWCTBO 2 IlomoOue coxpaHseT BeJIWYHHBLI YIJIOB,
B TOM 4YHCJe IepPHeHJUKYJIAPHOCTh M Napaliielb-
HOCTb.

9TO CBOMCTBO, KAK M COOTBETCTBYIOILEEe CBOMCTBO
OIBHIKEHHH, HANO IMOHMMATH IIMPQKO, MMes B BHIAY
YIVIBI Pa3jIMUYHBIX THUIIOB.

CBONCTBO 3 IlomoGue KaKABIA TPEYroJbHHUK IepeBo-
AUT B TpeyroaeHuK. CTOpPOHBI 3THMX TPEyrojJbHHUKOB
NMPONMOPIMOHAIBHBI, & COOTBETCTBEHHBIE YIJIbl PABHBI
(puc. 153). Puc. 154
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MHOroyroJibHMKHM COCTaBJEHbI U3 TpeyroabHu- B
koB. IToaromy u3 cBoiicTBa 3 ciexyer, uTo nodobue
KadxcObLilt. MHOZ0Y20NLbHUK nepesodum 68 MHOZ0YZO0Jlb-
HUK; CMOPOHbL IMUX MHO20Y20lbHUKOE8 NPONOp-
YUOHALbHBL, A COOMBEMCMEEHHbLE Y2J/bl PABHbL
(puc. 154).

cBONCTBO 4 llpu mogobuu c¢ koadgduuuenrTom k 1mio-
naab MHOIOYTOJbHOH (DMIyphI YMHOJKaeTcs Ha k>
HJokaszarenscTBo. Iliomans TpeyroisHMKa pas-
Ha IOJIOBMHE NPOM3BENEHHUA €ro CTOPOHBI HA IIpOBe-
IEHHYIO K He# BeicoTy. Ilpm mopobum BmICOTA Tpe-
YrolbHUKA NEePEXOAUT B BBICOTY ero obpasa. [Ipu

noxobum ¢ KoaduumeHTOM k M CTOPOHA, U BBICOTA S)(AA,B,Cy) =

ymHoxKaoTcsa Ha k. IlosTomy miomaabs TpeyrojabHU- =S(AABC}-(A'B’ )2=

Ka yMHOKaerca Ha k° (puc. 155). e
MHoroyroasHada (uUrypa CcocTaBJIeHa H3 Tpe- =S(AABC)-k

YIOJIBHUKOB, 3HAYUT, IJIOINANL TaKOH (HUryphl pas-
Ha CyMMe ILJIoIIamei COCTABIAIONIUX e€ TpeyroabHH- Puc. 155
KoB. Tarx xax npu mozobuu mjaolanh KaxKIOro Tpe-
YIOJbHHUKA YMHOJMKAeTcsa Ha k®, To m Bca cymMMa ymHOKaercs Ha k.
CrnegoBaTenbHO, ILIOIIAAb MHOTOYI'OJIBHMKA IPH IOAOOMKM yMHOXKaeTcs
Ha kK°. &

U omnowenue naowiadeil n100blx nodobHblx Queyp pasro keéadpa-
my koagduyuenma nododus.

AHAJOrHYHOE CBOMCTBO CHPABEAJIMBO M AJs OTHOIIEHHs O0BEMOB
noxobubix ¢uryp. Ho aro orHomenue 6yger paBHO KyOy KoadduiueH-
Ta momoOmsA.

CBOMCTBO 5 OrHOmeHne 00BEMOB JIHOOBIX MOJOOHBIX (PUIYp PpaBHO KYy-
0y koadpduumenTa moxobus,

A 3anoanenue naockocmu nodobHbimu Queypamu. Mbl mo3HAKO-
MHJINCH C 3aMOIlEHUEM IIJIOCKOCTU WJIN €€ 4acTH (II0JIOCHI) KOIMAMHU Of-

_h1

Puc. 156 Puc. 157

§10.| Nopobwe 109



HOl M TOi >ke (PMUrypsl C IMOMOINBIO PA3JIMYHBIX BHAOB ABMIKEHHN: ma-
pajIeIbHOTO IepeHoca, IMOBOPOTa, OceBoit cummerpuu. OKasbIBaercs,
noxobue TOKe MOXKeT OBITh MCIOJIB30BAHO AJIA 3aMOINEHUSA IJIOCKOCTH.
Ha pucyske 156 npuBegéH IpuMep TAKOro 3aMOIeHHA: pa3buBas IO-

oJaM TPAMOYTOJBHHK C OTHOIIEHHEM CTODOH \/E, MBI IIOJIy4YaeM JABa
moZOoBHBIX eMy IPAMOYIOJBHHMKA. JTOT IIPOIeCC MOXKHO HOBTOPATH Gec-
KOHEYHO.

Bo Bropoii nonopuHe XX B. OBIIIM OTKPBITHI TAK Ha3bIBaeMble MHO-
skecrBa JKosma, yAWBHTEJIbHEIE CBOMCTBA KOTOPBIX CBA3aHEI C IOA00H-
eMm. Takme MHOMKecTBa M3ydalOT B pasiesie MaTeMaTHKH, KOTODPBIH Ha-
spIBaeTcA «@paKTanlbHadA reoMeTpuA». M3maroTcsa KpacodyHble aJIbOOMEI
¢ uzobpaxkeHuAMHU pasHooOpasHeIx MHOXecTB Jionuma. JIBa nmpumepa
TAKUX MHOJKECTB NpUBeAeHbl HAa pucyHke 157. ¥

1. Komnosuuueid kakux npeobpasoBaHuii aenseTca nogobue?
2. Kakue ceoiictBa nogobHbix duryp sam U3BecTHbI?

R T

(.!) HoxkasbiBaem

10.18. Hoxaxute, uro J00bIe ABa OTpe3ka NoJoOHBI. UeMy paBeH KO-
adpdunmenT ux momobmsa?

10.19. Joxaxure, uTo monobHBI Jd06BIe ABa: a) KBaapara; 6) paBHOCTO-
POHHHX TPEYroJbHHKA; B) Kyba.

10.20. Joxkaxxkure, 4TO OPH DONOOUM CEePEeMHA OTPE3Ka ITePeXOAUT B ce-
peauny ero obpasa.

10.21. MokaxuTre, 9410 BCe rumepboOJbl, T.e. rpaduky GYHKOUHA BHAA

y = %, MOAO6GHBI,

D Uccnepyem

10.22. Paccmarpusaercs nogobue Tpeyroiasauka. Uro Gyzer obpaszom ero:
a) MmeguaHbl; 0) OMCCEKTPHUCHI; B) BHICOTEI; I') CPeAHEH JTHUHHUUT

10.23. Nausr gBa moAoOGHBEIX TpeyronabHuxa. OAHA H3 BHICOT OJHOI'O
TPeyroaibHHKAa paBHA BBICOTE ApPYyroro. PaBHBI JM 3TH TPEyroJb-
HUKH?
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MpumeHnsem reomerTpuio

10.24. Yyryssele rupu BecoM 1 Kr, 2 KI' 1 5 KI' UMEIOT OZMHAKOBYIO
dopmy. KakoBbl OoTHOmIEHMs JUHEHHBIX Pa3MEepOB 3THX THDPh?

10.4. IIpu3sHaku MOXOGMSA TPEyroNbHUKOB

V nomobHBIX TPEyroJbHHKOB: 1) CTOPOHBI MPOIOPIIH-
OHAJBHBI M 2) COOTBETCTBEHHBLIE YIJbl PAaBHEL (CM.
cBoiictBo 3 m. 10.3). O6a aTu cBoiicTBa ABISIOTCA
XapaKTepUCTHYECKHMMHU CBOMCTBAMM IOAOOHBIX Tpe-
YyTOJBHUKOB. 9TO 3HAYUT, YTO CIPABEAJIUBEI CJIEHAYIO-
1ye ABA NPU3HAKa nodobus mpeyzoibHUKOS.

NEPBbIA NPU3HAK nodobus mpeyzonvruros. Ecam Tpu
CTOPOHBI OJHOIO TPEyroJIbHMKa NPONOPIHOHAJBHBI
TPEM CTOPOHAM [pPYroro TpPeyroJbHHKAa, TO TAKHe
TPEeYroJbHUKH NOXOOHBI.

Hawno: cropons! a,, by, ¢; TpeyroaeHuKa A;B,C,
[IPOIOPIIMOHAIBHEI CTOPOHAM a, b, ¢ TpeyroibHHUKA
ABC (puc. 158), T.e. OJHM BHIPDAXKAIOTCA 4Yepe3 ApPY-
rme yMHOXXEHHEeM Ha HEKOTODPBIH IIOJIOXKHUTEeJbHBIH
MHOXHUTeNb k:

a, = ka, b, =kb, ¢, = ke. (17)

Hoxasamys: Tpeyroneauxk A;B,C, nogobex Tpe-
yroasHUKy ABC.

HJokaszareascTBo. I'omoreTneit g ¢ menTpom A

u Koabbunuenrom k mepeseném tTpeyroinbHur A BC
B tTpeyronsHuk AB,C,. CTOPOHBI TpPeEyrojJbHUKAa
AB,C, cOOTBETCTBEHHO DABHBI CTODOHAM TPEYTroJb-
Huka A,B,C,. CnexoBaTenbHo, TpeyroabHukun AB,C,
u A,B,C, paBHbl. [I03TOMy HEKOTODHIM ABHIKEHHEM
h moxHO mepeBecTH TpeyroasHuk AB,C, B Tpe-
yronsHuUK A,B,C, (puc. 159).

Komnosunusa npeobpasoBanuili ¢ u h saBiaser-
ca mopmoOueM H NEepPeBORUT TpeyroabHuKk ABC B
TpeyronbHuKk A,B,C,, T.e. 8TH TPeyroJbHHUKH IIO-
noOHBI. W

Bropoit npu3HaK nogob6uA TpeyroibHUKOB BBITe-
KaeT U3 meopemb. cunycosé. HanoMHuM eé: oTHOLIe-
HHe ABYX CTOPOH TPeyroJbHHKA PAaBHO OTHOUICHHIO
CHMHYCOB IPOTHBOJe:XaluX MM yrjaos. Hamomaum
TAKXKe, UTO CUHYC MYnozo yz2ia OnpeAenseTca Kak
CHUHYC CMEKXHOI'0O C HHM OCTPOTrO yrija.

&
-

A7 e B,
8]
b a
A = B
Puc. 158
G
bli lal
Ay o B,
C
b
C,
a
A B, © B
Puc. 159
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JloKa3aTeabCTBO. TEOPEMbl CHHYCOB O4€Hb IIPOC-
roe. Ecim B TpeyroapHuKe ABC mpoBecTH BHICOTY
CH, to CH = asinB u CH = bsinA (puc. 160).

: g a sin A
IToaromy asinB = bsindA n 3 = 5.

BTOPOM NPU3HAK nodobus mpeyzoavHurkos. Ecam asa
yrja OJHOTO TPeyroJbHMKA PpaBHBI JABYM yrjam
APYroro TPeyrojabHMKAa, TO TaKMe TPEeyroJbHMKH IO0-
mOOHBI.

Hano: tpeyronsEuk ABC, TpeyroasHuk A,B,C,
(puc. 161),

LA=LA, £LB=/B,. (18)

Ilokazamye: tpeyroasEuK A;B;C, nmomoben tpe-
yroasuury ABC.

JoxasareascTtBo. M3 paseHcTB (18) m Teopemsl
0 CYyMMe VYIJIOB TPeyrOJbHHKAa BBITEKaeT, 4YTO M
£C= LC,, T.e. yrasl Tpeyronsaukos ABC u A B,C,
COOTBETCTBEHHO paBHbI. I[03TOMY M CHHYCBHI 3THX
YIJIOB COOTBETCTBEHHO paBHEI. Tak Kak IO Teopeme
CHMHYCOB OTHOII€HHME CTOPOH TPEYrOJbHHKOB DaBHO
OTHOIIEHHUIO CUHYCOB HPOTHBOJIEIKAILIUX UM YIJIOB, TO

a; a a; by
3 W3 aroro paBeHCTBa CIEeAyeT, YTO — = 3 .
by ¢
Paccyxaas aHAJIOTMYHO, MOMydYaeM, 410 4 = . Ilo-
ay by ey
aTOMy — = 3 = -, T.€. CTOPOHHI TPEyTOJbHUKOB

ABC u A,B,C, nponopuuoHaJIbHbEI. A TOorza, corjac-

HO NEPBOMY NPH3HAKY MOA00MSA TPEYIroJbHHKOB, 3TH
TPEeYroJbHUKHN IOHOOHEI. M

YacTo npuMeHaeTCA ellé OAWH, TPeTUH IPHU3HAK
noxobuAa TPeyroabHUKOB. B uYacTHOM ciaydae OH
npeacraBiager coboil HepBBII IpPHU3HAK paBeHCTBA
TPEYroJbHUKOB (II0 IBYM CTOPOHAM H YIJIY MEMIY
HUMM).

TPETUA NPU3HAK nodobus mpeyzoavHurxos. Ecau nse
CTOPOHBI OJHOr0 TPEYroJbHHUKA IPONOPLHOHAJIBHBI
ABYM CTOPOHAM APYroro TPeyroJbHMKA M YIJbl, 3aK-
JAHYEHHbIe MeMTy 3TMMM CTOPOHAMM, PaBHBI, TO Ta-
KHe TPeyroJbHMKH IOXOOHBI.

Hano: rpeyronsaux ABC, tpeyronbuuk A,B;C,
(puc. 162), / A= LA

o
o
o

T, (19)

AH B

6 C

s
b

B v A B

= 0

>
T
tw
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Hoxaszamye: tpeyroneauk A,B,C, momoben Tpe- A
yronsHUKY ABC.

JdoxazarenscTBo. [loka)XemM mnpoIOPIHOHAIE-
HOCTB CTOPOH TPeyroabHuKoB A,B,C, u ABC. Ecin b

oTHOLIeHUA B paBeHcTBe (19) obozmauurs udepes k, P
TO TMOJYYUM
by = kb, ¢, = ke. (20)

TOI‘,II;& o TeopeMe KOCHHYCOB, HCIIOJB3YA pa-
seHcTBa (20) u paBeHCTBO yrioB A m A,, moaydaem A B

a? = b? + ¢ — 2b,c,co8 A, =
= E%(b® + ¢ — 2bccos A) = k2a’. (21)

W3rnekas KBaApPATHBIA KOpPeHL B paBeHcTse (21)
M YUYUATHIBAA MOJOXKUTEJbHOCTH BEJIUYUH a, a,, k,

mojy4aeM, 4To a, = ka. Bmecre ¢ paBeHcTBamu (20) b1
PaBeHCTBO @, = ka O3HayaeT NPONOPIUOHAIBHOCTE ¢
cropoH TpeyroabHukoB ABC u A B,C,. 13 nepsoro

IpHU3HaKa II0Zo0usA TPeyroJbHHUKOB BBITEKAET, UTO
rpeyronbHukn ABC u A,B,C, nono6ub1. B
3ameuyanue. Bropoit ¥ TpeTui NpHU3HAKH IIO- Cy
NOOHA TPEeyroAbHHUKOB C IIOMOINBI0 TEOPEM CHHYCOB
X KOCHHYCOB OBLIM CBeJeHBl K II€epBOMY NpHU3HA- B,
Ky — HOPONOPIMOHAJBHOCTH CTOPOH TPEYTOJbHH-
KoB. Peaynprarsl . 10.3 u 10.4 mokassIBamT, 4YTO Puc. 162
nogo6ue TPeyrodbHHKOB MOJKHO OIpPeAeIfATh TPeMdA i
PaBHOCHJABHBIMH crnocobamMu: 1) NpomopmuoOHANb-
HOCTBIO CTOPOH; 2) NPONOPHHUOHAJIBHOCTHIO CTOPOH U PABEHCTBOM COOT-
BETCTBEHHBIX YIVIOB; 3) KakK (DUrypsl, HmoJydaioluecd APyr M3 Apyra
npeoGpasoBaHueM IOZOOHUA.
IlepBoiit M3 B3TUX CIOCOOOB caMBINl ITPOCTOIA.

[

1. MNepeuncnure NpuU3HaKu Nogobua TpeyronsLHUKOB.

2. CpaBHWUTe npuaHaku nogobus TpeyronbHUKOB M NMPU3HAaKW pasBeHcTBa Tpe-
yronbHuMkoB, Kaxneih N1 M3 NpuaHakoB nogobus B 4aCTHOM Ciy4yae sBnseTcs
npu3HakoM paseHcTBa?

3. ChopmynupyiitTe M OOKaXUTE NPU3Haku nopodbus NPAMOYronbHbIX TPeyrosb-
HUKOB.

4, ChopmMmynupyinte n QoKaxuTe npuaHaku nonobus paBHoGeapeHHbIX Tpeyronb-
HWKOB.
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ELY:YXI]

10.25.

10.26.

10.27,

10.28.

10.29.

A

10.30.

CmoTtpum
VrkamxuTre nogo0Hble TPEYroJbHUKH Ha pucyHKe 163.

a 6 C B .
B
A X C P c
L
M
NL O M
K
Fp A K B
Puc. 163 A

Boiuncnsaem

Kakyoo 4acTh OT IIOLIAAHM TPeyroJbHHUKA COCTABJIAET IJIOIIAAb
TPEYroJbHUKA, OIPAHUYEHHOr0 €ro CPeIHUMH JUHUAMM?

Huaronann tpanenuu A BCD nepecexkarorca B Touke O. Eé ocHo-
BaHuag AD u BC otHocaTcA Kak 3:1. a) B KkakoM OTHOILIEHHH Jie-
auT auaronanm touka O? 0) KakoBo oTHoIIeHue mJolajgei Tpe-
yroasHUKOB OAD u OBC? B) Kakyo uacTe miomaau Bceil Tpa-
IIEeIUH COCTABJSAET IJIoH[aab TpeyroiabHuka OBC?

Aoka3biBaem

a) B ocrpoyrossHOM TpeyronbHuke ABC npoBenu BbeicOTEl AK
u BM. Horaxxkurte, uro TpeyroabHUKH AKC u BMC nono6GHEL.
6) Pemnre Ty Ke 3agady, UTO U B IOYHKTE a), AJIA TYIOYTOJBHO-
To TpeyroJbHHUKA.

IIpamas a mepeceKaeT ABe CTOPOHBI TPEYTOJbHHUKA M Napajieb-
Ha TpeTheil ero cropoHe. [okakure, 4TO IpAMas @ paccexaer
CTOPOHBI 3TOI0 TPEYIOJbHHMKA Ha IIPONOPIHOHAJBHBIE OTPE3KH
M OTCeKaeT IOJO0OHBIH €My TPeyroJbHHK.

Pasz6upaemcs B peweHum

Hoxkaskure, uTo mapajulesibHbIe IpPAMBIe, IlepeceKarolue CTOPO-
HBI yIJja, OTCEKAlOT Ha HHUX IIPOIOPIIMOHAJIBHEIE OTPE3KH.

Pemrenune. 0 Ilycrs CTOpPOHEI yriaa O — JOy4Yd P U ¢ — IepeceKa-
0T IlapaJjliesibHBIe NpPAMEBIE @, b, ¢ cooTBeTCTBEHHO B Touykax A, A’, B,

B” C:

C’ (puc. 164). Tpebyerca LOKA3aThb, UYTO
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AR Oy

Puc. 165

Puc. 164 0 JA' /B /C' ¢

04 A'B' iBC”
s porkasaTenbcTBa paBeHCTB (22) BOCIONb3yeMCA pPe3yJbTaTOM IIpe-
aeinyineit sagauu 10,32, CorsiacHo 3Toi 3ajaue, HATIpPUMeEp, JJA Tpey-
ronbHuKa OBB’ u npamoit AA’ Ha pucyHke 164 uMeer MecTo Clenyio-
ijee paBeHcTBO: OA:AB= QOA’:A’B’, T.e. BHIIOJHAETCA NEpBOE U3 pa-
BeHCTB (22).
Hoxakem 3aTreM, 4TO

OA _ AB BC 22)

BC:B'C'= 0OA:0A". (23)
I[Ipumenum Teneps 3agauy 10.32 x rpeyronsuury OCC’ u npamoit BB’,
IToxyuum

OB:BC= OB':B’'C’. (24)
ITosTomy

BC:B'C’'= OB:0OB’. (25)
W3 nonobusi tpeyroabHuxkoB OBB’ u OAA’ cnenyer, 4To

OB:OB’= OA:0A’. (26)

W3 paseHcTB (25) u (26) ciaexyer paBeHCTBO IEPBOrO M TPETHEI'O OTHO-
menuit B paBeHcrse (22). Utak, BCce TPU OTHOLIEHHS OTPE3KOB, CTOS-
mue B paseHcTBe (22), paBHBI. B

YacTHBIM clydyaeM yTBep:kaenus sajgauu 10.30 sBasercsa

Teopema @ anecall e et R

peceKaloT CTOPOHBI YIila M Ha OJHOM M3 CTOPOH Yyrja OTCEeKaloT
paBHBIEe OTPE3KH, TO M HA APYroii ero CTOPOHE OHH OTCEeKaloT
paBHEBIe oTpe3ku (puc. 165). A

= nnauupyem

10.31. Ykakurte, KaK HOCTPOUTH B TpeyroJibHUKe (puc. 166 m 167
Ha c. 116) rakyio TO4YKy K, urober miomanu S; u S, pasHOIBeT-

HBIX yacTeil TpeyroJlbHHKa OBLIIM pABHEI.
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Puc. 166 Puc. 167 Sy = SacaB,ka,

3A0AHMU K TNABE 11

EI Mnaunupyem

I1.1. B ogHO} IOJIYIJIOCKOCTH 3aJaHBI Ba paBHOOEJDEHHBIX TPEYyIroJib-
HHUKA, OCHOBAHHUS KOTOPBIX JIeXKAT HA I'DAHHYHON IPAMON a 3TOH
noJsymiockoctTu. Kax ImpoBecTH IIpAMYIO, IIapajieJIbHYI0 NPAMO
a, KoTopas IepeceKaeT STH TPEYroJbHHUKH II0 PAaBHBIM Xopzam?

(!) AokasbiBaem

I1.2. [Joxa)xxuTe, UTO ABa BBINYKJLIX UYETBHIPEXYIOJbHHKA HOZOOHEI TOr-
Ia U TOJABKO TOr[a, KOrZa COOTBETCTBEHHO PaBHBI UX YIJBI U yI-
JBl MEXKIY UX OUATOHAJIIMH.

I1.3. okaskute, 4TO TOUKHU IE€PECEUYEHUS MEIUAH UYEeTHIPEX TPEYroJbHHU-
KOB, BEPIIMHEI KOTOPHIX COBIAZAIOT C TPeMdA BepIIMHAMH TaHHO-
T0 BBINYKJIOI0 YETHIPEXYTOJbHUKA, ABIAIOTCA BEPIIMHAMH UeThI-
PEXYIOJbHHUKA, TOMOTETHYHOI'0 JAHHOMY.

11.4. IIyctes Toukum K, M, P, T saBasAOTCA COOTBETCTBEHHO CepeIUHAMM
cropor AB, BC, CD, DA xBagpara ABCD. a) Iokaxure, 4TO
KMPT — xBagpar. 0) Yxkakure npeodpasoBaHUe, KOTOpoe mepe-
Boagur KMPT B ABCD. B) Uemy paBHBI OTHOLIEHHA IePUMETPOB
u miomanein keagparos KMPT u ABCD?

@ Uccnepyem

IL1.5. Croponamu Ttpeyronpauxa KMP ABaAlOTCA CPefHUE JMHUU Tpe-
yronsauka ABC. a) Kakoe npeoGpasoBaHUe IIEPEBOJUT TPEyroJib-
HUK KMP B tpeyroasHux ABC? 6) Uemy paBHBI OTHOLIEHHUS IIe-
PUMeTpPOB M miomajeil rpeyronbsaukos KMP n ABC?

I1.6. a) Hapucyiite npasunbHslil mectuyronsauk ABCDEF u coeguHu-
Teé IOCJefOBATENbHO cepeAuHbl ero cropoH. IlosyumBmmiicsi mec-
THUYTOJNBHUK obosHaubTe P.

6) Hoxammure, yro mecrtuyronbuuk ABCDEF mopo6Gen imecTH-
yroaeHuKy P, u HaliiuTe UX Koa(pPHUIUEHT IOXOOMA.
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B) YKaxuTe npeobpazoBaHue, KOTOPOE€ IIEPEBOAUT INECTHUYI0JIb-
Huk P B ABCDEF,

r) Yemy paBHEI OTHOIIEHHUSA NepHMETPOB U IJOIMIafeil IIecTH-
yroasHukos P u ABCDEF?

I1.7. HapucyiiTe NpaBHUIbHLIH NATHYTOJBHHUK M €ro IMaroHaam (meHTa-

I1.8.

""‘

11.9.

I1.10.

II.11.

I1.12.

rpammy). Hadimure pasznmmunble nmapbl POMOTETUYHBIX (uryp Ha
3TOM PHCYHKEe, YKaXHTe IeHTPhl 3THX TOMOTETHH M BEIYMCIHUTE
ux xKoahdunIeHTEH.

B BRIDYKJIOM UYeTBIPEXyroJlbHHUKE CPeAHAA JHHUA IBYX HIPOTHUBO-
IOJIOXKHEBIX CTOPOH paBHA TOJYCYMMe ABYX IPYrux cropoH. Kako-
ro BHJA 3TOT 4YeTwIpéxyroabHuMK? Kaxoro Buma OyzeT 4eTwIpéx-
YrOJBHHK, €CJIM W Jpyras cpefHAd JUHUA oblafaeTr TeM Ke CBOIi-
cTBOM?

MpumeHnsem reometrpuio

Mooxer I uesIOBEK, Jep:;Ka B PyKax mepej co0oH KapMaHHOe 3ep-
Kajblie, yBUAeTh cebsa BO Bech POCT?

NMpumeHnsem kKomnbioTEp

Iana npamas a u ABe TOYKHM A u B 110 OOHY CTOPOHY OT Heé.
ITocTpoiite Takyio Touky C Ha NpAMOH 4, 4YTO AJMHA JIOMAHOMH
ACB MuHHMAaJbHA.

Viaszanue: pis U3MepeHHUs IJINHBI JOMAHONH M3MEpPhbTe AJHUHY KarK-
JOr0 3BeHa, a 3aTeM CJIO}KHTe Ha BCTPOeHHOM B «JHuByio reo-
MeTPHIO» KaJbKyJaAaTope. ada 000CHOBAaHMA KOPPEKTHOCTH IIOCT-
pOeHHUsA BOCIOJB3YHTECH CUMMETPHEN OTHOCHTEJIbHO NPSMOH a.

Haiigure KpaT4yaiimyio 3aMKHYTYI0 UeThIDEX3BEHHYIO JIOMaHYIO,
BEPIIMHBI KOTOPOH JIeKaT HA CTOPOHAX MAAaHHOTO KBajapaTta —
110 OfHO¥ BepIIMHE BHYTPH KaKI0H ero CTOPOHHI.

Vrasanue: 1151 A3MEPeHUA JJIMHLI JOMAHOH HU3MepbTe AJUHY KajK-
JOro 3BeHa, a 3aTeM CJ0XKUTe Ha BCcTpoeHHOM B «iHuByio reomer-
puw» raabpKyaaTope. s obocHOBAHWA KOPPEKTHOCTU NOCTPOEHUSA
BOCHOJIL3YUTECh CHMMETPHUEeil OTHOCHTEJIbHO CTOPOH KBajpara.

B npaBuabHBIHE BOCBMHUYTOJILHUK BIIMCAJH IIPAMOYTOJIBHHUK, Orpa-
HH‘IEHHbIﬁ JABYMSA nmapaJjjaelbHBIMH CTOpOHaAMH BOCBMHUYTOJNEHHM-
Ka. Kakyio gacTh IJIOIIAAW BOCBMHUYTOJIBHUKA 3aHHMAET IIPAMO-
yroasHuk? ITpoBepbTe pesynbTarT ¢ moMolnbo KoMmanja «Ilocrpoe-
HHe BHYTPEHHOCTH MHOTOYroJbHUKa» U «VlaMepeHme miomaau».
3arem mnomnpobyiiTe 00OCHOBATH OTBET, BOCHOJb30BABIIMCH CHUM-
MeTpHeil IpaBUJIBHOIO MHOTOYTOJBHUKA M PasiejliB MHOI'OYIOJb-
HUK HA HECKOJBbKO YacTei.
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§ 11. Xopabl, kacarensbHble, cekyume

Ilenp 9TO# IriaBbl — U3Y4YEHUE OCHOBHBIX CBOMCTB
OKDY’KHOCTH M Kpyra. Mbl BeiBeseM (OpMYay IJIu-
HBI OKDYJKHOCTH M ILTOoIiagu Kpyra. HJIHMHBI M ILIO-
miagy KPUBOJHMHEHHBIX (DUIYDP BBIYMCISAIOT, TTPUOIII-
skaf (ANIPOKCHUMHUDPYA) MX NPAMOJIHMHEHHBIMH (ury-
pamu. Popmynasl AAA LIUHLL OKDPYMKHOCTH H
IIOIIAAM KPyra II0JAy4YaioT, NpHOImKasa Kpyr Ipa-
BHJIBHBIMHM MHOroyronbHuxamu. Iloaromy B raase III
6yIyT pPacCMOTPEHBI M MHOTOYIOJbHUKH, CBSI3aHHBIE
C OKPYKHOCTBI0O M KPYroM (He TOJBKO IpaBHJILHEIE).

11.1. Co¥icTBa XO0pA

HamoMHHM, 4TO OKPYXHOCTb HTpoMm O wun
paauycom R HaseiBaeTca urypa, KoTopas COCTO-
HT U3 BCEX TOYEK IIJIOCKOCTH, YAAJEHHBIX OT TOYKH
O Ha paccrosinue R (puc. 168).

OTpes3oK, KOHIBI KOTOPOTO JIEKAT HA OKPYIKHOC-
TH, HABLIBAETCHA €€ XOPAOW, a Xop/Ja, NPoOXoAAllasa ue-
pe3 IeHTP OKPYKHOCTH, — 5TO €€ Anamerp (cM. pHc.
168). IlepeuncauM HECKOJBKO CBOMCTB XOpHA, O0BEIU-
Hssl BMeCTe IIapbl B3AHMHO OGDPATHBIX YTBEDPXKIEHUH.

CBOWCTBO 1 [ImaMeTp NepHeHAMKYJIAPeH XOpae, He
ABJIAIOMEHCA AUAMETPOM, TOTJa M TOJBKO TOTJa,
KOrxa OH NMpPOXOJHUT 4Yepe3 cepeauHy XOPpObl.

HokazareascrBo. O Ilyers aguamerp MN OK-
PyHOocTH ¢ umenrpom O mpoxomut yepes cepeauny C
Xopasr AB (puc. 169). Torpa OC — menmaHa paBHO-
GeapenHoro TpeyronsEuka OAB. Tlosromy OC | AB,
T.e. MN 1 AB. ChopmyaupyiiTe u Zoraskure obpar-
HO€ yTBepyKIeHMe CaMOCTOATEeJIhHO. M

HE}JI‘[OMHHM, yTO paccrosinue or ToukH O A0
NpAMOH p, He NpoxoAALIeH Yeped TOuky O, maMeps-
eTCA AJMHON nepueHaukyasipa OA, onymieHHOrO U3
Touku O Ha npamyio p (puc. 170).

Puc. 170
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Puc. 171 Puc. 172

CBOWCTBO 2 Xopasl OAHONW OKPY/KHOCTHM PaBHBI TOr- &
/Ia M TOJBKO TOTIJIa, KOIJa OHH PABHOYIAJEHBI OT eé
HeHTpa.
HoxaszarenscrBo. Ilycts AB u CD — nBe Xop-
ABI OKpPY:XHOCTH ¢ neHrpom O, a Touku M u P —
ux cepenuubl. Ilo cBoiictBy 1 TpeyroapHuku OAM
u OCP npsMoyroJibHbIE,
1) Torna ecau AB=CD, T0 AM=CP
(puc. 171, a). B Tpeyronsaukax OAM u OCP pas-
HBl TUOOTEHY3bl (KaK pajuychl), & TaKKe KaTeThl g
AM un CP. CnengosatenpHo, ANOAM = AOCP, a no-
Tomy OM = OP.

2) Ilyers OM = OP (puc. 171, 6). Torga cHOBa
AOAM = AOCP (no xkarery U runorenyse). Iloato-
My AM = CP. AHajlorsyHO JOKA3LIBaeTCH, YUTO

PD = MB. Iloaromy AB= CD. &

YroJji, BepmIMHA KOTOPOTO JIEXKHT B IEeHTpe
OKPYKHOCTH, HAZLIBAETCA €€ LEeHTpanbHbIM_ yr-
nom (puc. 172). Kaxknaa mapa pagWycoB 3aJaéT B
Kpyre ABa LEHTPANLHBLIX YyIVia, HOIOJIHAIOIIAX IPYT
Ipyra Ao MOJHOTO yrja, T.e. go 360°.

O xoppe, COeIUMHAIONMEN KOHIILI NYI'¥, MOBOPAT, YTO OHA CTATHBAET
9Ty AYTY, & TAKKe IEHTPAJIBLHBLIA YroJ, COOTBETCTBYIOIIMN 2TOU Ayre.
B cnemyomeM CBOMCTBe pedb MAET O EHTPAJbHBIX yrjax, He OOJIbIINX
180°.

CBOWCTBO 3 XopAsbl JaHHOH OKPYKHOCTH PaBHBI TOIJa H TOJIBKO TOr-
JIa, KOrga OHH CTArHBalOT PaBHbIe ILIeHTPAJbHBIE YIJIbI,

CaoiicTBO 3 HellOCPEACTBEHHO BRITEKAET U3 PABEHCTBA paBHOOempeH-
HBIX TPEYrOJbHHKOB, OCHOBAHHUSAMH KOTODPBIX ABIAITCA paccMaTpUBae-
MbIe XOpABI, a G0KOBBEIMH CTOPOHAMM — paHyChl, IIPOBEeJEéHHBIE B KOH-
el xopx (puc. 173, a, 6).

Mgp!I roBOpMM, 4YTO OTPe30K AB BuaeH mox yraom o us touxku O,
ecan LAOB= o.

Puc. 173
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Hcnoab3ysa 3TOT CIOBECHBIH 00OPOT, CBOMCTBO 3 MOMKHO CHOpMysn-
poBaTh TaK: XOPAbI JaHHOH OKPYKHOCTH PAaBHBLI TOrJla M TOJBKO TOIJa,
Koraa OHM BHIHBI M3 I[eHTPA OKPY/KHOCTH IO/ PABHBIMHM YIJIAMH.

ITopymaiiTe, KaK JOKa3aTh Takoe yTBePyKJeHHe: JBa CEKTOpa OJHO-
ro Kpyra paBHBI TOIJa U TOJBKO TOTJa, KOrJa paBHBI UX YIJIEL

€ Bonpocsl ANs CAMOKOHTpONS

1. Kakoil yron HasbiBaeTCA LEeHTpaNbHbIM YIIOM OKPYXHOCTK?

2. Kak npoxoguT cepeguHHblid nepneHavkynap Xopabl OKPYXHOCTU?
3. Kakve CBOICTBA paBHbIX XOp4, OOHON OKPYXHOCTWU Bbl y3Hanu?

4, Kakve npuaHakv pasBeHCTBa XOph, OOHON OKPYXHOCTWM Bbl y3Hann?

.................................... ”’f. SRR 1
Gt ST

@ AononHaem Teopuio

11.1. B kpyre nposegeHa xopga. Pacemorpum Takue BeJuuyuHb: R — pa-
JuyC Kpyra, d — [OJIMHA XOpAbl, A — paccTOAHHE OT LIEHTPa Kpy-
ra o XOpAbI, () — YroJi, IOJ KOTOPBIM XOpJAa BUJHA H3 IEHTpA.
a) ITycre usBectsl R u h. Kak mavitm d u ¢@? Beipasure ux uye-

pe3 R u h.
6) Bribepure s00bie ABe U3 9THUX BEJIHMYHUH M BHIPA3HTE UYeped HUX

OoCTaJIbHBIE.

O NMpeacrasnaem

11.2, HajizuTe MHOKECTBO CepeAHH XODPJ ZAHHON OKPYXHOCTH, HMEK-
IIUX AJUHY d.

11.3. Hauna npamasi. Haliijure MHOMXECTBO IEHTPOB OKPYIKHOCTEH pamu-
yca R, BhICEKAIOIIMX HA JAaHHON IIPAMOM XOpAY AJHUHEL d.

11.4. [Tan BeInyKJbIH yroa (He passépuyThiit). Ha Kakoil JUHHU pacmo-
JaraloTcd LEeHTPhl OKPY’KHOCTEH, BBICEKAIOIINX HA ero CTOpOHax
PaBHBIE XOpALI?

E[ Mnauupyem

11.5. [Ise oKpy;KHOCTH HepeceKaloTCA B JBYX TOUKaX. Pajuychl OKpyIx-
HOCTell M pacCTOAHHE MeXKAY WX IeHTpaMu H3BecTHBI. Kax BbI-
YUCIUTH AJUHY HX o0mieit xopasi?

i Briyucnaem

11.6. B xpyre pagumycom 3 nposegeHa xopjaa. Ha KakoOM paccTOAHUH
OH& HaxoguTCsa OT HEeHTpa M I0J KAaKUM YIJIOM (p OHa BHAHA U3
LleHTpa, ecau AJMHA XOpAbl paBHa: a) 1; 6) 2; B) 3? Kak usmens-
IOTCA 9TH BEJIMYMHBI C yBeJHUeHHeM AJIUHBI XODJAbI?
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11.7. B xkpyre paguycom 1 mposeneHa xopza. KakoBa eé miuma m pac-
CTOsAHME OT IEeHTpa, €CJu OHAa BHUAHA M3 HEeHTPa MmOoJ YIrJOM:
a) 30°; 6) 45°; B) 60°; r) 90°; m) 120° e) 135°; x) 150°?

11.8. Ilycrs AB — xopza OKpy:XHOCTH paguycom 2 ¢ uentTpom O,
a X — paccTofAHMe OT HeHTpa A0 XOpAbl. BrIpasure miomazns
tpeyroisHuKa OAB kak dyuknuio f(x). Beruucaure smauenme
f(x) upu x= 1.

OuenunBaem

11.9. KakxoB HeHTpaJdbHBI! YroJ B Kpyre paadycoM 1, ecium CTATHBAaO-
mias ero xopzga: a) mesmie 1; 6) 6osabimre 1; B) Mensie 0,017

(D AokasbiBaem

11.10. 3 ToykM A HAHHON OKDPYXHOCTHM NPOBEJEHLI ABE PaBHBIE XOP-
ael AB u AC. Hokakure, 4to xopjga BC nepneHAWKYyJIApHA AuAa-
MeTpY, BBIXOAAIIEMY M3 TOUYKH A.

Mpumensem reometTpuio

11.11. Ha zeMJye mo OKPY3XHOCTH pPACCTABJAIOT CTOJOBI HA PaBHBIX
paccTossHMAX APYr oT aApyra. MaBecTHBI pajguMyc Kpyra u pac-
CTOSAHHUA MEMXIY COCeAHHMH cToabaMu. Kak BEIYMCINATHL PaccTo-
AHUA MeXXIy cToabaMy, MAVIIMMH Yeped OOUH? MeXAy J06EI-
Mu cronbamu?

11.2. Kacague npsaMOi M OKPY/KHOCTH.
BaauMHoOe pacnojioskeHue NMpAMONH M OKPYKHOCTH

O npamoii u OKpYHCHOCMU HA TIJIOCKOCTH, MMEIOIUX
edurncmeenHyi0 O6IIYI0O TOYKY, TOBOPAT, YTO OHHU Ka-
cawoTca aApyr agpyra (puc. 174), a npamas B 3TOM
c/lyyae HASLIBAETCA KACATENbHOW K OKPYXHOC-
TU (a Tak)Ke KacarenbHOW K KpPYry, OorpaHU4YeH-

HOMY 39TOH OKpYyKHOCTBIO). OOimiasa Todyka Kacaro-
IUXCA MPAMOM M OKPYKHOCTH (Kpyra) HasblBaeTCs
UX TOYKOW KacaHuAg.
XapaKkTepHBEIM CBOMCTBOM KAacCaTEJLHOM K OKPYK-
HOCTH ABJIAETCH €€ MEePIeHIUKYJIAPHOCTh K Paguycy,
IIPOBEAEHHOMY B TOUKY KacaHusa. O6 aTOM M TOBODHT-
cA B CJEAYIOLIEH TeopeMe: Puc. 174

(o kacameavHoil k¥ oxpyxcrnocmu). 1) Ecau npamas ka-
caeTcd OKPYKHOCTH, TO OHA INEPIEHIMKYJIApPHA PAagUYCy, NPOBENEHHO-
My B TOYKY Kacauus (cBOMCTBO KacareibHoit). 2) Ilpamasn, npoxonsas
Yyepe3 TOYKY OKPYKHOCTH M NEePINEeHIUKYIAPHAsA eé paguycy, NpoBeaeH-
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HOMY B 3Ty TOYKY, KAcaercs OKPYMKHOCTH (IIPH3HAK
KacaTeJbHOM).

Kopoue MOMKHO CKa3aTh TaK: npamas, npoxo-
dawas vepe3 MOYKY OKPYMIHOCMU, KAcAemcs OK-
pyxcHocmu mozda u moavko mozda, xKozda ona
nepnenOuUKyaAPHA paduycy OKPYICHOCMU, NpPoGe-
OéHHOMY 8 MYy MOUKY.

HMoxasareascTBo. 1) Cgoiicmeo rkacamenvhoil.
IIycrs mpsiMas p Kacaercsl OKpyXHoctH F B Heko-
TOpO# TOuKe A, T.e. A — HUX eIUHCTBeHHasA 001IaA
rouka. IIpoBeném panguyc OA B Touky A. lonycrum,
yro OA He mHepneHAUKYJApPeH mnpamoi p. Omnycrum
rorga u3 Todkd O Ha OPAMYI0 P TEPHeHAUKYJIAD
OC (puc. 175). OrnosxkuMm Ha Jyde OpAMOH p, HO-
nonHuTenbHOM K ayuy CA, orpesok CB=CA u
nocrpouM TpeyroabHUK OBC (cm. puc. 175). Ilpa-
MoyronbHble TpeyroasHukn OAC u OBC paBHH (11O
aByMm Karteram). Iloatomy OB = OA. 3HauuT, TOUYKA
B nexur Ha OKpysKHOCTH F, a Torga mpaMas p H
okpysxHOCTh F umeror aBe obuiue Touku A u B. Ilo-
gdyuany nporuBopeune. HMrak, paguyc OA nepreH-
AUKYJApPEeH K KacaTeJbHOH p.

2) ITpusnax xacamenvroll. BoasMéM n100yi0
TOYKY A OoKpy»XHocTH F, mposemém paauyc OA
M IOCTPOMM IPAMYIO P 4Yepe3 TOUKY A, mepmneHIu-
Kyaapuyo paguycy OA (puc. 176). Jlobas Touka
X 1upaMoii p, OTIMYHAA OT TOYKH A, ygajleHa OT
nenrpa O pansmie uem Ha paguyc OA. Iloaromy
Touka X He JIeKHUT Ha OKpy:XHoctm F. 3Hauwr,
OKPY2KHOCTH F ¥ mpaAMas p UMEKT JUIIEL OgHY 06-
Iy TOYKY A, T.e. OHM KacalTcs B 9TOH Touke. M

JloxazaTenbCTBO HMpHU3HAKA KacaTelbHOH yKa-
3BIBAET, KAK NOCTPOHTh KAacaTeJbHYI0 IPAMYIO K
HEKOTOpO#l OKpyKHocTH F B 3aJjaHHOW TOYKe A
9TOH OKDPYKHOCTH: Haio Iposectu pazuyc OA, a
3aTeM 4yepe3 TOYKY A HNPOBECTH NPAMYIO p, MEpIeH-
AAKYIApHYI0 npamoit OA.

Teneps yn06HO NHEpPeYHCIUTH BCE BO3MOXMKHBIE
CJly4Yaum B3aMMHOI'O pACIOJIOMKEHUA IIPpAMOH ™
OKPYMHOCTH (B 3aBHCHMOCTHM OT PACCTOAHHUA OT
LEHTPa OKPY!KHOCTH AO HPAMOIL).

1) Ecain paccrosiHHe OT IeHTpa OKPYIKHOCTH JO
NpAMOi Gosbile paguyca, TO NPAMAs U OKPYHK-
HOCTE He uMmeroT O6mUX TOouek (puc. 177, a).

2) Ecnu paccrosinme OT mEHTPa OKPYIKHOCTH KO
IPAMON DaBHO pafUyCcy OKPYKHOCTH, TO NpAMas
Kacaercs okpysxkHocTu (pme. 177, 6).

e
O

7 A C B

Puc. 175

8

i~

X A
Puc. 176

-] = o
) )
<’ | : : |

Puc. 177
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3) Ecin paccrosiHMe OT IeHTpPa OKPYKHOCTH A0 IPAMOI MeHbIe pa-
ANyCa OKDPYIKHOCTH, TO IpAMAas lepeceKaeT OKPYXXHOCTH DOBHO B JBYX
roukax (puc. 177, B).

ITocTpoeHre 3THX TOYeK NepecedeHUs NPAMON M OKPYKHOCTH
(akTUUecKu OBLIO IPOBEAEHO IPU JOKA3ATENIbCTBE CBOMCTBA KacaTelb-
soit. ITogymaiiTe, noyemy ux He MoKeT OBITH OOJbIIE ABYX.

i8] Bonpochl ans camokoHTpons

1. OT Yero 3aBMCUT B3aWMHOE PAaCMONOXEHWe NPAMOIA U OKPYXHOCTU?

2. MNepeyncnuTte cny4am B3auMMHOrO PACMONIOXEHUS NPAMOIA W OKPYXHOCTU U
coenaiTte pUCYHKU. ‘

3. Kakylo npsiMylo Ha3bIBAIOT KacaTenbHON K OKPYXHOCTU?

4. ChopMynupyinte CBOMCTBO NMPAMOW, KacaTeNbHOW K OKPYXHOCTU.

ELY-LXTH

A Pazbupaemcs B pelueHUM

11.12. Yepes AaHHYIO TOUKY OJIOCKOCTH IPOBECTH
NpAMYIO, Kacalllnylocsa AaHHON OKPYKHOCTH.
Pemenue. IlycTh 3amadbl TOuka A M OKDPYK-
HOCTE F ¢ meHTpoMm B Touke O u panmycom r. Pemre-
HUe 5TOM 3a7a4Yd HA [IOCTPOEHHE 3aBHCHUT OT IJIMHBI
orpesxka OA. BoaMOXKHEI TpH ciaydas.

1) OA < r (puc. 178). Torpa mwobas npamas, IpPoxXo- OA<r
AsIIas dyepes TOYKY A, Inepecekaer OKDPYIKHOCTH F
(rak Kak paccrofgHue OoT ToukH O no 060 Takroi
npsiMoii MeHsIne r). KacaredbHBEIX K OKpyXHOCTH F
cpeau 9TUX OPAMBIX Hem.

Puc. 178

2) OA = r (puc. 179). B atom cayuae Touka A JTeXKUT

Ha OKPYKHOCTH F M KacaTeJbHOH K 3TOH OKpY2KHOC-

TH ABJfeTCs NpsAMAas p, IpoxoadAinasa depes A nep-
neaaukynapHo npsamoir OA. Takasa npamasa edun- \
cmeeHHas. £

3) OA > r (puc. 180). Ecau npamas p, OpoxXoadAinas
uepe3 TOYKY A, Kacaercsi OKpy»KHocTH F B Touke B,
TO TpeyroiabHuK OAB NpsiMOYTOJBHBIN (IO CBOHCTBY »
KacaTeabHoit), IloaToMy HOCTpPOEHHE KacaTelbHOI OA=r
AB cBoauTCs K HOCTPOEHHUIO NPAMOYTOJBHOIO Tpe-

yronbHUKa OAB mo runoreHyde OA u xarery Puc. 179
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Puc. 180 Puc. 181 Puc. 182

OB = r. 3T0 HOCTpPO€HHE MOKHO BBINOJHUTH, IOCTPOHUB HAa
puamerpe OA okpy:kHOocTE G M npoBens eé xopawl OB=r
u OB, = r (puc. 181): monyuum 0eéa pelleHuA. ITH DPeIIeHUA

CHMMETPHUYHBI OTHOCHUTeNbHO npamoil OA.

@ AononHsem Teopuio
11.13. 3 Toukum A K OKPYXHOCTH C IeHTpoM O mIpoBeleHbl KacaTelb-

Hble AB 1 AC (touxku B u C — Touku KacaHusa). [Joxaxkure, 4TO
AB= AC.

POBOPHT, 4YTO OKPYXHOCTbL BNUWCaHa B Yyron, ecid OHa Ka-
caerca obeux CTOPOH 3TOro yrJa.

11.14. [Jokaxure, 4YTO MHOYKECTBOM IEHTPOB OKPYKHOCTEH, BIIMCAHHBIX

B JAHHBIN yroj, ABJAeTcA OMCCeKTpHUCA 3TOro yrjia (McKiIouas
BEpPIIMHY yria).

PaccrosHune mex ByMmS r MU — 9TO AJIHHA CaMoO-
ro KOPOTKOro (KpaTuaiiniero) oTrpesxa, COeSUHSAIONIIEr0 TOYKH
aTux ¢uryp (puc. 182).

E] Mnanupyem

11.15. Kak HaliTH Ha IUIOCKOCTH DPACCTOSIHHME: a) OT TOUKM /0 OKPYIK-

7

HOCTH; ©) MeXKAY NPAMOIl M OKPY’KHOCTBIO, HE HMEIOIIUMH 006-
IIUX TOoYeK? .

Boiuucnaem

11.16. K oxpyxxuoctn F ¢ menTpom O uepes eé Touky C mpoBead Ka-

caTeJqbHy10 npaMmyr. Ha aroit npamoii B3anu Ttouky A. Haigure
paxauyc oxpysxkHoctu F, ecniu OA=c n AC = a.
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11.17. B okpyxHOCTH ¢ nenrpom O mposenu xopay AB. U3secTHO, UTO
£ AOB = ¢. Haligure yriel Me:Ay Xopaoit AB u racaTelbHBIMHU
K OKPY>XHOCTH, IIPDOBEJEHHBLIMH depe3 TOYKH A u B,

11.18. B kpyre paagumycom R mpoBeieHa Xopja IJHMHBI @ M mapaJijieib-
HBle eil KacaTenbHBIe K Kpyry npaMble. Halinure paccrogHma or
XOpABl A0 KacaTelbHBIX.

(!) AokassiBaem

11.19. JokaxxuTe, 4YTO KacaTeJbHble IPAMBIE, IIPOBEJEHHBIE ue-
Pe3 KOHIBl JHaMeTpa OKPYKHOCTH K 3TOH OKPYKHOCTH, HapaJ-
JeJBHBI.

11.20. IIpamas a Kacaercs ABYX OKpy:KHocTeit B Toukax A u B. [lo-
Ka)XHTe, YTO MX pajHyChl, NPOBEeAEHHBIE B OTH TOYKH, IIapas-
JIeIBHBI.

O NMpeacraenasem

11.21. Ha nnockoctu 4yepe3 GUKCHPOBAHHYIO TOYKY HEKOTOPOM IIps-
MOl IPOBOAATCS BCEBO3MOMKHBIE OKDYMXHOCTH, KacalolluecHd
aroii npamoii. Kaxkyio ¢Gurypy samoiHAT LMEHTPEI 3THX OKPYIK-
HOCTein?

11.22. Kaxyo (urypy 3amoJHAT IEHTPLl OKDPYMXHOCTEH, Kacaloliuecs
ABYX MapalIelbHbIX HPAMBIX?

11.23. Yepes BCEBO3MOYKHBIE TOYKH HEKOTOPOM OKPYKHOCTH HPOBOAAT
KacaTeJbHbIE MPAMBIE K 9TOM OKpyKHocTH. Kakywo durypy sa-
TOJHAT 3TH NpAMbIe?

@ Mccnepyem

11.24. 3 TouKH A TOpoOBeJeHBl K OKPYXHOCTH paaumycoM R ¢ LeHTPOM
O nBe kKacarenbHble AB m AC (B u C — TOYKHM KacaHuHd).
OGosnauum / BAC uepe3 ¢. a) Kak, 3maas R u AO, HaiiTn ¢ u
BC? 6) Kak, sHas ¢ u AO, Haitu R? B) Ilyere AO BoO3pacTaer,
R mocrosmao. Kak mamenserca ¢? r) Ilycts R pacrér, AO mno-
croanHo. Kak usamensierca ¢?

Crpoum

11.25. Bayrpu yraa 3agaHa Touka. IlocTpoliTe OKPYXHOCTB, Kacalo-
IIYIOCA CTOPOH YIVIa Y HNPOXOAALIYIO Yepe3 JaHHYIO TOUYKY.

11.3. 'paaycuas mMepa JYIM OKPYKHOCTH

C rpagycHelM u3MepeHHeM AYT BhI 3HAKOMBI, HaIpHMep, U3 reorpa-
¢dbun U sHaeTe, YTO 3HAYHUT, YTO TOYKA Ha 3eMJe HMeeT TaKue Koop-
auHaTel: 60° cesepHoil mupoTsl m 30° BOCTOYHOM moOJroThl. B reo-
MeTpHH rpafycHoe M3MepeHUe Oyr BBOAWMTCA TAK. Mesxkay ayramu HaH-
HOM OKDPYHOCTH M €eé IEeHTPAJbHBIMH YIJaMH YCTAHABJIMWBAETCH TaK
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HaghbIBAEMOe B3aMMHO OJHO3HAYHOE COOTBETCTBHE:
KajKAOMY ILIeHTpPaJbHOMY YIVIy COOTBETCTBYET Ta AY-

ra, KOTOPYIO 3TOT yIOJ «BBICEKAeT» M3 OKPYIKHOCTH

(puc. 183), u HAOOOPOT.

FpapycHaa Mmepa AYrU OKPY’KHOCTH OIpe-
nendeTcs KAk rpagycHasd Mepa IeHTPAJbHOIO yr-
71a, KOTOPBIM COOTBETCTBYeT aToi ayre. UerBeprh
OKPY’KHOCTH HMeeT rpaaycuyio mepy 90°, mosyox-
pykHOCTH — 180°, a Bca okpyxHOCTE — 360°. Ec-
au nyra AB mMmeer rpafycHymo mepy o°, To numyr: Puc. 183
vAB= o’

IIBe Oyr® OZHOMH OKPYXXHOCTH PAaBHBI, €CIM WX IpagyCHBIE MePBI
paBHBI: TAKHe AYr¥, OYEBHIHO, MOXKHO COBMECTHTHL IIOBOpOTOM. fIicHO,
UTO paBHBI TaKKe [Be AYr¥, MMEIIIHe paBHBIE I'paJyCHbIE Mepbl Ha
OKPY’KHOCTAX C PABHBIMHM DafUyCAMH, HO €CJM PagUyChl OKDPYYKHOCTEMH
He paBHBI, TO PaBHBIMH HX Ayru He GymayT.

© Bonpock ans camokoHTpons g

1. Kak BBOAAT rpagycHyio Mepy Ayrn?
2. KakoBbl rpagycHbie Mepbl OBYX PaBHbIX AYyr OOHOW OKPYXHOCTU?

ELY:YXT]

D Mpeacrasnaem

11.26. Ha ayru Kakux rpajiyCHbBIX Mep pasOHTBI: a) Kpyrible mudep-
O6saTel yacoB; 0) xomnac? IlpuBenure caMu aHAJOTHMYHBIE IIPH-
MeDpHI.

11.27. I3 TOYKM NpOBOAATCSH JBe KacaTelbHble K OKPYXXHOCTH. O6B-
fACHUTe, IIOYEeMY IOPH YyAAJeHUH TOYKHU OT OKPYHHOCTH TI'pajyc-
HaA Mepa Onuskaiieil K aToH TOUKe AYIH OKPYMKHOCTH MEKAY
TOYKAMHU KACAHMUA YBEJIMYHUBAETCH. :

==| Bbiuumcnsem

11.28, Orpesxu CA u CB KacaloTcsi HEKOTOPOH OKPYIKHOCTH B TOYKaX
A u B. Haiiaure rpanyceyio mepy ayru AB, ecim £ ACB = ¢.

11.29. B yrox ¢ BIHCaHA OKPYXHOCTh, T.e. OHa KacaeTcda CTOPOH
yria. Kakoso oTHOmeHMe rpagyCcHBIX Mep AYT 3TOil OKpYKHOC-
TH C KOHIaMHM B ToYykKax kKacanua? Kak uaMeHsercsa 2To OT-

HOIléti’Hne npu uaMeHeHuu yrya ¢? Ilpm Kakom yrie ¢ oHO paB-
HO 2%
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@ AokassiBaem

11.30. Tokaxkure, 4TO y OAHOTO M TOTO >Xe KPyra paBHBHI ABe AYrH, 3a-
KJIIOYEHHBIE MEMXIy: a) ABYMSA IapaslielbHBIMU Xxopaamu; 6) Ka-

caTeIbpHOH M IapaJjiesibHON eil XOpIOH.

@ Uccnepyem

11.31. Yace! nokassiBaioT poBHo 3 u. KaxoBa rpagycHas Mepa Ayru, Ko-
TOPYIO NPONAET KOHeI, MHUHYTHOH CTDEJKHM 3a TO BpeMs, Korjaa

OHA HATOHHUT YACOBYIO?

11.4. Hamepenue BOHCAHHBIX YIJIOB

¥Yron, BepImIMHA KOTOPOro JIEXKHT HaA OKPYXKHOC-
TH, & CTOPOHBI IIepeceKaloT OKPYXXHOCTb, HAa3bI-
BaeTcHa yrn BNMCAaHHbIM B

(puc. 184). MoxxHO ckasaTh M Tak: YraAOM, Bnu-
CaHHbIM B OKPYXHOCTb, Ha3blBAeTCA YIOJ MEJ-
Oy ABYMA XOPAaMH OKPYXXHOCTH, HMEIOIIUMH 06-
mui xoHen (puc. 185). I'oBopaAT, UTO BOUCAHHBIN

yron onvMpaeTcsa Ha AYry, KOTopasa JeXHT MeX-

Ay ero CTopoHaMH.

U] (06 usmepenuu enucannozo yzaa).

¥roy, BOMCAHHBINH B OKPYMKHOCTH, M3MepsAeTcH IIO-
JIOBHHOM IYTH, HAa KOTOPYIO OH ONMpaeTrcd.

NMoxkazareanscrBo. Ilycts yron ABC BnucaH B
OKPYHOCTB, T. €. BA 1 BC — XOopAbl OKPY’XHOCTH.
Bo3MOKHBI TPH CIy4asd — OHM HU300pa’keHbl HA PHU-
cyHke 186, a—B.

B mepBoM cjaydae ILIEHTD OKDPY»XHOCTH — TOYKa
O — JneXuT HA OFHOI u3 cTOpoH yria ABC, Hanpu-

Puc. 186

Puc. 184

Puc. 185

a B 6 B B B
0 A
A
C X c
C
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Puc. 187 Puc. 188 Puc. 189

mep Ha cropoHe BC (cm. pmc. 186, a). IIposeném
rorpa paguyc OA (puc. 187).

ITonyuum paBHOOenpeHHBIH TpeyroabHHUK OAB,
B KoTopoMm £ A= /B. Tak rak £ AOC BHemIHUN AidA
rpeyroabHuka OAB, to LAOC= LA+ £B= 2/B.

CrnenoBarensHo, /B = %AAOC. Ho meHTpaabHBIA

yron AOC usmepsierca ayroii AC. 3HayuT, ero mo-
JIOBUHA — yroj B — wmamepsiercsa HOJOBUHOM AYI'u
AC. [Ina mepBOro ciydyas TeopeMa JOKasaHa.

Bo BTOpoM cayuae umedHTp O JIe€XUT BHYTPH yI-
na ABC (cMm. puc. 186, 6). Torga npoeesém nuamerp Puc. 190
BM u pasobsém yroa ABC uHa aBa yriaa: LABM u
£LMBC (puc. 188). Kak yxxe nmoxasaHo, yron ABM
uaMmepsercs moaoBuHoi ayru AM, a yron MBC us-
Mep#eTcAa NOJOBHUHOH ayru MC, Ha KOTOpble OHH
onupatoresa. Ilosromy yron ABC — cymMMa YIJIOB
ABM u MBC — wusmepdeTcA IMOJYCYyMMOH BTHUX
Ayr, T.e. mojxoBuHON ayru AMC. M1 gns BTOpPOro
caydad TeopeMa AOKasaHa.

B Tperbem cayuae meHTp O JIeKHT BHe yrJja
ABC (cm. puc, 186, B). CHOBa NpOBOAMM AHAMETD
BM (puc. 189). B srom cayuae yron ABC — »3T0
Pa3HOCTh IOJYYMBIIMXCS BIMCAHHBIX YIJOB, pac-
CMOTPEHHBIX BO BTOPOM ciayd4ae, 3aBepiiure camo- Puc. 191
CTOATENBHO AOKA3aTeJIbCTBO AJIA 3TOro ciaydasi. W

0

¢

CNEACTBME 1 BnucaHHBIE yriibl, ONMPAIOIHECHd HA ONHY M Ty ke IYyTY,
PaBHBI (puc. 190).

EJNEJICII;#;I)E 2 BnucasHbIi yroji, ONMpamIIHiicA HA IHAMETD, NPAMOM
puc. i

HApyrumu ciosaMu, TpeyroJbHHK, Y KOTOPOTO ABE BEPIIMHBI ABJIA-
I0OTCA KOHLIAMH JuaMeTpa OKPYXHOCTH, & TPEThS BePIIMHA TOMKE JIEXKHUT
Ha OKPYXHOCTH, IPAMOYTOJBHBIH.
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1. HYeM v“3MepsieTcs BnucaHHbIA yron?
2. Ha nnockocTn paccmaTtpuealoTcsi BCEBO3MOXHbIE NMPSMOYIONbHLIE TPeYrofb-
HUKK, TUNOTEHY30W KOTOpLIX ABNSIETCA AaHHbIA OTpesok. Mae nexart wux sep-
LUMHBI?

T S ]

@ fAononHsem Teopuio
11.32. [loxakure, 94TO yros MexKAy XOPAOM OKpYyIK-
HOCTH H e€ KacaTeJibHOH H3MepAeTcA II0JIO-
BHUHOH Ayrm, crsaruBaeMoil aToH Xopnaoit
(puc. 192).
@ CmoTtpum
11.33. Ykakure paBHBIe yIribl Ha pucyHke 193. A
Haiigute momo0HbIe TPEYrOJbHUKKM HA 3TOM :

PHCYHKe. Puc. 192

Puc. 193 AB — kacameavHaa

Boluncnasem

11.34. HajiguTe BeIWYHUHBI YII0B, 0003HAYEHHBIX OYKBOM X Ha pUCYH-
Ke 194,

11.35. Hajigure BeIHUYHUHBl YIJIOB, 0003HAaueHHBIX OYKBO# y Ha puCyH-
xe 195.

11.36. Toukn A, B, C, Jexamniue Ha OKPY’KHOCTH, pazbuBaioT eé HA AY-
r'm, rpajgycHble Mepbl KOTODBIX OTHOCATCA Kak 3:4:5. Haiigure
yrusl TpeyroasHuka ABC.
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Puc. 194

11.37.

11.38.

11.39.

JlaHBl OKPY’KHOCThE paguycoM 2 M Ha He# Touka B. Yemy paBHa
anuHa xopasl AC aroit okpysHOCTHM, echu yron ABC paseH:
a) 30°; ©) 45°; B) 60° r) 90°; nx) 120°7

OueHusaem

HdaHbsl OKPYKHOCTE paauycoM 2 u Ha Hed Touxa B. Kakosa miu-
Ha xopasl AC, ecau yron ABC: a) mensmie 30°; 6) Gonbme 45°;
B) mensmre 120°; r) 6onbiae 135°7

Adoka3biBaem

Tnaga na pucysoxk 195 m BcomunHas peuieHue 3azaum 11.35,
chopMynIHupyiTE U NOKAXKHUTE CJHEAYIOU[Ue TeOpeMBbI:

a) o6 m3MepeHHH yrja, BepUIMHA KOTOPOro JIEKUT BHYTDH KpPyra
(cMm. puc. 195, B);

6) o6 M3MepeHHM yrJia, BepIlMHA KOTOPOTrO JEXHUT BHE Kpyra,
a4 CTOPOHEI IIepPeceKkalT OKPY’KHOCTh Kpyra (cM. puc. 195, a u 6);

B) 00 u3MepeHUM yria, OJHa CTOPOHA KOTOPOTO KACaeTCsH OKPYIK-
HOCTH, a Jpyrad — IepeceKaer OKPYKHOCThk (cM. puc. 195, r);

r) 06 uamMepeHun yria, ob6e CTOPOHBEI KOTOPOTO KACAKTCA OKPYIK-
HOCcTH (CcM. pume. 195, x).
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AB — kacameavHas AB u AC — kacamenbvHbie

Puc. 195

@ Uccnepyem

11.40. BepHOo /M yTBep:KIEeHHE: €CJH M3 TOYKM Ha OKPYKHOCTH ABe eé
XOp/Abl BUAHBI O/ PABHBIMH YIJIAMH, TO 3TH XOpAbl paBHbI? Bep-
HO JU 0OpATHOE yTBepKAeHue?

11.41. Bepro su, uTo GOabIuas XOpja OKPYKHOCTH W3 HAHHONH TOYKM

Ha 9TOM OKPYYKHOCTH BHAHA noj 60abmum yriaom? BepHo au 06-
paTHOe yTBepAeHue?

11.5. IlpousBeleHUA OTPE3KOB XOP/
M CeKyIuxX

Bee TPH TeopeMBl, HJOKAa3aHHbIE B 3TOM IIyHKTe, ABJAIOTCA CJIeACTBHI-
MH TeopeM O IIO,I(OGHK TPEYroJbHUKOB M TeOpeMBL 00 H3MEepPeHNH BIIH-
CaHHOI'o yruJia.

(o npoussederuu ompesrxoe xopd). Ecim nBe xopas: A B
u CD opmHO# OKpYKHOCTM Nepecekarorca B Touxke M (puc. 196, a), To
AM MB =CM MD.

NoxaszarenscTBo. IIpoBeném xopasr AC u BD (puc. 196, 6). IToxy-
yum nsa TpeyronbEuka CAM m BDM. Ouu nofo0HBI, TAK KaK B HHX
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Puc.

B B
C (i
A D A D
Puc. 196

COOTBETCTBEHHO PaBHBI yrael: LA = /D (kak onupa-
omuecss Ha ogHy u Ty e ayry BC) m LC= /B
(kax ommpalmIHecs Ha OJHY M Ty ke ayry AD).
IMosromy AM:MD = CM:MB. U3 aToil nponopuuu
u craepyer, uro AM-MB=CM-MD. m

HWHuTepecHO, 4TO paBeHCTBO, AOKa3aHHOE B TeO-
peMe O IIPOU3BEIeHUH OTPE3KOB XOpH, OyaeT BepHBLIM
B IJA ABYX CEKYILIMX OJHON OKDPYKHOCTU. A cCeKy-
men a8 OKPYXHOCTHU HasblBaeTcsa JydY ¢ Ha4YaJioM
B HEKOTOPOH TOUYKe, B3ATOH BHE OTPAHUYEHHOIO e
Kpyra, KOTOPBIH IlepeceKaeT JAaHHYI0 OKPYHHOCTb
(puc. 197).

U] (0 npouseedenuu ompeswos cery-

wux). Ecim u3 Toukm M BHe OKPYKHOCTHM IIpOBe-
JAeHBbl JBe CeKyllHe, OJHA H3 KOTOPBIX IlepeceKaer
OKPY’KHOCTHh B TOuKax A u B, a gpyrag — B TO4-
kax C u D, To AM-MB =CM-MD.

HoxkazarensctBo. MOXHO cuuTaTh, 4TO TOYKA A
JeXHUT Ha oTpe3dke MB, a toyka C JIeXXHT Ha OT-
pesxke MD (puc. 198). Ilposeném xopasi BC u AD
(cm. puc. 198). Tpeyroasauku MBC u MDA no-
JOOHBI: y HHUX yroa M oO0imuii, a BOMCAHHEBIE YIJIBI
ABC u ADC paBHBI KAk ONHMpAIONIMECHs HA OAHY
1 Ty e ayry AC. 3anucaB IIPONOPIMOHAJIBHOCTH
HX CTOPOH, KakKk M IIPH AOKas3aTeJbCTBE Ipeabiay-
el TeopeMbl, NPHUXOJAUM K paBeHCTBY AM - -MB =
=CM-MD. m

IIpeacraBum cebe, uro cexkymuit nyau MC, Bpa-
asgch BOKPYr Toukm M, 3aiiMET IOJOMKeHHe Jayda,
Kacamwlleroca OKpy»xHocTu B Touke K (pumc. 199).
Torpma okamercs, uro touku C u D coBmagyr,
nonyuyum, 4ro CM = MD= MK. U wu3 paseH-

197

Puc. 198

Puc. 199
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crBa AM-MB=CM-MD noay4um paBeHCTBO M
AM-MB= MK o4
CchopMyIHPOBATH 3TO PABEHCTBO MOXKHO TaK:

(0o xkeadpame racameanvroil). Ksan-
par orpeska kacateabHoit MK, npoBenénHoii us tou- B
kM M BHe OKPYXKHOCTH, 10 TOoukM KacaHus K pasen K
NPOM3BEIEHHIO OTpe3Ka cerkymeir MB OKPYKHOCTH
HA BHEIIHIOKW YacTh MA sroii cexkymei (puc. 200),

JlokasaThe BTy TeopeMy MOXXHO TaKKe pPaccMoT- Puc. 200

peB aBa mojo0HBIX Tpeyroapauxka MBK u MAK.
CpenaiiTe aTO CaAaMOCTOSTEJBLHO.

© Bonpocs ans camokonTpons

1. Y10 Ha3biBaeTCA Cekyllei AaHHOW OKPYXHOCTU?

2. Yto obuwero B hopMynupoBKax W O0ka3aTenbCcTBax TEOPEM 0O MPOW3BEAEHU-
SIX OTPE3KOB XOp4, U OTPE3KOB CeKyLUmMx?

3. Kak 13 Teopembl 0 NMPOU3BEAEHUN OTPE3KOB CEKYLUMX MONy4YuTb TEOpeMy o
KBagpaTte kacaTenbHon?

ELYLXT]
3

| BbluMcnaem

11.42. Ha pucynxe 201 msoOpakeHa HONYOKPYXHOCTH C AUAMET-
pom AB. Hailigure x.

a

A9D 9x D4x B
A1D AxD

Puc. 201
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11.43.

11.44.

11.45.

11.46.

11.47.

11.48.

11.49.

11.50.

11.51.

""‘I
=1

11.52.

Paccrosauue or Touku M BHYTPHM Kpyra paguyca R 0 ero IesHrT-
pa paBHO a. Haiinure, yeMy paBHO NPOM3BEJeHNE OTPE3KOB XODA
BTOTO Kpyra, IMPOXOAANINX deped TOUuKy M.

Paccroanue ot TOUKH M BHe Kpyra paguyca R J0 ero ImeHTpa
paBHO a. HaiiauTe, yeMy pDaBHO IIPDOM3BEJieHUE OTPE3KOB CeKYy-
X 2TOTO0 KPyra, UAYIOUX U3 Touku M.

Xopna AB, npoxoasamasa dyepe3 TOUKy M HEKOTOpPOro Kpyra, Io-
BepHYJIACh BOKDPYI TOYKH M Tak, UTO OTPe30K AM yBeawdmics
B 2,5 pasa. Kak mamenumncs orpesoxk BM?

Cexymias, uayimasa u3 Touku M M Iepecexaroniasd OKPYKHOCTE
B TOYKax A u B, moepHyJiach BOKpPYr Touku M Tak, 4uTo eé
BHEIIHUM 0Tpe3oKk AM ymenbumiunicsa B 3 pasza. Kak unameHHICA
orpe3ox BM?

W3 Touku M npoBeleHbl K OOHOHN OKPYKHOCTH KacarenbHasa MC
(C — Touka KacaHHs) M CeKyllias, Iepecexkalonas OKPYXHOCTh
B Toukax A u B (B nexur Ha MA). Haiigure MA u MC, eciau
MA+ MC = 30 u MB ua 4 mensme MC.

Mnauupyem

Kax mOCTPOUTH OKPYIKHOCTH, HPOXOAAINYI0 Uepe3 [Be JaHHBIE
TOYKH M KAacalolnyiocsd HaHHOHM npamMoii?

Aoka3piBaem

IBe oxpy:xHOCTH IepecekaoTcs B Toukax A u B. [lokaxkure, 4T0
KacaTejlbHble, IIPOBEAEHHBIE K HUM M3 JII000# TOouku npamoin AB
(BHe oTpesxa AB), paBHBHI.

Touka B nexur Ha orpesdxke AC. Ha orpeskax AB u AC xak Ha
AuaMeTpax IOCTPOeHbl OKpyKHocTH. KacaTenpHaa npamMas B TOY-
Ke B K MeHbIell OKPYXHOCTU IepeceKaeT 00JbIIYI0 OKDPYKHOCTh
B AByX Toukax — M u P. W3 Toukm C K MeHbIIE OKpPYXXHOC-
T npoBegeHa kKacarenbHada CK. Jlokaxkure, uro CM = CK.

K oxpysxuoctu paamyca R mposeseHbl JBe NIapaselbHbie Kaca-
TeJIbHbIe NIpsAMBle @ U b, Yeped Touky C 9TOil OKPYXXHOCTH IIPO-
BeleHa K Hel TpeThbsaA KacaTeJbHadA IIpAMad ¢, KOTOPpasa nepecexKa-

er npaMele @ u b B Toukax A u B. Jlokaxure, uro AC-BC = R>.

NMpumeHnsem reomeTpuio

a) Kax ganexo BMHA IOBEPXHOCThL 3eMJIH CO CIYTHHKA, HAXOMA-
meroca Hajy 3emuéit Ha Beicote 200 km? Paamyc 3emuan npubin-
suTenbHO paBeH 6370 Km.

0) Plt(a]mnwe AHAJIOTHYHYIO 3aa4y O camMoJIéTe, JeTAIeM HA BBICO-
Te KM.
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11.6. BsaumHoe pacmojioieHue ABYX
OKPYKHOCTEMH

PaccmorpuMm pucyHOK 202, Ha KOTOpOM HM300paKeHBI BCE CJyyau pac-
IIOJIOKEHUA ABYX OKPYKHOCTe#. MBI BUAMM, UTO, KAK M B ciIydYae Ips-
MO M OKDYXHOCTH, ABE OKDPY’KHOCTH MOrYyT JHO0 He UMeTh O6IIUX TO-
4yeK, JU00 MMeTh eIUHCTBeHHYIO OOIIYIO TOYKY (TaKue OKPY’KHOCTH Ha-
3bIBAIOTCA KacCaWIIMMMCH), Tu60 HepeceKaThCsd B ABYX TOUYKAX.

Kakoit *MEeHHO M3 cyuaeB B3AMMHOI'O DACIIOJIOKEHUSA ABYX OKPYHK-
HOCTeil UMeeT MeCTO, 3aBHCHUT OT COOTHOLIEHMN MexAy paguycamu R u
r okpyxHocreit F u G (6ymem cumraTh, 4TOo R> r) M paccTofsHHEM a
Mesxay ux meatrpamu O u P.

flcro, uTo ecau a> R+ r, To oKpy»KHOCTH F 1 G He MMeIOT O0IIUX
TOUEK M JIesKaT BHe apyr apyra (puc. 202, a).

Eciu a = R+r, o F u G xKacaioTca APYyr apyra BHeIIHMM obpa-
30M B HEKOTOPOHl eNMHCTBEHHON TOuke A, KOoTOpas JeKHUT Ha JUHUU
LEeHTPOB — npsamoit OP — mexay Touxamu O u P (puc. 202, 6).

Eciu a<R+r, 5o a> R—r, 10 okpy:HoctTu F u G nepecexkaior-
cAd B JABYX TOYKAX, CHMMMETPHYHBIX OTHOCHTEJNHHO JIMHMH I€HTPOB
(puc. 202, B).

Ecniu a= R—-r (korga R—r> 0), TO OKPYKHOCTH KAacalwTCiA B He-
KoTOpo# Touke B, sexameit Ha npamoir OP (puc. 202, r).

Haxoxren, ecim a< R—-r, To F u G He uMeoT 00mux Touek u G
nexur sayrpu F (puc. 202, n).

a F
O R r P
OP>R+r
B F
G
R-r<OP<R+r OP=R-r OP<R-r
Puc. 202
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vA
F:x’+y*=R?

G:(x—a )’+y?=r?

Ry

OP=a

e
W

Puc. 203

Oco6o BeIZENMM cayuail, Korga a = 0: B 9TOM ciydyae OKPYKHOCTH
F u G — KoHUeHTpHUUeCKHe, ¥ HUX OOLIHNA IEHTD.

Yrobel HOKA3aTh 9TH YTBEPXKIEHUS, YIAOOHO NPUMEHUTH KOODPAH-
HaTHBIM Merox. Hauanom koopauHatT X, y BbiGepeM TouKy O, a 0OCbIO
x — npamyo OP, Hanpasiennyio or O K P (puc. 203).

Oxpysuocts F 3anaéres ypaBHeHuweM x°+ y®= R?, a OKpy’XHOCTh
G - ypasrerueM (x — a)® + y? = r?. CrepoBaTesbHO, KOOPAMHATEI OOITUX
TOUEeK OKpYKHocTeil F u G ABIAIOTCHA PELIEHUAMH CHCTEMBI 3THX ypaB-
Henuii. Ecau mapa (x,; y,) ABJAAETCA pellleHUeM 3TOW CHUCTEMBI, TO

x0= %(azﬁ- Rz_ rz),

a Y, HaXOJUM M3 KBaJApaTHOTO ypaBHEHU:A yg = R*- xﬁ.

Ilepebupasi paccMOTpEHHBIE BBIIIe ciaydau, ybegurech, UTO UHCIIO
pemeHuit (xy; Y,) B Ka’KJ0OM M3 HUX PABHO YHCIY OOIIMX TOYEK OKPYK-
Hocreit F u (G, yKasaHHBIX AJsA 9TOro caydasa (1 He 6ojee ABYX).

BzaumHOe pacIosioskeHue ABYX PaBHBIX OKPYXKHOCTEH pPacCcCMOTpHUTE
CaMOCTOATENbLHO.

(2 Bonpockl gns camokoHTpons mm

1. Nepeuncnute cNny4au B3aMMHOr0 PacnofioXkeHUs OBYX HEePaBHbIX OKPYXHOCTEN.
2. Nepeuncnute cnyyam B3aUMHOrO PACTONOXEHUA OBYX PABHbIX OKPYXHOCTEM.
3. KakoBbl COOTHOLEHUA MEXAy Paguycamu OKPYXXHOCTEN U PAcCTOSHUEM MeX-
Ay UX ueHTpamu B chay4asix, Korga OKpyXHOCTW kacaloTcsa Apyr apyra?

4. KakoBbl COOTHOLIEHMA MEX/ay pagMycamm OKPYXHOCTER W PaCCTOAHWEM MEex-
AY UX UeHTpamw B Cnydasx, KOrga OKPYXHOCTM nepecekalTcs?

S. KakoBbl COOTHOWEHUS MexXay paanycamu OKPYXHOCTEA U PacCTOSHUEM MeX-
AY UX ueHTpamu B chydyasx, KOrfa OKPY>XKHOCTM HE MMEIoT 06LWuX Tovek?

p—
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@ AononHsem Teopmio

11.53. [IBe OKpys;KHOCTH nepecexkaiorcd. JloKaKuTe, 4YTO UX JIUHHUSA
IEeHTPOB SABJIAETCSA CepeJMHHBIM NEePHeHAHKYJIAPOM uX obmei
XOPJBI.

@ Pucyem

11.54. HapucyiiTe pasiuuHble CAydYad PACIOJIOKEHHUS JBYX OKPYKHOC-
reit. Hapucyiite (ecnu 3T0 BO3MOMKHO) X oOIHe KacaTelbHBIe
B KaXKJOM M3 3THUX CJydaesB.

O Mpepcraensem

11.55. [IBe OKpPY:KHOCTH KacaroTcs. ¥ Kaure Haubosee yaanéHHBIE TOU-
KU 9THX OKpYXKHOCTeil.

11.56. OgHa OKpPY’XHOCTL KaTUTCA IO Apyroit (Hemopsusxkuoi). ITo ka-
KOH JIMHHAHM ABHKeTCH e€ neHTp?

11.57. Paguycer aByx okpy:kHOocTeil 2 u 4. Kak pacmosioKeHbl OKpYK-
HOCTH, €CJIM PACCTOSHHEe MeXIy HMX ILeHTpaMu paBHO: a) 7; 6) 6;
B) 5; 1) 4; 1) 3; e) 2; x) 1?

11.58. Ha cKOJBKO YacTeil MOryT pasOHUTh ILJIOCKOCTH ABE OKPYYKHOCTH?

E Mnaunupyem

11.59. JIse OKpPYKHOCTH Ilepecexkarorcs. VI3BeCTHBI MX PagUychl U pac-
CTOAHHE MeXAy MX meHrpamu. a) Kak Haditu Anuny ux obumein
xopzer? 6) Kak HailTH yron Me)xAy HX KacaTelbHBIMH B TOYKE
uX IepecedyeHHs?

11.60. Kax moCTPOUTH TPU PaBHBIE OKPY’KHOCTH, KACAIOUINECS U3HYTPH
3aaHHOM OKDPYIKHOCTH, KaJas M3 KOTOPBIX KacaeTcsd ABYX

Apyrux?

@ AokasbiBaem

11.61. JIse oxpy»XHOCTH Kacaiotcsa B Touke A. JlokaxuTe, 4TO UX Ka-
caTeJbHBIe B ATOH TOYKe cOBHALAIOT.

@ Uccnepyem

11.62. Ha cxoabpko uacTeil MoOryr pasbuThb IJIOCKOCTh TPH OKPYIMK-
HOCTH?
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§ 12. BnucaHHbie M onUCaHHbIE OKPYXHOCTH

12.1. OKpy*XHOCTH, OMHCAHHAA BOKPYIr
MHOTOYTOJIBHHKA

T'oBOPAT, YTO MHOTOYroONnbHWMK BNWUCAaH B OK-

PYXHOCTb, €CJIM BCe €ro BepIIMHBI JIeKAT Ha Hell
(puc. 204, a). Torga 06 aT0# OKPY’KHOCTH TI'OBOPAT,
uyTO OHA OIIMCaHA BOKPYr MHoroyroiabHuka. HWrak,
OKPYXHOCTb ONUCAHA BOKPYr MHOTOYrofb-
HMKA, ecJIM OHA NPOXOAUT Yepe3 BCe ero BepIiu-
Hbl. SICHO, YTO BOKPYI MHOTOYTrOJBHHMKA MOJKHO
OImHcCaTh OKPY’KHOCTH TOTJA M TOJBKO TOrga, Korga
HaWAETCA TOYKA, PABHOYIAJEHHAS OT BCEeX ero Bep-
muy (puc. 204, 6). Takoii TOYKONH ABIAETCHA LEHTP
NpaBUJIBHOIO MHOTOyrojJbHuka (cm. m. 9.4). dra
TOYKA JIEXKHT HA CEPeJNHHOM IepIeHIMKYJIApe
Ka)XJ0H CTOPOHBI MHOroyroiabHuka (puc. 204, B).
CremoBaTelnbHO, 80KPYZ MHOZOYZOAbHUKA MONCHO
onucambv OKpYMHOCML Mmozda u Mmoavko mozda,
Koz0a cepeduHHbLe nepneHOUKYAAPbL BCEX €20 CIMo-
POoH umeiom obwyio mouxy. OHa u OyJeT IEeHTPOM
ONHCAHHON OKPY’>KHOCTH.

Bokpyr He KaXJOro MHOrOYIOJbHHKA MOJKHO
OMHCATh OKPY)KHOCTH. Hampumep, eé Heab3sA ONH-
caTh BOKPYI IapaJjuiesiorpaMMa, OTJHYHOI'O OT IIps-
MOYTOJbHUKA, UJH BOKDPYT HEBBINYKJIOr0 MHOTO-
YrOJILHHUKA,

Bokpyr m1060ro TpeyroJibHUKA MOKHO OIIHCATH
OKPY’KHOCTB. J[oKa’sKeM CyIecTBOBaHHE TaKOH TOY-
KH, KOTOpas paBHOyJajleHA OT BCEX BEPUIMH Tpe-
VrOJIbHHKA.

UCCEEXEY (06 oxpyscrocmu, onucannoit eo-

Kpye mpeyzoabruka). BOKpyr KamKIoro Tpeyrojb-
HUKAa MOJKHO OIMCATH OKPYKHOCTH. LleHTp 3TOMH
OKPY/KHOCTH PaBHOYIAJEH OT BePIIMH TPEyroJbHH-
Ka M sBJAeTCA TOYKOH INepeceueHHsA CepeIHHHBIX
NePHeHINKYJAAPOE CTOPOH TPEeYyroJbHHMKA.

6

Puc. 204

HMoxraszareascrso. Paccmorpum tpeyroasauk ABC. Ilposeném cepe-
AMHHBbIE TEPHeHAUKYJIApEl p U ¢ ero cropoH AB u BC (puc. 205, a).
Onu nepecexyrca B HexoTopoii Touxe O (HA MJIOCKOCTH INPSMBIE, IeP-
NeHAUKYJAPHBIE ITePeceKarIuMcs NPAMbIM, IIepeceKarmTCcs).

Taxk xax Tourka O nemxur Ha p, To OA = OB. IlockoabKky Touka O
JIesnT Ha g, T0 OB = OC. Iloaromy OA = OB = OC. HUrak, Touka O pas-
HOynajsileHa OT BceX Tpéx sepiumH rtpeyroasHuka ABC u asBasercsa
LEeHTPOM OKPYXHOCTH, ONHCAHHOH BOKpPYr TpeyroiabHuka A BC. 3awme-
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A p B

Puc. 205

THM, 4TO U3 paBeHcTBa OA = OC ciengyeT, 4TO TOY-
ka O JeXUT W Ha CepeUHHOM NepPHeHIUKYIApe
cropoHsl AC (puc. 205, 6). B

IIpomie Bcero ykasarb moJio)KeHHe ImeHTpa O
OKPY?KHOCTH, ONHUCAHHOM BOKPYI NPAMOYI'OJBHOI'O
rpeyronsHuUKa ABC: Touka O — cepeiuHa ero ru-
norenyssl (puc. 206, a). Ecau TpeyrossHuK ABC
OCTPOYIrOJbHBIN, TO TOouka O JIeKUT BHYTPHU Tpe-
yronbHuKa (puc. 206, 6). Ecin xe ABC — tyno-
YrOJIBHBIA TPEYrOJbHHK, TO TO4YKa O JEXHT BHe
TpeyroasHuka (puc. 206, B).

HurepecHo, 4ro paamyc R OKpPYIKHOCTH, OIHU-
caHHOH BOKDPYr TpeyroiasHuka ABC, moyxHO HalTH,
3HAA JHIUb OJAUH M3 YIJIOB TPEYrOJbHHUKA M IIPOTH-
BOJIEKAIIYIO €My CTOPOHY, Halnpumep, 3Hasg yroa A
u cropony a. ITokaxxem, uTO

a
2R = 7~ 1)
O IIyers O — LEHTP OKPYXHOCTH, OIMCAHHOMI
BOKpyr TpeyroiasHuxka ABC (puc. 207).

IlpoBegém u3 BepmiuHbl B agumamerp BM u mo-
crpouMm tpeyroiabHUKE BMC. OH npaMOyroJbHbIN
¢ npameim yraom C (yron C onupaercs Ha aua-
MeTp), rumorenyso BM = 2R, kaTeTroM @ H OCT-
peIM yryoM M, paBHBIM yray A (yraet M u A onm-
palpoTcsa Ha OfgHY M Ty ke nyry BC), Tak kaxk BC =
= BMsinA, To cupaBeJJIHBO paBeHcTBO (1). M

Pasencrso (1) moxaseiBaer, uro duamemp OkK-
PYNCHOCMU, ONUCAHHOL OKONO MmpeyzonbHUKA, Pa-
8eH OMHOWEHUIW NI000IL €20 CmopoHblL K CUHYCY
npomueoaexau,ezo yaaa, T.e.

a S M ]
snd _ sinB _ sinCc _ 2R. (2)

Mpbl emé pas [JoKasalH meopemy CUHYCOB.

Chopmynupyiite eé.

o]

A o)

M

Puc. 207
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© Bonpochkl ans COMOKOHTPONS g

1. BOKpPYr Kakux MHOroyrofbHMKOB MOXHO OMuCcaTh OKPYXHOCTb? A BOKPYI Kakux
Henb3a?

2. Kak HanTX UEHTP OKPYXHOCTW, ONWCAHHOW BOKPYr MHOMoyrofibHuka?

3. MoOXeT N UEHTP OKPYXHOCTW, OMWCAHHOW BOKPYr MHOrOyronbHuKa, nexatb
BHE MHOrOyronbHuWka? Ha CTOPOHE MHOroyrofbHuka?

4. Mo kakoit Gopmyne MOXHO HaWTW pPagnyc OKPYXHOCTWM, ONWUCAHHOW BOKPYr
TpeyronbHuKa?

ELY-TXTE

@ AononHsem Teopuio

12.1. ITycTs a, b, ¢ — CTOPOHBI TPEYTrOJBHUKA, S — ero miomans, B —

” abe
paguyc ONMCAaHHOM OKpyskHOCTH. llokaskute, uTo S = 4R .

12.2. Joxaxure, 4TO BO BOMCAHHOM YeTLIPEXYIOJLHUKE CYMMEI IIDOTH-
BOIIOJIOKHBIX yrioB paBHbel 180°. Bepuo nu oGpaTHoe yTBep:kie-
ure? BoKpyr Kakoil Tpamenuy MOYKHO OIMCATHL OKPYKHOCTE?

+

==| BoiluMncnaem

12.3. Haiigure pagmyc OKPYIKHOCTH, OIMCAHHOM BOKpPYI: a) OpAMO-
YIrOJIBHOTO TPEeyroJIbHHUKA C THUIIOTeHy30H c¢; ©) npaBMJILHOrO Tpe-
YIOJIbHUKA CO CTOPOHOM @; B) PaBHOOEAPEHHOI'0 TPEYroJbHUKA
¢ ocHOoBaHMeM 12 u OoxoBoi cropoHoii 10; r) paBHOOeApeHHOTO
TPEYyroJbHUKa C OCHOBAHHMEM & ¥ OOKOBOH CTOPOHOH ¢; ) paBHO-
0eJpEHHOr0 TPEeyroJbHHKA, ILJIOIIAJL KOTOPOTO paBHa S, a yroa
IpH OCHOBAHUH paBeH .

12.4. Haiizute paguyc OKDPY’KHOCTH, OIMCAHHON OKOJIO TPEYroJbHHKAa
ABC, ecau: a) LA=T70°, LB=50°, AB=28; 6) LA=a, LB=J,
AB=c.

@ Uccnepyem

12.5. MosxHO 711 BOCCTAHOBUTH PABHOOEIPEHHBIN TPEYTOJLHUK, €CJH OT
Hero OCTaJMuCh IEHTDP ONMCAHHON OKPY)XHOCTH H: a) G0KoBas CTO-
PoHa; 6) ocHoBaHue?

12.6. Moxer sn pagumyc ONMMCAHHON BOKDYI TPEYTOJbHHKA OKDYKHOCTH
ObITH: a) MeHbIe Ka’sKAOH €ro CTOpPOHBI; 0) OOJbIIE KasKIoi ero
CTOPOHBI; B) paBeH Ka>XH0# ero cropoHe?

12.7. B Tpeyronsauke Bce CTOPOHBI pasdanyHbl. MOYKHO 1M y3HATH, Ka-
Kad M3 HUX BUAHA U3 IEHTPa OINHCAHHOM OKPYIKHOCTH IIOJ HaU-
GosbInuM yriom?
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12.8. TpeyronsHHK JIe;KuUT BHYTpM Kpyra. CpaBHUTE paguyc sTOro Kpy-
ra ¢ pagjuycoM OKDPYKHOCTH, OIIMCAHHON BOKDPYT TPEyroJbLHUKA.

12.9. HaiiguTe MHOKeCTBO TOYEK HA IIJIOCKOCTH, M3 KOTODPBIX JaHHBIN
OTPEe30K BHUJIEH IOJ HAHHBLIM YIJIOM.

"'I
Mpumensem reomerTpuio

12.10. C xopabusa BugHbl Tpu Masika. VI3MepeHMsAMHM Ha KopabJe moy-
4YeHBbl yIJIBI MEKJy HanpapJeHHuAMH Ha dTu Masaku. Kak omnpene-
JATh Ha KapTe MeCTOHAXOoKAeHue Kopabis?

12.11. Kak, uMeda B pykax MaJeHbKYIO JUHeHKy, HalTH pazuyc 60Jb-
1moro xpyra?

12.12. IInacTueka mmeer ¢opmy cermMeHTa Kpyra. Kak BeIYHMCINTE ero
pagnyc?

12.2. OxpysHOCTH, BIMCAHHASA , =
B MHOTOYTOJBHHE A
T'oBopAT, YTO MHOrOYyronbHMK ONMUCAaH OKONO
OKPYXHOCTMW, €CJIM BCE €ro CTOPOHEI KacamwTcsH
JaHHOU okpy:xHocTu (puc. 208, a). Torga o6 aToit
OKDPYJKHOCTH TOBOPAT, YTO OHA BOHUCAHA B AAHHBIN
MHOroyroJbHuK. MTak, OKPYXHOCTb BnUcaHa

B MHOrOyronbHMUK, €cIi OHA KacaeTcsa BCEX €ero
CTOPOH.

PaccToaHNe OT IEHTPA OKPYXKHOCTH, BIIMCAHHOM
B MHOTOYTOJBHHK, [0 KayKJAOW M3 CTOPOH MHOTO-
VTOJBLHHMKA PABHO PAJAMyCy 9TOH OKpYXKHOCTH (pHC.
208, 6). Taxkoit TOYKOH ABJIAETCA LEHTDP IIPABHIBHO-
ro MHOTOYTOJIBHHKA — 3TOT LEHTP PaBHOYIAJIEH OT
BCeX CTOPOH 3TOr0 MHOroyrogbHuka (cMm. m. 9.4).
CremoBaTenbHO, LEHTP OKPYKHOCTH SBJSETCHA TOY-
KOl mepeceuyeHusi OUCCEKTPUC BCeX YIVIOB TOTO MHO-
royronpauKa (puc. 208, B). He B Kamplii MHOrOy-
roJbHHUK MOXKHO BIMCATh OKDPYKHOCTh. Hanpumep, B
napaJjjiesorpaMM MOKHO BIHCATH OKPY’KHOCTb JIUIITh
TOorga, KOrJa INapaJlIellIoTpaMM ABJIAeTCA POMOOM
(o6bacEuTe moyemy, puc. 209). Iloxaskem, 4YTO B
KaK/blil TPeyroJIlbHUK MOKHO BIOMCATH OKPY’KHOCTb.

UCE NG (06 okpywcnoemu, enucanHoil 6

mpeyzonbHuk). B KamAbIi TPeyroJbHUK MOIKHO
BnucaTh OKpy:HOCTh. IleHTp sToit OKpyRHOCTH
PaBHOYNANEH OT CTOPOH TPEYrOJbHHUKA M SABJIAETCH
TOYKOM TepecedyeHUs OMCCEKTPHC TpeyroJbHHKA.

HoxkaszareascTBo. IlycTs gaH TpeyronsHuk A BC
(puc. 210). Puc. 208
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ALY N\

Puc. 209

Puc. 210

IIpoBeaém OUCCEKTPUCHI P U ¢ €ro yrjioB A u
B. Oum mnepecekyrcsa B Hexkoropoit Touxke O. Ilo-
cKoJMBKY Touka O JIe)XUT HA p, TO OHA paBHOYygaJe-
Ha ot ctopoH AB u BC. Ilockonbky Touxka O
JeKUT Ha ¢, TO OHa paBHoynajeHa or AB u AC.
CnemoBatensHo, Touka (O paBHOyZajleHa OT BCEX
cropor TpeyroabHuka ABC. IlosTromy B TpeyroJb-
HUK ABC MOXHO BIHCATH OKPYIXHOCTh C LIEHTPOM
B Touxke O. W

Paguyc r BOHUCAHHOU OKPYYKHOCTH, ILIOI[aAb S Puc. 211
TpeyronbHuka ABC u monoBuMHA IepuMeTpa 3TOro i

TPEeyroNbHUKA — BeJIUYMHA P = %(a + b+ ¢) cBsI3aHBI IPOCTOH (HOPMYJIOi
S = pr. (3)

0 Hde#cTBUTENBHO, BHICOTHI TpeyroibHukos OAB, OAC u OBC, npo-
BeJéHHBIe U3 HenTpa O, paBHBL I, 4 OCHOBAHUA 3THX TPEYIOJbHUKOB —
CTOpPOHBI a, b, ¢ Tpeyronpaura ABC (puc. 211). Cymma mromageit aTux
TPeyroJbHUKOB paBHa S, Belumeass IJIOIHAAN 3THX TPEYroJbHHUKOB
M CKJaJbIBasi UX, U NPUXOAUM K DaBeHCTBY (3). W

(2] Bonpocu ANSi COMOKOHTPONS oy
.o oo SO SN
1. HTo 3HauuT BbIPAXEHWE OKPYXHOCTL BAMCaHa B MHOrOYrofibHUK?
2. B kakue MHOroyronbHMKW MOXHO BNMCaTh OKPYXHOCTb? [Ae nexur eé ueHTp?
3. Mo kakoW GopMyne MOXHO HANTU PagUYC OKPYXHOCTW, BMUCAHHOW B Tpe-
YrONbHUK?
4. YKaxm'e MHCererﬂbHMKH B Koropue HEeNbL3A BNUCAaTb 0pr>KHOCTb

ELY:Y XTI :

@ Aononusem teopuio

12.13. lokaxure, yro (opmyna (3) cupaBeAnuBa MJAA JIOGBIX MHOIO-
YTOJIBHUKOB, B KOTOPbIE MOJKHO BITMCATH OKPYMKHOCTB.
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12.14. [Toxaxure, 9T0 B ONUCAHHOM YeTHIPEXYTOJbHHUKE CyMMBbI MPOTH-
BOIIOJIOXKHBIX CTOPOH paBHBI. [lokaskure oOpaTHOe.

O Npepncrasnasem

12.15. Beerga 11 B paBHOGOKYIO Tpalemuio MOKHO BIMCATh OKPYIKHOCTE?

12.16. [lon:xkHa au 6GbITh paBHOOOKOI Tpamenus, B KOTOPYIO BIMcaHa
OKPY>XHOCTE?

E Buiuncnsem

12.17. Hajigure pasinyc OKpYy»KHOCTH, BIMCAHHON B: a) IPaBUJIBHBIN Tpe-
YTOJBHHUK CO CTOPOHOMU a; 6) NIpAMOYTOJBHEIN TPEyrOJIbHHUK C Ka-
TeTaMu a, b; B) paBHOGeApPEHHBII TPEYroJbHUK C ocHOBaHueM 10
u O0KOBbIMHM cTOpoHaMu 13.

12.18. HaiiguTe paguyc OKpY>KHOCTH, BIMCAHHOM B poM0O ¢ AuATOHAJISA-
Mu a u b.

E| Mnauupyem

12.19. B TpeyroapbHHMK BIHcaHa OKpPY:KHOCTH. Kak HaliTu e€ paguyc, ec-
JIM MBBECTHBI: a) IBe CTOPOHBLI M yroJ MexKay HHMMHU; 0) cTopoHa
U aBa yrua?

E Uccnepyem

12.20. ¥ TpeyroJbHHMKa COBIANAIOT IEHTPhl BIMCAHHOW B HEro W OIH-
CAHHOM BOKDYI' HEro OKpy:kHocTeii. UTo 2aTO 3a TpPeyroJbHHK?

12.3. 3ameuaTebHbIE TOYKH wpeyromnmca
OxpyskHOCTH Jiliaepa

IlenTpsl OKPYIKHOCTEH, ONMCAHHONH BOKPYr TPEYyroJIbHHKA M BIIHCAH-
HOH B Hero, — [OBe IIEPBBIE 3aAMEYAMENbHbLe MOYKU MPeYyzoJlbHUKA.
B 8 kmacce MBI yiKe JOKasaJau, 4YTO TPH MeIHAHBLI TPEYrOJbHHKA
NPOXOAAT ueped OBHY TOUKYy (puec. 212). Dra

TOYKAa — TpeThsA 3aMedaTeJbHass TOYKa Tpey- C
ronbHEUKAa. OHA ABIAETCA Yyenmpom macc (uenm-

pom maxecmu) TpeyroleHuxka. HamnmoMHUM

meopemy 0 mouke NepeceieHus meduaw. K M

UEEN Y] Meamanm Tpeyronsmmka me-

pecekaloTcs B OJHOM TOYKe, M Kajkaasa MemaHa-

HA TPEYroJbHHMKA JEeJUTCHA ITOH TOYKONW B OTHO- 4 B
meHun 2:1 (cuumTasg OT BePUIMHBI TPeyrojb-
HHUKa). Puc. 212

l§ 12.| BnucanHble u onucaHHblie okpyxHocTy = 143
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Puc. 213 Puc. 214

BenomuuTe, rasigs Ha pucyHox 213, nokasa-
TEJIBCTBO ATOH TeopeMbl. UeTBépras 3aMedaTesb-
Hasd TOYKA TPEeYyroJbHHKA — 3TO TOYKA, Yyepes KO-
TOPYI0 TPOXOAAT IPSAMBIE, COJEpPKallUue BHICOTHI
TpeyrogbHuka (puc. 214 u 215). Eé nHassIBaioT
OpTOLEHTPOM TpeyronbHuka. [loxkakem uTo, mps-
MEBI€, KOTOpEIe COJEepsKaT BBICOTHI TPEeyroJIbHUKA,
IPOXOIAT Yepe3 OJHY TOUKY.

JokasareabcTBo. PacCMOTPHM TpPEYroJbHHUK
ABC. Yepesa Bepmuunl Tpeyronsuuxa ABC mpo-
BeJEéM npAMble a, b, ¢, mapaJjlesJbHBEIE CTOPOHAM
TpeyroiabHHKa ABC (puc. 216).

ITonyuurca tpeyronsHuk KLM c BepminHAa-
MM B TOYKAX IepeceueHus NpPAMBIX a, b, c. Touku

A
A B

Puc. 215

Puc. 216

A, B, C aBismioTca cepeluHaMu CTOPOH TpeyroabHuka KLM, moCKOIb-
Ky uerTsipéxyronbaukn ABKC, ABCL, AMBC — mnapajjieJorpaMMbl.
CrnengoBarebHO, cepegUHHbIE NEPIEHIUKYIIAPEI P, ¢, ! K CTOPOHAM Tpe-
yronpHuKa KLM aBIAOTCA OPAMBIMU, HA KOTOPBIX JIEXKAT BBEICOTEI
rpeyronsauka ABC. Ilo Teopeme 00 OKPY’KHOCTH, OMUCAHHON BOKDPYT
TpeyroapHuka (m. 12.1), st cepenuHHBIE NEPIEHAMKYJIAPHl IPOXOLAT

yepe3 OOHY TOUKY. B

e BOI'lpOCbI ana CaMOKOHTpONA A

1. Kakue TOYkM OTHOCHAT K 3amevaTenibHbiM TOYKam TpeyronbHuka?
2. Fne HaxoauTCA LEHTP Macc (LEeHTP TAXeCTW) TpeyronbHuka?

3. 4To Ha3bLIBAIOT OPTOLEHTPOM TPEYroNbHUKa?

4. Kakve u3s 3ameyaTenbHbiX TOMEK TPEYrOfbHUKA MOTYT HaxOAUTLCH BHE Tpe-

yronsHuka?

5. Y kakoro TPEeYronbHMKa BCE ero 3ame4varefbHble TOYKW COBnagalT?
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BA0AYM

A Pas6upaemcs B peweHum

12.21. % [loxaXuTe, YTO B KAaXJOM TPEyroJbHUKE OPTOLEHTD, IEeHTP
MacC U LEHTP ONMCAHHON OKPYKHOCTH JeXXaT Ha ONHOH IIpPsAMOI.
(9ra npamMas HasblBaeTcs npamoi Jilnepa.)

Pemrenue. ITyctes Touxa H — cepeauHa cropoHsl BC TpeyroiabHu-

ka ABC (puc. 217), Touka O — 1eHTpP ONUCAHHOA OKPYIKHOCTH, TOUKA
P — OpPTOLEHTP.
BernoMHEM, 4YTO Touka P ABIsIETCA IIEHTPOM OKPY2XHOCTH, OIIMCAaHHON
BOKPYr TpeyroasEuxka KLM, cepemuHaMyd CTOPOH KOTOPOTO ABIAIOTCH
BepIINHEBI TpeyroasHuka ABC (cm. puc. 216). Tpeyroneauxk KLM 1mo-
noben tpeyroabHuky ABC ¢ xoaddumnmenrom noxobusa 2. 3HaUurT,
AP = 20H (cMm. puc. 217). Kpome Toro, orpesku AP u OH napaJuiess-
ubl. Iloaromy menunana AH nepecexaer orpe3ok PO B touxe T, Koropas
JeIUT U BTy MeAuaHy, U oTpe3ok PO B orHomenuu 2:1. CiremoBareib-
HO, Touka T — meHTp Macc TpeyroabHuka ABC. 3agaua pemresHa. B %

Pemum emié ogHy 3ajmauy, CBA3aHHYIO ¢ umMeHeM JleoHapaa Oii-
aepa (1707—1783), Benmukoro mareMaTuka, (PU3MKa U acTpo-
HOMa; IIBeHIlapel IO POMXAeHUIO, OH ObwI wieHoM Ilerep6ypr-
CKOM akajzemMuu Hayk u paboran B Poccum B 1727—1741 n
1766—1783 rr.

12.22, % oxakurte, 4To B JI000M TpeyroJbHHKE CepeiuHbl CTOPOH,
OCHOBAHHMA BBICOT M CEepefHWHBI OTPE3KOB, COEJHHAIOINUX OPTO-
LIeHTP C BepIIMHAMHM, Je)KaT Ha OLHOH OKPYXHOCTH. ITY
OKDY?KHOCTh HA3BIBAIOT OKPYHOCTHIO AEBATH TOYEK HIH OK-
PYKHOCTBIO Jiiepa.

Pemenne. CoxpanuM Bce 0003HaYeHHWsA, BBEJEHHBIE IIPHU pe-
meHUN npeasiaymieit sagauym. Ilyers Touka O, — cepeauHa OT-

H

Puc. 217 Puc. 218
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) O

B A,

Puc. 219

©

peska PO u Touxka A; — OCHOBaHMEe BBHICOTHI, IIPOBENEHHON M3
BepmiuHEl A (puc. 218). Torna O, A, = O,H. IIpamasa O,H nepe-
cekaeT oTrpe3oKk AP B Touke X, KOoTOopad ABIAeTCA CepeluHOH
AP (puc. 219). Kpome Toro, O,H = O,X. CnenoBaTeabHO, TpH
roukn H, A, u X paBHOyjaneHsl oT Touku O; — cepeiMHBI OT-

peaka OP. IIpoBenéM OKPYsKHOCTH S Uepe3 3TH TPH TOUKH. Eé
neHTp — Touka O,.

IToxasxeM, UTO OKPYIKHOCTE S IPOXOOUT Yepe3 CePeANHY CTOPOHBI
AC — rtouky G, ocHOBaHMe B, BBICOTHI M3 BEePIIMHBI B 1 TOYKY
Y — cepenuny orpesxka BP (cm. puc. 219).

Orpesku GH u XY paBHBI U napajjleJbHBI (KaK cpefHUe JUHUK
TpeyroabHUKOB ABC u ABP). IlosToMy 4YeTBIDEXYTOJBHUK
XYHG — napannenorpamm. ITokaskeM, UTO OH IPAMOYIOJbHHK.
Orpesoxk YH napajnienen orpeaky CP (kak cpefHAA JUHUA Tpe-
yroasauka BCP). Orpesoxk XY napanneneH AB (Kak cpefHaAA JIH-
Husa tpeyronbHuxka ABP). Ho CP neXHUT Ha BBICOTE K CTOpPOHE
AB, a noromy CP u AB nepneHAuKyJspHbl. 3HAYUT, [ePIeHIH~
KYJAPHBI U napajienbHble uMm otpeskn YH u XY. Ilosromy ma-
pannenorpamm X YHG — NpaAMOYroJbHHK, 4 CepeJiiHa ero aua-
ronanmu XH — Touka O, — #ABIfAeTCA IEHTPOM OIMCAHHOHW BO-
Kpyr Hero okpy:xkHocTH S. IIoBTOpMB paccy/eHus, IpoBeléHHEIEe
B Hauaje pellleHHs, HOJYYMM, UTO TOYKA B, JIEXKUT HA OKPYK-
HocTH S.

flcHo, uro Ha OKpy:KHOCTH S Je;KaT TakKkKe cepeguna F cropo-
Hbl AB, ocHOoBaHMe C, BBICOTHI M3 BepmuHbl C U cepepuna Z oT-

peska CP (puc. 220). ® *

Cmortpum

12.23. Ha pucynke 218 maiigure 1nofo6Hbe TPEYTOJbHUKHA.
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C!) Aoka3sviBaem

12.24. Jloka:KuTe, YTO €CJIM B TPEYroJbHUKE COBIATH Kakue-iubo JBe
M3 ero 4YeThIpEX 3aMeuaTeJbHBIX TOUEK, TO 3TOT TPEYrOJbHHUK

PaBHOCTOPOHHMM.

§ 13. [InuHa okpyxHOoCTM M nnowapbs kpyra

13.1. Uamepenue aiaunbl KpuBoii. [dauna
OKPYKHOCTH

JI100y10 KPUBYIO JTHHHUIO MOMKHO IIPEACTaBUTL cebe
Kak NpOMIeHHBIN KeM-TO NyTh. [IUHY Ke MpoigeH-
HOTO TYTH, KAK Bbl 3HaeTe, MOXXHO HW3MEpHTh, pac-
CTAaBUB BIOJb IIIOCCE HMJIM JKeJe3HOH A0pOTH KHJIO-
MEeTpPOBBIE MJIM CTOMETpPOBBLIE YKa3aTelH, PasMeTHB
daarkKaMy AUCTAHIIMI0O Kpocca HJIM JIBIXKHH, HAKO-
Hell, IPOCTO M3MEPHUB IIAraMy He CJWIIKOM JJIWH-
Hyo TponmHKY (pumc. 221). Bo Bcex aTMX mepeymc-
JIEHHBIX NpHUMepax AJHHY JUHUM H3MEepAIOT, CKJa-
JBIBAsA TOCJEAOBATENLHO IJIWHEI NPAMOJHHEHHBIX
OTPEe3KOB, KOHILBI KOTOPBIX JIE}KAT HA H3MepseMoi
auauu (puc. 222).

I9TH OTPEe3KH COCTABJSAIOT JOMAHYIO, KOTOPYIO
HA3BIBAIOT IOMAHOW, BMNUCAHHOW B paccMaTpu-
paeMylo nuHuio. JlauHa JoMaHONW paBHA cyMMe
IJHH COCTABJAIOIIUX €€ OTpPe3KoB, M OHA naér 06o-
Jee HMJIM MeHee TOUHOe 3HAYeHHe MAJIUHBI KPUBOH
JIUHHUH.

Eciu nueMa 3aMKHyTa (Hanpumep, SBISET-
CA OKPY’KHOCTBIO WJIM JHUCTAaHIUEH Kpocca, CTapT
u GUHUII KOTOPOro HAaXOAATCA B OAHOM MECTe), TO
B 3Ty JWHHUIO BIHCBIBAIOT 3aMKHYTYIO JOMaHYIO,
T. e. JIOMAHYIO, ¥ KOTOPOH HAuyajo M KOHEI[ COBIA-
nawoT (puc. 223).

IInvHa KpUBOM JIMHHUM NPUOGIUXKEHHO paBHA
AJWHe BIHCAHHBLIX B He€ JIOMAHBIX M H3Mepsercd UX
IJIMHAMY TeM TOo4YHee, YeM dYalle pacoJaraloTcs
BEeDPIIMHBI BIMCAHHBIX JOMAHBEIX Ha AAHHON JIMHUH,
yeMm OaHKe ApYyr K JPYry CTaHOBATCA BePLINHBI
9THX JOMAHBIX.

Urak, uamepas AJIUHY KPUBOH nuHHM (00BIYHO
rOBOPAT KOPOUYe — KPHBOMH, OIIYyCKAas CJOBO JUHUU),
BOHUCBHIBAIOT B HEé MOCJIeA0BaTeJIbHO JIOMaHble, Hau-

Puc. 221 P
Az Ap
Ay
Ay
Puc. 222

Puc. 223
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GoJIbIIINEe U3 3BEHLEB KOTOPHIX CTAHOBATCA CKOJb
yrogHO Majbl. A ANWHOW KPWUBOW HA3LIBAETCA
TaxKoe YHCJI0, OT KOTOPOIO AJHHBI BTUX JOMAHBIX
OTJIHYAIOTCH CKOJb yrogao maiso. IIpu atom, Ko-
HEYHO, AJIMHBI JOMAHBIX HW3MEPATCA B OTHOH H
TOH JKe eNUHHNIle M3MepeHHdA U AJHUHA KPHUBOUH
cuMTaeTcad M3MEPEeHHOH B TOH Xe eIMHUIE.

Bpluucasas AJAHBI KPUBBIX JUHHUHA, MOXXHO
6parh JiroOble BOMCAHHBIE B HUX JOMaHbIe, JIUIIb
6B BepPIIMHBI 9THX JIOMAHBIX pacrojJarajuch Ha
KPHBOM JIMHUM J[JOCTATOYHO vacTo. s oKpyx-
HOCTH TAKUM CBOMCTBOM 00/1aJAI0T 'DAHUIILI IIpAa-
BUJBHBIX MHOIOYIOJbHHUKOB, BIIMCAHHBIX B BTV
OKPYJKHOCTB, KOTJla YHCJO MX CTOPOH HEOIPDAHMYEHHO YBEJIHMYUBAETCH
(puc. 224). Ilosromy, uaMepAA AJUHY OKPYKHOCTH, PACCMATPUBAIOT
BIIUCAHHBIE B HEE NPABUJIbHBIE N-YIOJBHUKH M BBIUHCISAIOT MX IEpH-
MeTPBI.

B pesynsTare mamMepeHHI, HIPOBOAUBIIUXCS C APEBHEHIINX BPEMEH,
OBLIO YCTAHOBIEHO, UTO IJIUHA OKPYIKHOCTH IIPOMOPIMOHAJIbLHA €€ pa-
auycy (MM, 4TO BCE pABHO, €€ JuaMerpy). JTO BhIPAXKAeT JAaBHO M3BeCT-
Hasgi BaM (opMmyna AJas OIUHBI L OKpyskHOCTH paguyca R:

L= 2nR, (1)

Puc. 224

rge m — Koa((pHIIMeHT nponopnHoHAIbHOCTH Mexxay L u 2R. I Torga
BOIIPOC O JAJMHE OKPYYKHOCTH CBOJAMUTCSA K BBEIYMCIEHUIO 4ducJja 7. MBI
cHaUaja YyCTAHOBUM IPOINOPLHUOHAJBHOCTH IJIUHBI OKPYXHOCTH €€ pa-
AUYyCYy, a 3aTeM pacCKa’KeM O 4Jucje T.

(0 Onune oxpymcrnocmu). [nuHa OKPYKHOCTH IPONOP-
HHOHAJIbHA eé paxuycy.

JoxrazarenbcTBo. J[oKaszaTh NPOMOPUHOHAIBLHOCTh AJUHBI OKDPYK-
HOCTH ee paguycy — BTO 3HAUYUT JOKA3aTh, UTO, KAKHE OBl B OKPYIK-
Hoctu C; u C, MBI HH B3AJM, OTHOINEHMe JAuHBI L, okpysxHOocTH C; K

eé paauycy R, paBHO OTHOIIEHMWIO AJUHBI L, okpysuoctu C, K eé pa-
auycy R,. Utak, MBI JOJKHBI AOKa3aTh PaBEHCTBO
Ly Ly

B TRy (2)
A paBeHcTBO (2) PaBHOCHJIBLHO PABEHCTBY

L, " R,

T = (3)

Hoxasxem paseHcrso (3). Bnumem B okpysxkHoctn C, u C, mpa-
BUJIBHEIE N-YIOJIBHUKM Q, u @, (puc. 225).
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WX cTOpOHBI ¢; U ¢, BLIYMCIAAIOTCA 110 GOPMYJIaM
g, = 2R;sin28C y ¢, = 2RI 8T (g

ITosTromy ux nepumerpbr P, u P, BeIpa)KaoTcs
dopmysamMu

= 2nR;sin 8% 4 p, = 2nR,sin B, (5)
W3 dopmya (5) cnegyer, uro
I By
Py " Ry® (6)

Ecnu HeorpaHuueHHO YBEJIUUYUBATH YMCJIO CTO-
POH INIPaBUJIBHBIX MHOI'OYIOJBHUKOB @, u @, (Ha-
IIpuMep, yABamBad ero), TO HUX MHepuMeTpbl OyayT
CKOJIb YTOAHO MaJI0 OTJidYaThes OT JauH L, m L,

p
oxkpy:xHocreit C, u C,. Ho Torma umcio P_; Oyzmer

Ly
CKOJIb YTOJIHO MaJIO OTJIMYAThCA OT 4UMCIa T, . 3Ha-

YNT, YyIUTHBaA (opmysay (6), MOMKHO BaKIIOUYUTE , YTO YHCIO T,

Ry
CKOJIb YTOJHO MO0 OTJMYAETCA OT YMCIA . Ho 3TO BO3MOKHO JIMIIb
Ly

TOrja, KOrJa 9TH 4Yucia paBHbl. MTak, clipaBejiuBO PaBEHCTBO ;P

Ry
®,» & 3HAUAT, U DPABEHCTBO (2). m

%, T. €. OTHOIIEHHE
AJMHBI OKPY’KHOCTH K €€ AuaMeTpy, eCTh BeJIMUMHA mocrosHHas. OHO
u obosnauaercsa O6ykBoil n. Brens Taxoe o6os3umaueHue, noaydaeM ¢op-
myay L= 2nR. Uncino n uppanuonansHoe. OHO OyneT NMOABIATBCA U
B Apyrux GopMyJiax, BbIPDAKAIOIIUX AJHHBI, IJOMAAN U 00BEMBI (hu-
ryp Bpamenus. Bosee mogpo6Ho o HEM MBI paccKaxkeM B IyHKTe 13.4.
Ceituyac e JHUIbL COOOIMHUM, uro 7 =~ 3,14.

W3 a10ii TeopeMBl CJIeAYeT, UTO OTHOIIEHHUEe

1. Kak namepsior npubAMKEHHO ANMHBI KPUBLIX NIMHWAY
2. B 4yéM uaes AokasatenbCTBa TEOPembl O ANMHE OKPYXHOCTU?
3. No kakoit ¢dopmyne BLIMUCISETCHA ANMHA OKPYXHOCTU?
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(SARAMN
Pa6otaem ¢ dopmynon

13.1. Kax ciaeayeT H3MEHHTh PajMyC OKPYIKHOCTH, UTOOBI €€ AJHUHA:
a) yBeJIMYMJIACH B ABa pasa; 06) yMeHbIIUIACH B Tpu pasa?

13.2. Kak ciesyeT M3MEeHHUTDh PajuyC OKPY’KHOCTH, yTOOBI €6 NJIUHA yBe-
auunnacsk Ha 1 M? 3aBUCHT JIM Pe3yJILTAT OT IePBOHAYAJIBHOTO pa-
auyca?

13.3. Ilyets paguyc oKpys:kHOCTH yBeauuuiacsa Ha 1 m. Kak mameHHIach
JUIMHA OKPYXXKHOCTH? 3aBHCHT JH PE3yJbTAT OT I€PBOHAYAJIBLHOIO
paauyca?

H+

Boiuucnaem

13.4. HafiguTe OTHOMIEHHE IJIHH OKDPYKHOCTEH, OIIMCAHHON BOKPYT IIpa-
BHJBHOTO MHOTOYTOJBHHKA U BIHCAHHOM B HEro, nJsA: a) Tpe-
yTOJIbHUKA; 0) JIeCTHYroJbHHKA; B) ABEHAALATUYTOJBHUKA;

r) n-yroJbHHKA.

13.5. BeruncauTe OIUHY OKPYXKHOCTH, ONHCAHHON BOKDPYI: a) IpAMO-
YroJILHOTO TPEYroJbHUKA ¢ Kareramu 3 u 4; 6) IpAMOYroJbLHOTO
TPEeyroJbHHKA ¢ KareraMu a U b; B) paBHOOeAPEHHOIO TPEyroJIbHU-
Ka ¢ OCHOBaHMEM d M OOKOBOH CTOPOHOI b; I') IPAMOYTrOJbHUKA CO
cTOpOHAMHU a ¥ b; 1) paBHOOOKOI Tpameuuu C OCHOBAHUAMHU a U b
u OOKOBOU CTOPOHOU ¢; €) paBHOOEJPEHHOI'0 TPEYTrOJLHHKA ¢ OCHO-
BaHWEM @ W YIJIOM IIPH BepIIMHE (; 2K) TPeyroJIbHUKa CO CTOPOHA-
mu 4, 5, 6.

13.6. Beiuuciure NJIUMHY OKPYYXHOCTH, BIHCAHHON B: a) pom0 co cropo-
HOH @ ¥ OCTPBIM yrjioM o; 0) IDpAMOYIOJBHEIH TpPeyroJbHHUK
¢ xareraMu a U b; B) paBHOOeJIpEHHBIH TPEyroJbHUK C OCHOBAHU-
eM a 1 DOKOBOH cropoHOU b; r) paBHOGEADEHHBLIH TPEYrOJbHHUK
C OCHOBAaHHEM @ W YIJIOM IIPH BEepIIHHE O.

13.7. Beruucinure MIHUPHHY KOJbIA MEXKAY ABYMA KOHIEHTPHYECKHMH
OKPYXHOCTAMU, UMEIOIIUMH JIuHbl L; 1 Ly. OT yero saBucuT ara
mupusa?

13.8

JIUHBEI ABYX KOHIEHTPHYECKHX OKpysKHOcTel paBHBI 1 um 3. Ye-
My PaBHA AJUHA OKPY’KHOCTH, KOHIUEHTPUUECKOH TAHHBIM M paB-
HOYAAQJIEHHOH OT HUX?

OueHusaem

13.9. HaiinuTe orHOmeHue (C TOYHOCTHIO [0 COTBIX) AJIUHBI OKPYKHOC-
T U IIepUMeTpa BIMCAHHOI'O B Heé NPABUJIBHOIO: a) IIeCTHYIOJb-
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HUKa; 0) ecATHYroJbHMKA; B) ABEeHAAUATHYTOJbHUKA; TI') ABaj-
LATUYTOJBHUKA,

@ Uccnepyem

13.10. Koneco xaturcs mo 3emye. Kaxasi CyI[eCTBYeT 3aBUCHMOCTb MEK-
Ay ero pajuycoM, YHCJOM CIeJaHHBIX UM ODODOTOB WU JJIMHOLI
IPOMEHHOro myTHn?

13.11. ITo mopore efer moBo3Ka ¢ KOJEcAMH PasHbBIX paauycos. OxHO U3
HUX Kpyrurca 6eicrpee. Kakoe? Ilouemy? Kak y3uaTh, BO CKOJNb-
KO pa3 ObIcTpee OHO KpyTHTCA?

Eﬁ Mpumensem reomerTpuio

13.12. [Ipa ay0uarThix KoJeca CIEIIeHBl MeXAy co0oii. M3BeCTHBI HMX
paxuycsl. a) IlyeTs mepBoe U3 HUX cjesnayio n o6oporoB. CKoOJIb-
kKo oboporoB cpenasio Bropoe? 6) Ilycts ects TpeThe KoJeco
H3BECTHOIO0 pajauyca, KOTOpPOE CIEeILIEHO C OAHUM M3 HaHHBIX
Kojgéc. Cronpko obopoToB oHO caenano? Yro MHTEpecHO B IIO-
aydeHHoM peayabrare? B) IlpescraBbTe, UTO TpeThe KOJIECO CIen-
JIeHO C ABYMA AaHHBIMH Koaécamu. CKoJIbKO 0060pOTOB OHO
caenayno?

13.13. a) MeTp npubiamsuTebHO PaBeH OJHON COPOKAMMJIIMOHHOM IJIH-
HBl 3eMHOr0 MepuauaHa. Hafimure paguyc 3eMHOIO IIapa B MeT-
pax. 0) Bo ckoapKO pas AJHHA 3eMHOI'0 dKBaTOpa OOJIBIIE AJIH-
Hbl IIecTUAecATOoH napaiyienu? HMaMeHUTCA JM NOJYYeHHBIH
pesyJabTaT, ecIH TaKyI0 3aJady pellaTh Ha APYrod mnJjaHere?
B) IIpexncraBbre cebe, uro 3emirio OOTAHYIIHM BEPEBKOM II0 9KBATO-
Py, & IOTOM €€ MJUHY YBeIHUWJIM Ha 1 M M IOJIYIUIH OKPYIK-
HOCTH, KOHIEHTPHYECKYIO ¢ BKBaTopoM. IIponeser nu B obpaso-
BaBIIKMICA 3a30p KHCTh PyKu?

13.2. IaMHA AYTH OKPYMHOCTH

3HadA, KaK BEIUMC/ASAETCA AJIWHA BCeil OKPY’KHOCTH, JIETKO BBIBECTH (hoOp-
MyJy AJSA BBIYMCIEHHA JJIUHBI AyrH oxpyxkHoctu. lleHTpanbHOMy yr-

o 1
ay B 1° coorBercTByeT Ayra, IJIMHA KOTOPO# paBHA 360 UACTH JJINHBI

- 2nR R
OKDYIKHOCTH, T. €. [JIMHA 3TOM AYTH paBHA oo = % ITosromy pnmua

L nyru, umeromeil rpafyCcHYI Mepy O°, MMeeT AJUHY

L=rRes. (7
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(SARAYM

D)

13.14.

=]

13.15

13.16.

13.17.

13.18.

13.19.

13.20.

13.21.

13.22.

Q

13.23,

Mpeacrasnaem

W3 TOUKM NPOBOAATCSA ABE KacaTeJbHble K OKpyHOCTH. OObsC-
HUTe, TOYEeMy IpPH YHAJeHUH TOYKH OT OKPY)KHOCTH IJIHHA Onu-
JKaWed K 3TOH TOYKe AYIHM OKPYMKHOCTH yBeJHMYHUBAETCAd.

Mnanupyem

. Orpesku CA m CB kacawTcsi HEKOTOpOii
OKpy:xHOCTH B Toukax A m B. Kak HaiTu - 0

anuRy ayru AB, 3maa gauHy CA m yron
ACB? Bpruucaure eé, ecim CA=1u L ACB= w ’d

= 120°,
Kak HallTH AJMHUHY 3€J6HOI JUHUHU HA PHUCYH- w

Ke 226, 3Has paguyc OKPYMKHOCTEH?

Puc. 226
Boiuncnaem
Yemy paBHa IJIMHA AYIH OKPY)KHOCTH paguyca R, ecau eé rpa-

aycHas Mmepa pasza: a) 30°; 6) 75° B) 120° r) 135°% nx) 240°%
e) 315°7

B oxpyxuOoCcTH paxmyca R npoBefeHa xoppa mausoir R. Hemy
PaBHBI AJUHEBl CTATMBAEMbIX €10 Ayr?

KaxoBa rpagycHada Mepa Ayra onpymﬂoc'rn paguyca 1, niauHa

KOTOPOH paBHAa: a) 7; 6) 35 B) — 6’ I‘) 3 H .D;) 4 ; e) —— llﬂ x) 1?
BHyTpH OKpyKHOCTH paguyca R pacmosiosKeHBbl TPU pPaBHBIE
OKDY?KHOCTH, Kacawlluecd APYr APYyra M AAHHOH OKPYKHOCTH.
HaijiguTe MX JIMHBI X AJIMHBL AYyr, HAa KOTOPBle OHHA pas3bHBaioT-
cA TOYKAMHU KaCaHHA.

Ha oxpyxuHocTu mnuHO#M L B3arta ayra aauuoi L,. Kakosa eé
rpagycHas mepa?

B yrosn ¢ BnmcaHa OKPYKHOCTb. B KAKOM OTHOIIEHHH pasiesiy-
Jack €€ aiauHa ToukKaMu KacaHus? Kax M3MeHAeTCs 3TO OTHOIIE-
HHe IPpH M3MEeHEeHHH yrIJja cp‘? ITpu KakoM yrJie (¢ 9TO OTHOIIEHHEe
paBHO 2?7

Uccnepyem

Hapucyiite orpesok AB. Bbl xorure Haubosee KOPDOTKAM IIYTEM
nomacte m3 A B B, IBUraschk TOJBKO IO ITOJYOKPYKHOCTSAM,
AdaMeTpel KOTOpbIX Je:xkaT Ha AB. Ilpu aTom cocepuue agua-
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MeTpPhl He HaKJaJbIBAIOTCA APYr HA IAPY-
ra. Kakoil Bel BeiGepere myTh?

13.24. Yacel nokaswsiBaror 15.00. Kak BeIumc-
JHUTE NYTh, KOTOPBLIH NpOMAET KOHEL| MH-
HYTHOH CTpPeJIKH, IIOKa OHA HOTOHHUT 4aco-
By10?

13.25. Kpyrnaa niomaaka pasbura gopokkamu  Puc. 227

Ha ceKTopsl (puc. 227). Bl HaxoguTech
Ha MepeceYeHWH TpaHUIBl IJIOMAAKH M
JOPOMKH, & Ball TOBAPHIL HAXOAUTCH
B JApYyro# Taxoi ke Touke. Kak BaM IIO-
opicTpee pobpatsca mo Hero? (XoxuTh
MOXXHO TOJBKO II0 AOPOKKaM H BOKDPYT
IJIOLIAAKH. )

13.3. H3mepenue maomanm IJIOCKOH
¢Gurypst. Ilromans kpyra

Bbl 3Haere, KaK BBIYMCJASIOTCS ILIOLIAAM MHOIO-
yroasHbIX ¢uryp. Ilnomanes S(F) HeMHOroyronib-
HO#l maockoi#l ¢urypel F MOKHO BBIYHCIHUTE,
npubnmxkasa F MHoroyronsHeiMu (urypamu. Ec-
JI MHOTOYTOJIbHAs (Qurypa M copep:xut Gury-
py F, Tto eé momans S(M) = S(F) (puc. 228).

Cnenosarensuo, S(M) O6ymer nmpubiaumxés-
HeIiM 3HayeHueMm ana S(F) ¢ usbeirkom. s du-
I'yp, KOTOpPbIE€ BCTpPeYAIOTCA HA HpaKTHKe, a TaK- Q.
JKe nusa Tex GuUryp, KOTopble MbI M3y4aeM, IIO-
nobpaB AnA NPUOJMIKEHUS COOTBETCTBYIOI[YIO
MHOTI'OyroJbHyoo burypy M, aTor u3bbITOK, T. €.
pasuocts S(M) — S(F), ymaérca chmenars CKOJIb Ap Ag
yrogao maJjeiM. Tem cambiM miaomans S(F) Mok-
HO BBIYHCJATH € JIO00HM HYXXHOW TOYHOCTHIO. R

®opmysa [AJs BBYHUCJIEHHUsS T1omagua S Ay g Ay
Kkpyra F pagmyca R Bam, HaBepHoe, 3HaKoMa. A
HanmomuuM eé: Puc. 229

S = nR2 (8)

0 Beieemem aty Gopmyny. HMamepuThs miaoiaab Kpyra IIpoIlle Bee-
ro, eCJI¥ NMPUOINIKATH KPYT IPABUJIBHBIMA MHOI'OYIrONBHUKAMM, OINMCAH-
HBIMM BOKDYI Kpyra: TOUYKH KacaHHs CTOPOH TAKHX MHOTOYIOJBHUKOB
pas3bMBaIOT OKPYKHOCTE KPYyra Ha paBHBIE TYTH.

Onumem BOKpYyr Kpyra F HpaBUIbHBINA N-yroabHUK @, (puc. 229).

Orpesku, coenuusiomue neHTp O Kpyra F ¢ BepmiuHaMM MHOTO-
yroapHuka @,, pasbusaioT @, Ha n paBHOOEAPEHHBIX TPEYIOJLHHUKOB
C OCHOBAHMSAMM Ha CTOPOHAX MHOTOYTOJIbHMKA Q,. Beicoramu sTux Tpe-

Puc. 228

oM
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YTOJILHUKOB ABJIAIOTCA PAgUyChl Kpyra F, npoBejéHHble B TOUKHU Kaca-
HHUA CTOPOH MHOroyroJbHuHkKa @, u Kpyra F. Ilosromy miomanb Kaix-

1
I0TO TAKOrO TPEyroJbHUKA paBHA Ean, rfe ¢, — AJAHA CTOPOHBI MHO-

royrojbHuKa @,. CxkiagbiBas mJOLIAAU BCEX TPEYroJbHUKOB, IIOJIyUYaeM,
yTo IJIOINAaAbL S, MHOrOyroJibHMKa @, BeIpakaercs (GopmyJoi

n
Sn > Ean’
T. €.
S =ip R
n 2pn ’
rae p, — IepuMeTp MHoroyroiapEuka @,. M3 mociezHero paseHCTBa
cjaeayer, UTO
S, R
=7 9)

n

Korza n HeorpaHWYEHHO Bo3pacraeT (HaIpuMep, yABauBaeTcd), Be-
JUYUHA P, CKOJb YrOJHO MaJO OTJIWYaeTcA OT AJuHBI L okpyxHoctu G,
KOTOpas OrpaHHYMUBaeT Kpyr F.

IleiicTBUTENBLHO, TOMOTeTHel ¢ neHTpoM O MHO- Q.
rOyroJbHUK @, MOYKHO IIepeBeCTH B MHOTOYI'OJIb-
HUK M,, BOUMCAHHBIA B OKpy»KHocTk G (puc. 230). M)

180°

Koadppunuent sToit romoTeTHH paBeH €OS — —, /\

a MoTOMYy MOXKeT OBITH CHeslaH CKOJb YrogHo Osma- B, B
KM K 1, xorzma n mocraTodyHo Beauko. CiaemoBarenn- L

HO, IepHMeTpPbl MHOrOYTroJBHUKOB @, u M, mnpm Ay As
OOJIBIIUX N CKOJBL yroauo 6ausku. Taxk xak mepumerp
MHOIOyronbHUKa M, CKOJIb yrojHo OJIM30K K AJH-
He L oxkpykHOCcTH (G, TO M IIepPUMETDP p, MHOTOYIOJbHUKA @, CKOJb

yroauo 6au3ok K aiuHe L oxkpykHoctu G, T.e. K 2nR.
Tax kak BeauuyumHa S, CKOJb yrogHo OauM3ka K miaomaznud S Kpy-

ra F, a nepumerp p, — K 2nR, TO ux oTHomeHue S,:p, CKOIb Yroi-

Puc. 230

S
HO OJMMBKO K yuMCIy SR Ho, cormacHo paseHcTBY (9), X oTHOIIEHHE

R
CKOJIb yrogHo 6iam3ko M K umcay 5. CiemoBaresnpHO, ABa umcia %

R 4
U 5 CKOJb yroaHo GJM3KH. A BTO BO3MOKHO JIHIIL TOTZa, KOrJa OHHU

S R
paBHel. Ilosaromy -=- = 5. Ha aToro paBeHCTBA H BHEITEKaeT, UTO

2nR 3
S=nR.m
HUrax, Mbl oKa3anu CAEAYIOUIYIO TEOpeMy:
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(0 naowadu kpyza). Mnomans S Kpyra paauyca R BbI-
paxaercs dopmynoir S = nR2.
Ilnomans cexTopa ¢ 1eHTpadbHBIM yriaom 1° cocrasiaser

1
360 10 YacCTh IVIOIIANH KpYyTa, a HOTOMY AJA Kpyra pajuyca R ona pas-
2
HAa ’;‘;;0 CremoBaTesibHO, MJIONIAAb CEKTOPA C IEHTPAJBHBIM YIriaoM of
B Kpyre paguyca R Beluuciaserca 1o (opmye

Seeem =360 B+ (10)

9 Bonpocm ANSl COMOKOHTPONS Iy
b A
1. Mo kakoi cbopmyne BblMMCNSIETCA NMowanb prra?
2. Mo kakoii dopmyne BbluMCSETCA NAoOWanb cekropa?
3. Kak BbMMCAUTE Nnowaas cermeHta?

Pa6oraem ¢ dopmynoi
13.26. BreipasuTre njaomanbk Kpyra uepes AJHHY e€ro OKPY:KHOCTH.
13.27. BeipasuTe miomanbk Kpyra dyepes ero AMaMerp.

13.28. Beipazure miIomazu CEKTOpa M CerMeHTa Kpyra paguyca R, ume-
omero ayry 20°.

13.29. Bripasure Iaomanbk CeKTOpa 4epes AJHHY €ro Ay M pajuyc.

E NMnaunpyem

13.30. Kak BBIYMCJIUTHL ILIOLIANL CEKTOpa, €CJAH HM3BECTHBI: a) paguyc
Kpyra ¥ JJUHA ero ayru; 0) gnmHa ero AYrd M IEeHTpaJbHBIH
yroJi; B) OJIMHA €r0 I'PDAHHUILI U IeHTPAJLHEIN yroua?

13.31. B xpyre u3BeCTHOTO pajauyca npoBeaeHa xopaa. M3BecTeHn Takxike
yroJj, moj KOTOPBIM OHa BHAHA u3 uHeHTpa. Kak HaliTu miomanb
TIOJIYYeHHBIX CErMEHTOB Kpyra?

13.32. [Tau kpyr. Kaxk ero pasturs KOHIEHTPUYECKUMH OKPYIKHOCTAMU
Ha 10 paBHOBEJIMKHX yacrei?

—=| Bblumcnaem

13.33. BeluncauTe mJommalb Kpyra, ONHCAHHOTO BOKpPYI: a) paBHOCTO-
POHHEro TpeyrojbHHUKA CO CTOPOHOU a; 6) paBHOOGEAPEHHOTO IPs-
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MOYTOJIBHOTO TPEeyrojJbHHKA C KATeTOM @&; B) NPAMOYTOJBHOIO
TPeyroJbHUKA ¢ KareramMu a u b; r) paBHOOEZPEHHOTO TPEYTOJb-
HUKA ¢ ODOKOBOI CTOPOHOM @ M YIJIOM IIpu BeplIdHe 2d.

13.34. Beluncaure ILIOMIAAM KPYroB, KOTOPble BOHCAHBLI B TPEYIrOJIbHU-
KU, IepeyHcJieHHBbIe B 3amave 13.33.

13.35. BHyTpH JAaHHOIO KpPyra OpPOXOAHUT OKPYKHOCTH, KOTOpas pastu-
BAeT ero Ha paBHOBeNUMKHE yacTh. KaKoBO OTHOIIEHHE PAJMYCOB
OOJIBIIION M MAaJION OKPYyKHOCTEH?

A Paszbupaemcs B pelieHuMm

13.36. Konpno F umMeer KpasgMH JBe KOHIIEHTDU-
yecKHe OKpyxxHocTH. Ilnomans Konbma —
S, mupuna Koabuma — d, a L — pauna
cpedHell MUHUU KOAbYUA — OKPYIKHOCTH,
PaBHOYZANEHHON OT KPAaéB KOJIbLIA U KOH-
OeHTpuYecKoii ¢ HuMHu. Kakasa CcBA3b Mex-
ny sumu? Yro oHa HanmoMHHAET?

Pemenue. Ilycte R — paauyc 6oJbInero
Kpas KoJblia, a I — paguyc MeHbIIero Kpas Puc. 231
Kousna (puc. 231).
Torma d=R—-r,a S= :rc(R2 = rz). Kpome Toro, paguyc R, cpenHei Ju-
HHH KOJbIla paBeH moJjycymMme R u r:

Ry= 3 (R + r). (Hoemy?)

IMoatomy L = 2nR,= n(R + r). CiaegoBareynbHO,
S=n(R*- r*)=mn(R + r)(R - r)= Ld. (11)

®opmysna S = Ld, Bo-lepBBIX, HAIIOMUHAET O (DOPMYJIe IJisi BBIYHUCIIE-
HUA IJIOIIAAM IIPSAMOYIOJLHUKA: KOJbIO F DPABHOBEIMKO IMPAMOYTOJb-
HUKY ¢ usMmepeHusAMH L u d. Bo-BTOpBIX, OHAa HalOMHUHaeT (QOPMYJIY
AJA BBIYHCJIEHUA IJIOIIAaAHM Tpameluu, ILJIOIIaZb KOTOPOIl paBHA IIpo-
M3BeJeHHUIO CpeJHeill JUHUM W BBICOTHI Tpamenuu. M mmomans Tpey-
TOJIEHUKA DABHA IIPOM3BEJIEHUIO €ro CPeJHedl JUHHUM M COOTBETCTBYIO-
el BBICOTEHI.

Ouenusaem

13.37. B Kpyre paaunyca R npoBeseHa KOHIeHTPHYECKas C KpaeM Kpyra
OKpyKHOCTh. KaKyio dYacThb COCTaBJseT IJOIIALb IIOJYYEHHOIO
KOJBbIla OT ILJIOLIAJAM Kpyra, €cJH pajuyc IPOBEJIEHHON OKPYK-
HOCTH paseH: a) 0,5R; 6) 0,9R?

156 ;[naaa IIIA] reometpus kpyra



E Uccnepyem

13.38. KBazpar u KpPyr uMeoT oJWHAKOBYIO JAJHHY IpaHunsl., Kaxas us
aTUX (UTryp UMeeT OOJBITYIO ILJIOMIAAL?

13.39. IIpaBUIBHEIN IIECTUYTOILHUK M KPYTI MMEIOT OJMHAKOBYIO JIU-
Hy rpaHunsl. Kakas us stux ¢duryp umeer GONBINYIO Miomansb?

13.40. KBazpar u Kpyr paBHOBeJMKH. ¥ KAKONH U8 3THUX (QUILYD AIUH-
Hee rpanuna?

13.41. ITpaBUIBHBIA MIECTUYIONBHHUK M KDY PAaBHOBEJIHUKH. ¥ KAKOH U3
aTux Guryp aiaunHee rpaHuna?

13.42. KakoBO MOJIKHO OBITH YMCJIO CTOPOH IIPABHUJIBHOI'0O MHOIOYIOJb-
HUKAa, BIHMCAHHOIO B KpYI, 4T00BI €ro IJIOLIAAL COCTABJAJA OT
nomanu kpyra He mesee: a) 90%; 6) 95%7?

' ~—
NMpumeHnsem reomeTpuio

13.43. ITouemy g mepejauyu rasa Ha GOJIBIINE PACCTOAHUA BBITOJHEE
HMCIOJB30BaTh TPYOLI GOJbIIOTO aAuamerpa?

13.4. Yneno # =

Bo Bcex dopmyrnax, CBABAHHBIX C H3MEPEHHeM Kpyra M ero uacTei,
MIPUCYTCTBYET MHOMKHUTENb . YHCJI0 7T IOSABUJIOCH KAK OTHOLIEHHUE IJIN-
HBI OKDYKHOCTH K eé nguameTpy. Ero MO’KHO onpemenuTs U KAk OTHO-
LIeHHe IJIOIIaJM Kpyra K ILIOIDaAd KBaApaTa CO CTOPOHOIi, paBHOH pa-
auycy kpyra. SIcCHO, YTO HpH pelIeHHMH OYeHbh MHOIMX NPaKTHUYECKHX
3a7a4 BaXHO 3HATH, UeMy DPaBHBI aTu oTHourenus. JlokaszaHo (cpaBHU-
TeJbHO HegaBHO, B KoHIe XVIII B.), uro m1 — uMca0 HppanHoOHAILHOE.
CrueayeT 3aMeTHTh, YTO HA NPOTAMKEHWHM MHOTHX CTOJIEeTHI MaTeMaTHKN
PasHBIX CTPaH OBITAJHMCH BBIPA3UTh T PAIMOHAJBLHBIM YHCJIOM. Bbrumc-
JATE T C JIOOO0H TOYHOCTHIO MOYKHO, HAXOAA MEePHMETPH! IPABHJILHBIX
MHOTOYTOJbHUKOB CO BCE OOJIBIIMM YHMCJIOM CTOPOH, BIIMCAHHBIX B JIaH-
HyI0 OKpyaHOCTh. OTHOIIEHWA HEePUMETPOB 3THX MHOTOYTOJIBHUKOB K
IuaMerpy OKPYIKHOCTH U JaloT Bcé GoJsiee TOUHBIE 3HAYEHHSA T.

Y MHorux IpeBHHX HapoaoB (mampumep, B Basmione, B Kurae
u paxke B JIpesHeM PuMe) npu BBIYMCIEHHH AJHUHBI OKDPYKHOCTH
M IUIOmIaAM KpPyra HMCIOJb30BAIN BecbMa rpy6oe npubamixeHue umc-
na n, paBaoe 3. Ho B JIpesrem Erunre ysxe 3a 18 Bexos mo H.a. uc-
MOJB30BAIM INPH pEelIeHWH 3THX 3aJa4 BechbMa XOpoluee IMpHUOIHKEH-
HOe 3HAYEeHHe AJA T:

2 aK
n~(22] = B¢ ~ 3,1605.
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Coycra 1500 ner sesmkuit Apxumen (ox. 287—212 rr. A0 H.9.)
B cBO8M coumHeHuu «0O6 M3MePEHUM Kpyra» gaj Takue OpUOIHIKeHHuSA
IJIA T nepumemp 6CAK020 KpYyza paeéeH ympoeHHoOMYy duamempy ¢ us-
ObLMKOM, KOMOPbLL MeHbWe cedbMoll yacmu duamempa, HO Oosbute Oe-
camu cembdecam nepevix. ITOT Pe3yabTaT ApXuMen MOJYYHUJ, BEIDa3UB
yepes AMAMETD OKPYKHOCTH HEpPHMETDP BIHCAHHOTO B He€ IPABUJIBLHOIO
96-yronbHuka. Peaynprar ApxuMmena RaéT NpUbIHKEHHOe 3HAUEHHE
aast T, paBHoe 3,14.

Wuanuitckuii mareMaTuk u actpoHoM Apwuabxara (476 r. —
oK. 550 r.) Hamén emé GoJsiee TOUHOEe 3HAUEeHHE T, paBHoe 3,1416. Pa-
foraBmuit B CamapkaHJe B 3HaMeHHUTOH obcepBaropum VYiayrboexa
maremaTuk ag-Kamu gan npubaumixéHHoe 3HaueHue nasa n ¢ 16 Bep-
HeIMH 3HakamMu. OH paccMaTpuBaJl BIHMCAHHBIM B OKPY’KHOCTBH IIpa-
BUJBHBIA MHOrOyroabHuk ¢ 800 335 168 croponamu. Jleomapn Oitiep
(1707—1783), npuMeHAA MeTOAbl BBICIIEH MaTeMATHUKH, HAIIEN AJIA
n npubauxenue ¢ 153 BepusiMu 3Haxkamu. CoBpemenubsie IBM moryr
HaXOOUTh OPHUOJHMIKEHUS T C AeCATKAMH ThICAY BEpPHBIX 3HAKOB, HO,
KOHEYHO, IJid NMPaKTHKU TaKue OPUOIMIKEHWUS He HYIKHBI, JOCTATOY-
HO CeMH 3HAKOB.

O6GosHaueHne OYKBOIl 7T OTHOIUEHUS AJNHMHBLI OKPYKHOCTH K €€ aua-
MmeTpy BBEN JI. Sitnep. BykBa m — 3T0 mepBaa GykBa B IDeUECKOM CJIO-
Be TEPLPEPELD. — TIepUGEepuss, UTO O3HAUAET «OKPYIKHOCTB».

B xonne XIX B. ObLIO0 JOKas3aHO, 4YTO T He ABIAETCA KOPHEM HH-
KaKoro MHOrO4YJIeHa C IeJbIMH KoahduuueHTaMu (TaKHe YHUCIa HA3BI-
BAaOT MPAHCUeHOeHMmHbLMLL).

13.5. Apxumen

HmeHeM 3TOro reHHalbHOTO IPEYECKOro YYEHOT'O HA3BAHBI U OTKPHITHIE
UM BaKOHBI MEXaHHUKH, M NPUAYMAHHBIE HM MAIIUHBI («BUHT Apxume-
Ja» I moABEMa BOABI), M OOMH M3 KJIACCOB MHOI'OIPDAHHMKOB B I'€0-
merpuu. OHO OKpPY’KEHO JiereHJaMH, MHOTHEe M3 KOTOPBIX BaM, HaBep-
HOe, H3BECTHBI. U BocTOp:keHHOe BOocKJUIaHMe «IBpukal» («Hameémn!l»)
YUE€HOTO, PelIuBIIEero TPYAHYIO npobiemy (BCOOMHHUTE 3aKOH ApxmMmezna
O JeHCTBUH BHITAJIKHBAOIIel CHJILI HA TeJO, IOTPYKEHHOe B KHI-
KOCTb, M CBfA3AHHYIO C HHM 3aJa4y O 30J0Te B IAPCKOIl KOpOHE),
U ropjoe sasBienue «JlaliTe MHe TOYUKY OHOpPHl — M A IOBEPHY 3eM-
Jiol» Imocijie OTKPBITHS 3aKOHA phklyara, u gaske mocjaenHue ciaosa «He
Tporai MOHMX uUepTexxeill», ckasaHHBIe PHMCKOMY COJJIaTy, YOHUBIIEMY
€ro, — BTO OTJeJbHBLIE, HO SApPKHe OeTajH, XapaxkTepusyipouiupe Apxu-
mena. Koneuno, Gojiee IOJHYIO XapaKTEePUCTHKY ApPXHMela AaloT ero
paboThl MO MaTeMaTHKe, MeXaHHWKe, ACTPOHOMHU, €ro HHKeHepHBIe
uzobperenus. llepeuncnnM Ha3BaHUS HEKOTOPHIX M3 Hux: «KBazapary-
pa mapa6oiabl», «O mape u muiauHape», «0O cnupanax», «Mamepenue
Kpyra», «O paBHOBeCHH IIOCKUX (DUI'Yyp WJIH O HEHTPax TSAMXKECTH IJI0C-
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kux (uryp», «O mraBalommux rtenax», «06 ycrpoiictBe mHebecHOil cde-
pei», «O mMHOrorpaHHuMkKax», «O mOCTPOEHMM Kpyra, pasiejéHHOTO Ha
ceMb DaBHBIX 4acTeii». Yike aT0 mepeuucieHue (a Apxumeny mpuUHAL-
JeXaT ¥ MHOTHe Apyrue padoTel) mokasplBaeT IIHPOTY HHTepecoB Ap-
xumena. O pesynprarax Apxumeza, CBA3aHHBIX C M3MEepeHHMEM Kpyra u
[mapa, MBI y2Ke roBOpuau. PacckaskeM elllé 0 TPEX IeOMeTPHYeCKUX pa-
porax Apxumesna.

Apxumen B cBOEM couumHeHMH «O mrape U UUJIHHADE» U3MEPAI 00b-
€M IIapa M ILIOLIAJb €r0o IIOBepXHOCTH. Bor Kak dopmyaupoBan Apxu-
MeJ| IOKa3aHHBIEe UM TEOPeMbI: O/ 8CAK020 ULAPA YUAUHOD, umelouuil
0CHOBAHUEM OONbUWLOLL KpYye amoz20 wapa, a 6b.COMOol npamyro, pasuyio
duamempy wapa, u cam 6ydem 6 noamopa pasa Ooabure 3Moz20 wapa,
U NOBEPXHOCMb €20 MOoXce 6 noamopa paia Oonvlwie nodepxHocmu ula-
pa (cm. BTOpO¥ dopsan). U3 aTux TeopeMm BEITEKaeT, 4To o6beM Imapa

3
V= ZT[R:}, a miaomajab ImoBepxHoctH mapa S = 4nR” (3gece R — paaumyc

mapa).

B pabore «0 mocTpoeHMH Kpyra, pasAeJéHHOrO HA CEeMb PaBHBIX
yacTeil» peuyb HAET O MOCTPOEHHUM IIPABHJIBHOIO CEMHUYTIOJbHHUKA, YTO He-
BO3BMOJKHO CAEJaTh C HOMOINBI HUPKYJAA M JguHelku. Ho Apxumen
CTPOMUT €ro, IPUBJEeKadA APYIHe CPeACTBA.

B counnenunn «Q crnupanax» Apxumes HcCIeAyeT JUHUIO, KOTOPYIO
OIMIIIET ABMIKYINASICA PABHOMEPHO MO0 HEKOTOPOH NpAMOUN TOYKa, KOrAa
camMa npsSMas PaBHOMEPHO BpAIlaeTCA BOKPYI HAYAJIBLHOTO IIOJIOMKEHHSA
ABMIKYILIEHcA TOUKHM (cM. BTOpoil ¢opsan). Eé Ha3piBalOT CnuMpanbio
Apxumena.

HUcnonsaysa aTy cnupanab, ApXHMea CTPOUT OTPE30K, AJHHA KOTO-
poro paBHA JJIHMHE OKPYKHOCTH HAaHHOro paguyca. LIUpKyJieM U JIHHEH-
KOHW Takyio 3a7auy PeIIuTh HeJb3d.

B counnenun «0 MHOrOrpaHHMKaxX» peub HUAET O TPUHALUATH BbI-
NYKJbIX MHOTOTPAHHMKAX, ¥ KOTOPBIX BCEe I'PAHM — IIPABHJIbHBIE MHO-
royrolbHUKHM (HO He BCe OJAMWHAKOBBIE) M B KAXKJOW BepUIMHE KOTOPBIX
CXONATCA ONWHAKOBBLIE HAOODHI rpaHeil. OTM MHOIOIPDAHHHMKH HA3BIBAIOT
nonynpaguibHbilMW MHOrFrorpaHHMkaMmium Wi apxvumMmenoebiMu
TEnNnammu.

Apxumep xua B III B. 1o H. 3. B ropose Cupaxyasl Ha ocTpoBe Cu-
MUIudA, ObLI 3HATHBIM YeJOBEKOM, APYIOM CHpaKy3cKoro maps I'meposa.
On BéJ mepemmcKy, obcy:xpas HaydHble IpOOJEMbl, C YYEHBIMU AJeK-
cagapuu. Ho ApxuMeJy NPHUILIOCH TPATUTh CBOM IeHUII He TOJBKO Ha
pemreHue YMCTO HAYYHBIX 33/]a4, HO U Ha M300peTeHHe OOOPOHUTEILHBIX
BOEHHBIX OPYAMI [JIA 3aIHThl POSHOTO ropoja OT OCaXKAABIINX ero PUM-
asaH. 06 aTUX OpPYAMAX, HABOAMBIINX Y’KaC Ha OCAXKAABIINX, PACCKA3bI-
BaioT MHOorue xapesHue ucropuru (ITomubuit, Tur JIusuii, Ilnyrapx). Orn
HCTOPHKHM O caMoM ApXHMeJe IHIIYT B CAMBIX BOCTODIKEHHBIX TOHAX.
Bor, manpumep, cmosa Iliyrapxa: «ApxXuMejJ HMeJ BO3BBIIIEHHYIO Y-
mry u rayboxkuit ym, u, obsazas rpoMajHBIMU OOraTcTBaMM reoOMeTpH-
YeCKMX Teopuii, 0H He XOTeJ OCTABUTh HH OAHOI0 COYMHEHHMA OTHOCH-
TeJbHO IIOCTPOEHHS TeX MAIMH, KOTOPbIE NOCTABUJIM €My cJIaBy 3HAHUS,
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He TOJBKO AOCTYIHOTO UeJIOBEKY, HO HOoYTH O0KEecTBeHHOro.. Bo Bceit
reoMeTpuM HeJb3A HalTH Gojiee TPYAHBIX M IVIYOOKHX 3a7a4, KOTOPBIE
6BLIM DEIIeHbl TaK IPOCTO M ACHO, KaK Te, KOTOPHIMH 3aHuUMajcsa Ap-
XuMeI». JTO BOCXHINEHHEe W YIHUBJIEHUE reHueM ApXuMena COXPaHHJIOCH
1 TOHBIHE, cnycTA Gojiee ABYX THICAY JeET.

SAOAYN K TRABE 111

=

II1.1.

I11.2.

]

IT1.3.

I11.4.

®

IIL.5.
I11.6.

II1.7.

<

I11.8.

Mnaunpyem

a) B TpeyrosnbHHK BnHcaHa OKDPYKHOCTh., Kak y3HaTh, B KaKOM
OTHOLIEHUH pasfesnjach AJIUHA 9TOH OKPYKHOCTHM TOYKAMH Ka-
canua? 0) PemurTe aHANOTMYHYIO 3aJa4Yy IOJIA YeTHIPEXYTOJbHH-
Ka. B) Pemure aHajmormunyio sagady IJd 7-yroJlbHHKA.

Kax mocTpouTk KpyTr, ILIOIIaAh KOTOPOTO pPaBHA CyMMe ILIOIA-
Jei OBYX NAHHBIX KPYroB?

Haxoaum BenuuuHy

B kpyr pagmyca R BOHMcaHBI TPH PaBHBIX Kpyra, KacalOIIHecs
apyr apyra. Haiigure ux paguyc.

Ha guamerpe mosykpyra paguyca R IIOCTPOe€H IpPaBHJIBHBIA Tpe-
YIOJIbHUK C TOM K€ CTOPOHBI OT AMaMeTpa, YTO M moJykpyr. Hai-
AUTe IJIOIIaAb YAaCTH TPEYroJbHHUKA BHE NOJIYKPYTa.

Jdoka3eiBaem

IleHTp OKPYXHOCTH COBIIAJAET C IIEHTPOM IPaBHJIBHOTO TPEYIOJIb-
HUKa, & caMa OHA IIepeceKaeT CTOPOHBI TPEYToJbHHKA. I[oKaKu-
TE, UTO MOJy4eHHBIEe IPH STOM XOPAEI OYAYT PaBHEIL.

Hoxraskure, 4To NpsaMele, cofepskamiue obiIyre XOpAbl TPEX momap-
HO IepeceKalouXcsa OKPYKHOCTeH, IPOXOAAT Yepe3 ONHY TOUYKY
HJIM TapajjiebHbI.

JlokaKkuTe, 4YTO NpPOM3BEJEeHHE AUAroHaJell BIMCAHHOIO B OKPYMK-
HOCTh UYeTBHIPEXYIOJbHHUKA PABHO CyMMe IPOM3BEJeHHIl ero mpo-
THBOIIOJIOKHBIX CTOPOH (meopema ITmoanemes). (KnaBauii IlTose-
me# (oK. 87—165 rr.) — 3HAMEHHUTHIN JpPEeBHETPEUYEeCKUil acTpo-
HOM M MaTeMaTHK, KUBIIUH B AJIeKCAHIAPHHU.)

Uccnepyem

BOprl" PaBHOCTOPOHHEro TPeyroJbHHKa ONHCAHA OKPYHKHOCTH.
Ilo meil aBmikerca Touka. B mM060fi MOMEHT BpeMEHM WU3BECTHBI
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paccToAHUA OT Heé N0 JABYX BepIIMH TpeyroabHuka. Cmoxxe-
T€ JIA BBl HAWTH pacCTOAHME OT Heé /I0 TPeTheH BepIIMHBI Tpe-
YroJIbHHUKA?

Crpoum

ITocTpoiiTe OKPYXHOCTH, KACAIOI[YIOCA TPEX 3aJaHHBIX MPAMBIX.

ITocTpoiiTe OKpPYXHOCTH, NPOXOAAIIYIO UYepe3d HAHHYI0 TOYKY H
Kacalol[yIoca ABYX JAHHBIX NPAMBIX.

Mpumensem komnbloTEp

KoHUBI oTpe3dka mocTosHHOI AJHUHBI HAXOAATCA HA IABYX pas-
JIMYHBIX CTOpPOHaX npamoro yria. HaiinuTe TpaeKTOopHIO cepe-
OUHBI OTDE3Ka, eCJIM OTPe30K 3aHMMaeT BCe BO3MOXKHBIE IIOJO-
JKeHHd,

Vrasanue: npoBenure KOMIIBIOTEDHBIA JKCIIEPUMEHT, OTMETUB
cepequHY OTPe3Ka M BOCHOJb30oBaBIIMCH KoMmaHnoit «Ciexm Tou-
Ku». IIna obocHOBAaHMS OTBETA COEIUHHTE CEPEeANUHY OTpPe3Ka ¢
BEPIIMHOHN yrJa.

B oKpy:XHOCTH BOMCAJIH OATHUKOHEYHYIO 3Be3ny (He oOasaTesib-
HO IpaBuiabHYI0). IIpoBepsTE C MOMOIIBI0 KOMIIBIOTEDHOTO 3KC-
IIepUMEHTa, UTO CyMMa YIJIOB B BEpPIIMHAX Ha KOHIIAX 3Be3Jbl
He MEHSeTCH, €CJIM MEHSATHh IOJIOJKEeHHe BepIIMH Ha OKPYKHOC-
tu. IlonpoOyiiTe 000CHOBATL OTBET.

Haubr nBe Toukm A u B. M3o6pasure Ha IJIOCKOCTA MHOYKECT-
BO Touexk C, Takux, yro AB: CB=2: 1.

Vrkasanue: Il TIOCTPOEHUS TAKOTO MHOXKECTBa IIOCTpoiiTe ps-
JIOM € TOYKAMH IPOMU3BOJILHLINA OTPE30K d M BOCHOJIB3YHTECh KO-
Mmaanoi «IlocTpoeHHe cepenuMHBI OTpE3Ka». 3aTeM Ha CTOPOHE

AB moctpoiiTe Tpeyroibuuk ABC ¢ gIuHaMu CTOpPoH d U %. Has-

MeHsd AJHUHY OTpe3Ka d M BOCIOJb30BaBIIMCH Komaumou «Cien
Touky C», HNOJYYHM HMCKOMOE reoOMeTPHYECKOe MeCTO TO4YeK.
Jnss o60CHOBAHMS OTBETA IIPOBEAUTE OMCCEKTPUCH BHYTPEHHErO
M BHENIHEro YyIJIOB Ipu BepmiuHe C U BOCIOJB3yHTECh TeOpeMoil
0 AeJIeHUU OTPEe3KOB Ha IIPpAMOM, COAepIKallleil OCHOBaHUWE Tpe-
yroJIbHUKA, OMCCEeKTPpHCAMU BHYTPEHHEr0 W BHEINHEro yIJIOB.

[L§ 13.| [AnuHa okpyxHocTM M nnowaab kpyra = 161



3aknioyeHue

1. AKcuoMaTHYeCKHi MeTOd. B camom Hauasne Kypca, Bo Bae-
geaun B yuebHure «l'eomerpusa, 7» OBbLIO CKagaHO, UTO B I'eOMETPUU
TOJBKO HaYaJbHbIE CBeJeHUA OepyTcsa M3 HAOMIOAEHUA U IPAKTHKH, OHU
HArJISAHBEI B O4YeBHAHBI. Bce eé manpHeHInue yTBepKAeHHUA 00OCHOBBI-
BAIOTCA NYTEM JIOTHUUECKUX paccyskaeHuit. UMeHHO HOdTOMY BeJIHKUit
aurauiickuii yuénabiii Mcaak Heioron (1643—1727) ckasan: zeomempus
3a MO U NPOCAABNACMCA, LMO, 3AUMCMB068AE U3E8HE CMOLb MAJLO OC-
HOBHbLX NOJONCEHUIL, OHA CMOJb MH02020 docmuzaem.

Tak Mbl M IOCTYIIANHM, KOIJa AOKAa3bIBAJM TEOPEMbl, PelIaia 3aja-
uyn. OJHAKO B HAIIUX JOKABATEJBCTBAX MBI HE TOJBKO IOJL30BAJIHCH
YHUCTO JIOTMYECKHMMHM PACCYKIAEHUAMH, HO ¥ HEPEAKO OIMPAaJUCh Ha ode-
BugHOCTh. Hanmpumep, B akcuome 006 OTKJIAABIBAHUM yIJia T'OBOPHUTCH,
4TO YroJi MOKHO OTJIOXKHUTH B 3aJlaHHYIO NOJYILIOCKocTh. Ho ompeneJie-
HUA NOHATHS NOJAYNJOCKOCMb He OBLIO JaHO — MBI HOJATATHUCh Ha Oo4e-
BHUJHOCTb.

OObIYHOE OIIpefesieHHe COCTOMT B TOM, YTO OJHO IIOHSATHE pasbsic-
HAETCSI ¢ IOMOIIBLI0 APYIHUX, KOTOPBIE CYMTAOTCA M3BecTHbIMHU. Ilomyc-
THM, 9TH H3BEeCTHBIE IIOHATHSA TOXKe MOJKHO OIpeAeJUTh ueped Apyrue.
Ho rax mpomosmxars 06e3 KOHIIA HEBO3MOMKHO. MblI NpHUAEM K IOHATH-
AM, ONpPEAENHUTE KOTOPHIE Yepe3 APYIrue yiKe HeJb3s; UX MOKHO TOJb-
KO HOACHUTH, IOKaszaTh Ha npumepax. CamMu Ke 3TM NOHATHA OYIYT
CIYKUTH AJIA ONpeAeNeHHs APYIruX NoHATUi. OHU B 3TOM cMbIcjae Oy-
AYT MCXOAHBIMH — OCHOBHBIMH.

HWrak, HY’KHO BBISBHUTH OCHOBHBIE NMOHATHA HU3yYyaeMoOil HAMH reo-
MeTpHuH, & OCTaJbHbIE OIpPENeJUTh Yepe3 HHUX.

OxHako aToro eImé HegocTaToyHO. JloKas3pIBadg Kakoe-HUOYAb YTBEPK-
JeHHe, TEOpeMy, MBI OIIMpaeMCcs Ha HEKOTOpbIe NPeANOCBLIKH, HA TO, YTO
yiKe cuuTaeTcsa M3BeCTHBIM. HO 9TH NMpeamoOCBLIKH TOMe HYMXKHO 000CHO-
BBIBATH M T. [. Tak IpomoxaTh A0 6eCKOHEUYHOCTHM HEBO3MOXKHO, U MBI
OpUAEM K OPEeANOCHLIKAM, KOTOPHIE NOJIKHBI OBITH HNPUHATHI 34 HMCXOX-
HBIe. ITH HMCXOJHBIE HOJIOMKEHUA — aKCHMOMBI — IIDUHUMaroTcs Oes mo-
Kas3aTenbCTBA M COCTABJIAIOT OCHOBY IJIs AOKa3aTeJbCTBA TeopeM. MEl
chopmynupoBas B Hadasle Kypca pajx akcuoM. Ho mcyepneisaior Ju OHH
BCE TO, YyeM MEI HA CAMOM AeJie IIOJb30BaJIMCh B HAIIUX BEIBOJAX?

Tak, MBI mpeamosaraau, 4YTO AAHHLIM OTPE3KOM ¢, NMPUHATHIM 34
MacuITabHy eJMHHILY, MOMKHO M3MepHTh JI60H oTpesok (c zapaHee
YKasaHHOH TOYHOCTHLIO), OTKJAAbLIBAA HA HEM OTPEe3KH, DaBHBIE €, WUJIH

e e
HX HNO0JIH [5, 1 } OaHAKO MOYKHO MBICJIHUTB, YTO CYILIECTBYIOT CTOJb

OonbIIMEe OTPE3KH, YTO, CKOJBKO PAa3 HA TAKOM OTPEe3Ke HHM OTKJIANbBI-
BaTh OTPEe3KM, paBHBIe €, BCE paBHO OyJeT OCTABATHBCHA OCTATOK, DOJb-
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muii e. ficHo, 4To Takoro GeiTh He MoOKeT. HO AJA JIOrMUeCKHMX BBIBO-
J0B HYJKHA sBHas (GOPMyJIMpOBKAa, ¥ Hajo JHOO J0OKasars yTBepkie-
Hue, JubO0 NPUHATH 3a AaKCMOMY, 4YTO TaKoe HEBO3MOXKHO. Heobxomm-
MOCTh TaKOH aKCHOMBI MOHAJ Apxumel U cGOPMYJHMDPOBAJ eé B CBOEH
pabore «O 1mape u nMIMHApe»: 04 KaxcOvix 06yx ompeskos AB u PQ
cywecmeyem ompesox AC, codeprucawuic AB u cocmaénernmviic us om-
pe3rxos, pagérblx PQ.

B n. 1.1 yuebHuka «Teomerpusi, 7», HAaYMHaAsA PasroBop 06 orpes-
Kax, mocje (OPMYJHPOBKM mnepsBoro mocryiara EBkauma o Tom, uro
Kaskable JBe TOYKH COEAHHAET OTPEe30K, U IPUTOM TOJBKO OIHH, MBI
CcKas3aJIM: 3TH JBe TOYKM HA3BIBAIOTCA KOHIAMHM oTpe3ka. MBI He moj-
YEPKHYJHU 9TO Kak 0cobyio axcuomy. Ho IIpu IMOJTHOM HBJIOMKEHHUH U 3TO
yTBEP)KIEHNEe HYIKHO BBICKA3aTh KAK AKCHOMY, OTPAAIOIIYIO OZHO M3
OCHOBHBIX CBOMCTB OTpesKa.

HWrak, 3agaua cCOCTOUT B TOM, UTOOBI BBEIZENNUTHL OCHOBHLIE IMOHATHS,
chopMyIHPOBATE KAK AKCHOMBI BCe IOJIOMKEeHHA, KOTOpPble IIPHHUMAIT-
ca 0e3 ZOKAsaTeJbCTB, M TEM CaMbIM JATHL OCHOBY AJA CTPOrO JOTHYEC-
KOT0 IIOCTPOEHUA IJIAHUMETPUH — [IJIA OIpelesIeHUs APYTrHUX eé IOoHA-
THH U DOKAa3aTeabCTBA TeopeM. B 3TOM CMEBICJIe W TOBOPAT, UTO CIIHCOK
OCHOBHBIX MOHATHH ¥ (QOPMYJHMPOBKH AKCHOM COCTABJAIT OCHOBAHMS
JIAHUMETPHH.

ITocyie TOrO KakK BBIJeJeHbl OCHOBHBIE MOHATHA M C(POPMYJIHUDPOBAHBI
aKCHOMBI TeopuH (B HaIleM cJiydyae IIAHUMETPHH), BCe eé JaJibHelIne
YTBEDPIKAEHUSA BBIBOAATCA YMCTO JOrMdecKMM Iyrém. Takoit crocob Imo-
CTPOEHHUS HAYYHOH TEeOPHHW HAa3bIBAETCA AKCHOMATHYECKHMM METO/0M.
Brnepssie o noasuwics B reomerpun B Ipesneii I'penuu (Bcnomuum «Ha-
yana» EBKJIWAA), a B HACTOAINlee BpeMs ero NpUMeHAKT BO BCeX Teope-
THYECKHX HAyKax, Ipe)Je BCero B MaTeMaTHKe. AKCHOMATHYECKUM Me-
Togom manaraer M. HeoToH cBOé riasBHoe counHeHue «MaremMaTuyecKue
HavaJla HATypaJdbHOH ¢miocoduu», u 006 3TOM METOAEe OH H TOBODHUT B
NpHUBEJEHHOM paHee ero BBLICKA3bIBAHUM O IN'eOMETPHH.

CaMBIM H3BECTHBIM COYHMHEHWEM, W3JATalINUM TIeOMeTPHI aKCHO-
MATUYECKHM METOJOM B COBPEMEHHOM ero IOHMMAHHHM, CTAN TPYL He-
merngoro maremaruka Hasupa I'unsGepra (1862—1943) «OcHoBanus
reomeTpuu», Beimeamuii B 1899 r. Kparkoe (Bcero asa aGsaia) Bseje-
Hue B proil kHHUre I'manbepT HaumHaeT Tak:

«I'eomeTpus, Tak e Kak U apudmMeTuKa, TpedyeT A8 CBOEIO IIOCT-
DOeHHMA TOJbKO HEMHOTHX IIPOCTHIX OCHOBHBIX IIOJIOKEHHIH. ITH OCHOB-
HBIE IIOJIOJKEHHA HA3BIBAIOTCSA aKCHMOMaAMM TI'€OMETPUH. ¥ CTAHOBJIEHHE
AKCUOM reOMeTpPHH M HCCIeJOBaHME WX B3aMMOOTHOIIEHHH — 3TO 3aja-
ya, Kotropasa co BpeMéH EBKImuaa spiasigack TeMO# MHOTOYMCIEHHBIX
IIpeKpaCHBIX MPOU3BEJEHUN MaTeMaTHYeCKOH JIMTEPaTyphI».

3ameuanue. [I[pUHUMATE 38 OCHOBHBIE MOJKHO pasHble IMOHATHSA,
TaK Ke KaK M 32 aKCHOMBI MOXXHO NPHHMMATHL pasHble YTBep:KAeHHI
minasumerpuu. Ilonydarorcsi pasHble eé ocHoBaHusA. Ho Bce OHHM HAlOT
ONHM M Te >Xe pe3yJabTaThl. IIpUMepsl TAKMX pa3IUUHBIX IOCTPOEHHUI
IJIaHUMEeTPHAU BbI IIOJYYUTE, €CJIM CpaBHUTe, HaIpuMep, PpasHBbIe
LIKOJbHBIE YYeOHUKH I'€OMeTPHH.

BakmoveHne 163



2. OcHOBHBIE IMOHATHA M OIpeaeeHuss. OcHOBHBIE NOHATHS,
KOTOpBI€ BBLIENSIIOT NPU CTPOTOM IIOCTPDOEHHM TIeOMeTpPHH, AeNATCA Ha
IBa BHJA: OOHU 0GO3HAYUAIOT OCHOBHBIE O0BEKTHI, KOTOPBIMHM 3aHHMAaeT-
csl TeoOMeTpusi, Apyrue 0603HAYAIOT OCHOBHBIE OTHOUIEHUS MEXXKAY HHUMH.
Tak, TOYKA ¥ OTPE30K — 3TO OCHOBHBIE OOBEKTHI, & TO, UTO TOYKA IIPH-
HAIJICHKUT OTPE3KY, — 9TO OTHOLIEHUEe MeXJy HUMH. 3a OCHOBHBIE 00B-
eKThl MBI DpHHUMAaeM ciaexyiomue: 1) Toukmu; 2) orpesxm; 3) ¢urypsi.
Ilpu 5TOM TOYKHM U OTPESKH CUUTAIOTCA UACTHBIMH BHAaMU (DUryp,

3a OCHOBHBIE OTHOILEHUA MEXKAY 3THUMH Oo0BbEeKTaMH IPUHHUMAIOTCH:
1) Touka npuHAAJEKUT (pUrype, B YaCTHOCTHM OTPe3Ky; 2) TOYKa SABJIA-
eTcs KOHILOM OTpe3ka; 3) /JiBa OTpe3Ka pPaBHBbI.

OTHOIIIeHe PAaBEHCTBA OTPE3KOB CJIYKHUT OCHOBHBEIM IIOHATHEM, OHO
He onpepnensiercsa. HariaaHo OHO IOSCHAETCS HAJNOXKEHHEM OJHOI'0 OT-
peska Ha Ipyroi, Ho aro He onpegenenue. Ecau ObI MBI CKas3ajgud, UYTO
OTPe3KH HA3HIBAIOTCS PABHBIMM, €CJIM OJMH MOYKHO HAJIOXKHUTHL HA ApPY-
roi, TO Hazo ObLI0 OB JMOO ONpeNeNHuTh, YTO 3HAYNUT HAJOMKHTbH, JIHOO
NPUHATH HAJOKEHUe 3a OCHOBHOE IIOHATHE.

Tenepr HANOMHHMM HECKOJBKO H3BECTHBLIX OIpeJeseHMH, BhIpakas
HX Yepe3 OCHOBHbIE HOHATHA.

1. ®urypa HaspIBaeTcsa o0beAHHEHHEM HEKOTODBIX JAHHBIX (PUIYD,
eciii eil MpUHAAJEeKaT BCe TOUKH STHX (DUI'yp M HHUKaAKHe APYTHe.

2. Ilpamoit AB HaswiBaeTcsa (urypa, ABIAIOMAACA 00beJHHEHHEM
BCEBO3MOXKHBIX OTPE3KOB, COAep:Kaliux TOYKH A u B.

3. Jlyuom AB wuaseiBaeTcsa (GuUrypa, SBIfOLIagca oO0beIUHEHHEM
BCEBO3MOXKHBIX OTDPE3KOB C KOHIIOM A, comepskamux Touky B.

4. IlonyniocKoCcTh0, OrpaHUYEHHOM NpPAMOI a, HaseiBaeTca (ury-
pa, obiagaroiias CIeAYIOMIUMHE CBOMCTBAMHU: 1) OHA COTEPIKUT MPAMYIO
a, HO He coBHazaeT ¢ HeiH; 2) ecnu TOYKH A, B npHHamIexar IOIy-
ILJIOCKOCTH, HO HE NPAMOH @, TO OTPe30K AB He uMeeT OOIIIUX TOUEK C
a; 3) ecau ke TOYKA A NPUHALJIEKHUT IMOJYILJIOCKOCTH, a B Her, To OT-
pe3oxk AB umeer ¢ npAMO# a ODIILYIO TOYKY.

OmnpepeneHuss MMEIOT CMBICA He caMu o cebe, a JHIIL B CBA3H
C YTBEPXKJEHHUAMH, YCTAHABJIMUBAIOLIMMHK, YTO TO, YEMY [JAHO OIpexe-
JeHue, cyumecrByer. MU ato nmubo yTBep:KIaercd B aKcumomax, Jubo
JOJKHO OBITH JOKa3aHO M3 akcuoMm. IloaToMy B aKCHOMAaX IOBOPHUTCH
O CYIIeCTBOBAHHMHM CAMHX OCHOBHBIX OOBEKTOB M OTHOILIEHUH MEMXIy
HHUMHU,

3. AKCHOMATHKA ILIAHMMETPHM. AKCHOMATHKON HABHLIBAIOT
IepeyeHb OCHOBHBIX MOHATUI U akcuoM. OOBIYHO TOBOPSAT He IIepedyeHb,
a cucTreMa aKCHMOM, TaK KAK AKCHOMBI CBABAHBI APYT C APYroM u obpa-
3YIOT B 3TOM CMBICJIE M3BECTHYIO CHCTEMY.

AKCHOMBI IJIAHMMETPHUH AeIATCA Ha HECKOoJAbKOo rpymnm. Cdopmy-
aupyeM ux. Pumcko#t mmdpoi obosHauaercs HOMep Ipymnmbi, a apabe-
KOl — HOMEp akCMOMBLI B rpynmne (ecam mx GOJBIIE OAHOIR).

I. AKCHOMBI CBAI3M OTPE3KOB M TOYEK.

I.1. Cymecrsyior mo KpaiiHeii Mepe ABe TOYKH.

(L2, JIna kammeix ABYX TOYEK CYIIECTBYeT, W NPUTOM €AMHCTBEH-
HBIM, OTPE30K, KOHIAMH KOTODPOrO ABJAIOTCA NAHHBIE TOYKH.
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I.3. ¥V kaIoro orpeska ecTh JBa M TOJBKO ABa KOHIA, a TaKkKe
CYIIECTBYIOT Apyrue INpHHAIJIEKAIie eMy TOYKH.

O Toukax OTpe3ka, OTAMUYHBEIX OT €ro KOHIIOB, TOBOPAT, YTO OHH JIe-
»KaT BHYTPHM 3TOTO OTPE3Ka,

I.4. Touka C, nexxamas BHyTpu oTpeaxa AB, pasbuBaer ero Ha jBa
orpeska AC u CB, 1. e. AB ecth o0begunenue orpe3koB AC u CB, xo-
TOPBIE MMEIOT JHIIbL OAHY ob6miyio Touky C.

I.5. Kaaplid 0oTpe30K MOKHO HNPOAOJIYKHUTH 3a KaMKJbli U3 ero KoH-
1[OB, T. €. IJfA KaXXJoro orpesxka AB cyliecTByeT coAep:Kaliuili ero or-
pesok AC ¢ xounom C, oTaM4YHBIM OT B.

1.6. O6peguHeHNe IBYX OTPE3KOB, MMEIOIIUX ABe obu[Ue TOUYKH, SAB-
JIIETCHA OTPE3KOM; €r0 KOHIIAMH CJYXKAT ABA U3 KOHIIOB 5TUX OTPE3KOB.

Axcuomsr 1.2 u 1.5 — sro mepBhIil B BTOpoit moctynarsl EBKIupa,
O HarJIAOHO OYEBHMAHBIX YTBEP)KAEHUAX OCTAJBHBEIX aKCHOM rpynnsl I
peur ugeT B n. 1.1 yuebnuxa «Ieomerpusa, 7».

II. AKCMOMEBI paBeHCTBA OTPE3KOB.

II.1. JIBa oTpeska, paBHBIE OOHOMY M TOMY K€ OTpPEe3Ky, PaBHEI.

II.2. Ha xakaoM Jyde OT ero HAYajga MOMKHO OTJIOXKHUTH OTPE30K,
PaBHBI HAHHOMY OTPe3Ky, M IPUTOM TOJBKO OIHH.

I1.3. Ecau rouka C jnexxutr BHYTpPH oTpe3ka AB, a Touka C, JeXHUT
BHYTPH oTpe3ka A,B,; m BemosaHaoTca paBeHcTBa AC = A,C, u CB =
= C,B,, To AB = A,B,.

I1.4. [Tns xKaaslX ABYX OTpe3koB AB u PQ CylIecTBYeT OTPe30K
AC, copmep:amuii AB M COCTABJEHHBIH M3 OTPE3KOB, paBHBIX PQ (ak-
cuoMa Apxumena).

Tpu nepBble aKCHOMBI BTOPOH rpynnel 6blau chOpMyJIHpPOBAHBI B
§ 1 yuebnura «leomerpusa, 7». EguHCTBeHHAA AKCHOMAa TpPEeTheM Ipym-
bl Obl1a c(POPMYJHDOBAHA CO3JATENIEM TEODHMH MHOXKECTB HEMEIKHM
marematukom I'eoprom Kaurtopom (1845—1918).

III. Axcuoma HempepsiBHOCTH. Ecinm maHa OecKoHeuHasl mOCJIeL0oBAa-
TeJILHOCTh OTpe3koB A, B, A,B,, A;B;, ... 1 0Tpe30K A,B, COIEPKUT OT-
pesoxk A,B,, orpe3ok A,B, cOnepXHUT oTpe3oK A;B; u BoOOIIE OTPE3OK
A,B, comep:xuT oTpesok A, B, ., To cymecrsyer Touka C, mpuHan-
JeKamiasi BCeM 3THM OTpe3KaM.

AXCHOMBI [IEPBBIX TPEX T'PYIII MOYKHO HA3BaTh JUHEUHbLMU, TAK KaK
B HUX He NPUCYTCTBYeT IIPeJICTABIE€HHE O IJIOCKOCTU: OHM MOIVIM GBI OT-
HOCUTBCA K TOYKAM M OTPe3KaM, JIeKAIINM Ha OgHOH nmpamoii. Ormerum,
4TO JIMHEHHBIE AKCHOMBI ITO3BOJIAIOT 00OCHOBATH M3MEPeHHe AJHH OTpes-
KOB M BBECTH KOODJHHATY Ha J1000i nmpamoii. Bes akcuomsr Kanropa e
JIOKa3aTh OYEBH/HBIE YTBEDPIKIEHUA O IIEPECEUEHUM [BYX OKDPYKHOCTEN,
KOTOpBIe ITOCTOSHHO HCIOJB3YIOTCS DM DEeIIeHMH 3a7lad Ha IOCTPOeHHe.

AxcruoMm o durypax, He JeKalux Ha ONHOH NIPAMOI, BCEro 4YeThIPe.
B uerBéproif rpynme Tpu akcuoMel. JIBe u3 HuX (00 yriax) BaM 3HAKOMBI.

IV. AkcuomMsl NJIOCKOCTH.

IV.1. Kayxpaa npamMasd pasbUBaeT IIJIOCKOCTbL HA ABe MOJYIJIOCKOC-
TH, T. e. B O0beIHHEHUH 3TH MHOJYILIOCKOCTH AAIOT BCIO IJIOCKOCTB, &
HUX mepeceueHHeM sBIAETCA AaHHAS IpAMad.
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1V.2. CooTBeTCcTBeHHBIE XOPJAbl PABHBIX YIJIOB pPaBHEIL.

IV.3. Or kakmoro Jiyda B 3aJaHHYIO IIOJYIJIOCKOCTH MOXKHO OTJIO-
JKATH YIOJI, DABHBIA JaHHOMY, M IPHUTOM TOJBKO OJIHH.

IMocnenusia IpynIa COAEPIKHUT JHINL OOHY aKCHOMY IapallIesIbHOC-
T EBKRIMAA.

V. Akcnoma mapaanenbHocTH EBxianna. Yepes Touky, He Jeka-
HIyI0 Ha JaHHOU IPAMOM, MPOXOAUT €AUHCTBEHHAN NpsMasi, He mepece-
Kalomasa JaHHYI0 IPAMYIO.

4. O6 ypoBHe CTPOTrOCTM IIKOJBHOTO KypCa reOMeTpPHH.
ITocsie TOro Kak aKCHMOMATHKA €BKJIMIOBON MIIAHUMETPHH NpeIbaBIIe-
Ha, CJIeAoBaJio GBI BEIBECTH XOTA OBl OCHOBHEBIE TEOPEMEI IJIAHMMETPHH,
onupasich Ha 3Ty CHUCTEMY AKCHOM ¥ He HCIOJL3YysA COoOOpajrkeHust Har-
aagHEocTH. KOHeYHO, B paMKaxX IDKOJBHOI'O Kypca 9TO HEBO3MOXKHO, HO
B YVHHBEPCHTETCKHX Kypcax reoOMeTPHH 3To Jesaercd. Hampumep, Taxoe
MOCTPOEHHE IJIAHMMETPHUM BhINMOJHEHO B KHurax A. I[. AsexcaHapoBa
«OcHoBanusa reomerpuun» (M.: Hayka, 1987), a rakxxe A. II. Anexca-
aaposa u H. HO. Heuseraera «I'eomerpus» (M.: Hayka, 1990). Ho na-
JKe B YHUBEPCUTETCKHUX KYypcaX He JAlOTCA A0OKAa3aTeJbCTBa AJIA MHOTHX
HaIrJIsigHO OYEBHMAHBIX YTBEDPIKICHUH.

9. BoraTcTBO reomerpuu. Csoeo6pasue reoMeTpUu, BHIAEIAIO-
1ee eé cpeAn APYTHX pas3fesioB MaTeMaTHKH, Aa M BCeX HayK BoobOuie,
BaKJII0YAETCA B HEPA3PHIBHOM OPraHUUECKOM COEIWHEHUH >XHUBOTO BOOD-
Pa’XeHHdA CO CTPOTOM JOrHKOoii. 'eoMeTpHsa mo CBOEH CYyTH M eCTh IPOCT-
paHCTBEeHHOe BoOOpa’keHUe, MPOHU3AHHOE W OPraHWU30BAHHOE CTPOrOM

JIOTHKOM.
Bo BCAKOM DIOAJMHHO I'eOMETPHUYECKOM IIpeNIoKeHHH, Oyab TO ak-

cHOMAa, TeopeMa WMJIHM OIIpefieleHNe, Hepa3pPhIBHO NPHCYTCTBYIOT 3TH JBe
COCTAaBIAIOIINX: HarIAZHAA KapTHHA M cTporad (pOpMyJHpPOBKA, CTPO-
ruil Joruueckui BeIBOA. Tam, rpe HeT OZHOM M3 DTHUX IBYX COCTABJIA-
IOIIUX, HeT U HOJAJIMHHON reOMeTpHH.

Harnsgaocrb, BooOpaskeHue npHHAaAJexKaT OoJbllle HCKYCCTBY,
cTporas JIOTMKa — npuBuierud HayKu. CyXOoCTh TOUHOIO BBIBOJA U 3KH-
BOCTHh HAIJIAJHONH KApPTHHBI — «JIEO M IIaMeHb He CTOJIb pPasiuYyHbI
MesK coboit». Taxk reomerpus coepunser B cebe 3TH ABe IIPOTHBOIIOJIOMK-
HocTH., Tak €€ M HaLO M3y4YaTh: COEAHHAS JKMBOCTh BOOOpaKeHHA C JIO-
THKOHM, HAaIJAAHbIE KAPTUHBI CO CTPOrMMM (POPMYIHPOBKAMHK M JOKAa3sa-
TeJBCTBAMHM.

I peBHelmaa U3 HAYK — IeoMeTpUs pasBUBaeTcd U oboramgaerca HO-
BBEIMM METOJaMM M pe3yJibTaraMiu yke Oojiee ABYX € IIOJIOBHHOW ThICAYE-
geruii. C eé ncropueil Mbpl 3HAKOMUIJIM Bac B 9TOM yYeOHHKe: Bbl Y3HAJH
0 caMbIx Besqmkmx reomerpax pesueint I'penuu — Panece, Iludarope,
EBxaupge, Apxumene, o6 ux pesynaprarax. B JIpeBrelt I'penium Guina cos-
JlaHa KJaccuuecKas 3JIeMEeHTADHAA reoOMeTpuUsa. A B MCTODHU TAKOTO BAMK-
HOTO pasiena reoMeTPHH, KaK TPUTOHOMETPHS, MBI BCTpeYaeMcad H C
TJIABHBIM IIPOM3BEJleHMEeM 3HAMEHUTOro acrpoHoMa apeBHoctu IlTonemes
(I B.), m ¢ OTKpBITHUAMH CpefHeBeKOBBLIX yuéHBIX Ilepcun (Mpana) n
Cpenneit Asun, u ¢ tpyaamu Kpynseimero y4énoro XVIII B. Jleonapaa
Oiinepa. HoBele mgen u meronsr oborarunu reomerpuo u 8 XVII B. (me-
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trox koopauHat P. lekapra u II. ®epma), u B XIX B. (BeKTOpPHEI MeTOx
¥ TEOpHA IpeodPasoBaHUIL).

KapauHanpHBIM II€PEBOPOTOM HE TOJBKO B I€OMETPHUH, HO M BO
Bceil MaTeMaTuKe crajo orkpeiTme H. H. Jlo6aueBckum, K. Tayccom u
s1. BoitAn HeeBKIHZOBOI reomerpuu (00 3TOM MBI YK€ DACCKAa3LIBAIHU B
7 xaacce). Ecaum no cepegumpr XIX B. ObLTa JMINB OZHA I'EOMETpUA —
eBKJIMJI0BA, OCHOBBI KOTOpPO# wmano:kensl B «Hauamax» EBxauna, To B
cepelMHe 3TOr0 BeKa Hapaay ¢ reomerpueili EBkimza mosaBmiach eme
OofHA TeoMeTpua — zeomempus Jlobavesckozo. 3aTeM BOSHUKIHU U JPY-
rie reOMETPHH: OTAEJHJIACh OT eBKJIHIOBOH IeOMETPHH NPOeKMUBHAS
2zeomempus, UCTOKM KOTOpPOM CBsA3aHbI ¢ u300parkeHHeM HA ILJIOCKOCTH
IIPOCTPAHCTBEHHBIX (UIYp, CIOKUIACH MHOZOMEPHAA ZeoMempus, TOU-
KH U BEKTOPBI B KOTOPOM MMEIOT Jil00oe UHCJIO KOODAHWHAT, U eIé MHO-
rie reomeTpun. U3 Hayku o ¢urypax B OZHOM TPEXMEPHOM EBKJIHJO-
BOM IIPOCTDaHCTBe reomerpus 3a Kakue-Hubyas 40—50 jmer npespaTu-
Jlach B COBOKYIIHOCTH PasHOOOPA3HbIX TEOPHii, JHUIIb B YEM-TO CXOZHBIX
cO CBOeHl mpapoauTesbHHIEH — reomerpueit Epkanmpa.

Ho B mociegHue ABa-TPH CTOJETHS reoMeTpUs oboramiajachk He
TOJBKO TAKMMM TEOPHUAMM, KOTOPbIe IPUMEHSIOT JOCTATOYHO CJIOKHBIE
aHaJIUTUYeCKHe MeTonbl. ['eoMeTphl CTalnM 3aMedyaTh M MCCJIENOBATH
(haxThl, Kasajoch ObI, Jexaliue Ha ITOBEPXHOCTH, — HMX MOIVIM Obl YBH-
AeTs ¥ U3Yy4YUTh U BO BpemeHa Iludaropa, Ho He yBuuenu! Hanpumep,
€C/IX BBl y JIO00ro BBINYKJIOIO MHOTI'OIPDAHHHKA HaWJETe CyMMYy dYHCJIa
BepiuH u rpaHeir B + I', a sarem BeIuTeTe M3 Heé
qyucjao pebep P, To mosmy4durcs, 4TO

B+T'-P=2! (1)

IlposepsTe paBeHcTBO (1) Ha mpuamax, mupa-
MHAAX, IPAaBUJIBHBIX U IOJYNDPABHJIBHBEIX MHO-
rorpasHukax. Jlokasaa paseHCTBO (1) Oiinep
CpeICTBAMH KJIACCHUYECKOH sJeMeHTapHO# reo-
MeTpHH, M 3Ta TeopeMa Jiiepa craja OJHUM U3
IepBLIX Pe3yJIbTATOB eIlé OJHOH BeTBH IeOMeT-
pun — mononozuu (ceyac, II0 CYIIECTBY, OHA
oTaeJuJiack OT I'eOMeTPHH H sABJAeTCA CaAMOCTOHA-
TEJBHBIM Pa3/ieJIOM COBPEMEHHOIl MaTeMaTHKH).
B romosioruu u3ydaioT Te CBOHCTBa (DUI'Yyp, KOTO-
pble coxpaHsTCA (MHBADMAHTHEBI) IPH B3aUMHO
OJHO3HAYHBIX ¥ B3aMMHO HEIIPEPBIBHBIX Ipeobpa-
3dopanuAx ¢(uryp. fdcHo, YTO eciaum MBI «pasny-
eM» OJIMH K3 apXuMeJOBBIX MHOTOrDAHHUKOB
(puc. 232, a) no chepudecKoil MOBEPXHOCTH (DyT-
fGoapHOro mMaya (puc. 232,6), TO rpaHM MHOIrO-
IPDaHHMKA CTAHYT 006JacTaAMM Ha cdepe — Kycka-
MH MNOKPBIIIKHM MA4Ya, ero pébpa CTaHYT CeThIO
ayr Ha cdepe, IO KOTOPBIM CIIUTH KYCKHW II0-
KDPBIIIKY, 4 BEPIIMHBI CTAHYT TOUKaMHu Ha cdepe,
B KOTOPBIX cxoauTcsa OoJsiee OBYX AYI CeTH, — y3- Puec. 232
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oy
Puc. 234 Puc. 235

| .
Puc. 236 @

namMu cetu. M umcso Takmx obyacrTeir Ha cdepe PABHO UHCIy TpaHeH
MHOTOIDAHHUMKA, YHUCJIO AYT CeTH PABHO YUCIAy pEé6ep MHOrorpaHHHKA,
a YMCJIO Y3JI0B CeTH PABHO YMCJy BepIIMH MHororpaHHuka. Pasencrso (1)
BEPHO HEe TOJBLKO JJIsl BBIIYKJBLIX MHOTOT'DAHHHUKOB, HO U IJIA TeX ce-
Tell Ha chepe, KoTopble pasbusamoTr chepy Ha oOJacTH, orpaHUYEHHBIE
OIlHOH 3aMKHYTON KPHBOM.

U3 pasencrsa (1) MokHO BBIBeCTH pasHooOpasHble ciegcTeud. Ha-
npuMep, U3 HEro JIerKO BBITEKAaeT, UTO CYIIecTBYeT BCero IATh THUIIOB
HPAaBUIBHBIX MHOTOTPAHHMKOB. MOHO DOJYYUTh U3 HEro (HO CJIOMHEe)
M KJIacCH(PUKAIMIO IOJYIPABUILHBIX MHOTOIDAHHUKOB.

Emé ozun nmpumep HeOXKHIAHHBIX (aKTOB, OOOraTHBIINX COBPEMEH-
HYIO reomerpuio. B cepexune XIX B. B reoMeTpuUM NOSIBUIUCE 0OHOCMO-
POHHUe nosepxrocmu. IlepBolil IpHMep TAKOW MOBEPXHOCTH IIOCTPOMJI
HeMeukui reomerp Asrycr Mébuyc (1790—1868). On B3am O6BIKHOBEH-
HYI0 NpAMOYTOJBHYVIO MOJIOCKY Oymaru (puc. 233, a), oguH pas eé mepe-
Kpyrua (puc. 233, 6), a zarem ckaeusa (puc. 233, B). IlonyuuBiryocs

168 3aknouyeHue



MOBEPXHOCTh HA3BIBAIOT JIMCTOM (M JieHToi) Mébuyca. (CkieiiTe ¥ BBI
guct Mébuyca.) Eciu mosocky ckieuTb, He IepeKpyduBas, TO IOIY-
guTcA oObIYHas#s OOKOBafA IOBEPXHOCTh LuauHApPa (puc. 234, a), KoTO-
pYIO MOYKHO 3aKDACHTh CHAPYKHM OJHOM KpPacKoH, a M3HyTpH ApYyroi
(puc. 234, 6). BorkoBaa mosBepxHOCTH UIMJIHHADPA ABYCTOPOHHAA. M Bce
NIOBEPXHOCTH, KOTOPEIE MBI JO0 CHUX IIOP pacCMaTPHBAIH, ABYCTOPOHHHUE.
A nmmer Mébuyca Tak, Kak OOKOBYH IIOBEPXHOCTh LIHJIWHADA, ABYMSA
KpacKaMH 3aKPACHTh HeJb3f: HAUAB KPACHTBH ero KaKoH-TH60 KpacKoi,
MBI, He 3aJeBas ero Kpas, 3aKpacuM Beck jguctT Mébuyca (puc. 235).
Jlucr Mébuyca — OJHOCTOPOHHAS MOBEPXHOCTh. U elné Ha OAHO CBOI-
crBo nucta Mébuyca obpaTrum Ballle BHUMAaHHUE: ero KpaeM ABIAETCH 00-
Ha 3amkHymasn kpueas (puc. 236,a). A kpall G0KOBON IOBEPXHOCTH
IUIUHIPA COCTOMT M3 ABYX 3aMKHYTBIX KPHBBIX (puc. 236, 06). To 06-
CTOATEJNBCTBO, 4TO JUCcT MEbmyca — OJHOCTOPOHHAS IMOBEPXHOCTH, UMe-
eT cediyac pasHoOOpasHbIe TEXHHYECKHe IpuMeHeHus. CBoMCTBaA JIEHTHI
Mébuyca mor ObI IPUMEHUTHL W ApPXUMeEJ, HO OH He o6paTHJ Ha HUX
BHUMaHUA (MM Mbl 00 3TOM He 3HAeM).

Ceiiuac, uayuas pasjUuyHbLIe MOBEPXHOCTH, BCErZa BBIACHAIOT (ecau
9TO HESACHO M3 KaKMxX-Jubo cooOpaKeHWH 3apaHee), ABJIAETCA JH 3Ta
IIOBEPXHOCTH OJHOCTOPOHHEH MJIM JABYCTOPOHHEH. JTH CBOIiCTBA IIOBEPX-
HOCTeH TakK)Ke ABIAIOTCA MX TOMNOJOIMYEeCKHMMH CBOMCTBAMH.

Ho, okaspiBaeTcA, MOMKHO PaCIIMPATH CBOEé 3HAKOMCTBO C I'€OMETPH-
elfi ¥ He IOKHZAAA JJIeMEHTADHYIO I'eOMeTpDHIO, U Ja’Ke OCTaBafcCchb B OX-
HOU m3 eé obsacreil, HATIpHMep B reOMeTPHH TpeyrojbHuKa. B m. 12.3
MBI HM3yUajau pAasINuHble 3aMedaTelbHBIe TOU-
KM TpeyroJbHHKAa. KECTecTBEHHO IIOCTABUTH
BOIIPOC: B KAaKOM ciaydae oTpe3xku AA,, BB, u
CC,, unyniue u3 BepIIMH TpeyroabHuxka ABC
10 ero NPOTHUBOMOJJOMKHBEIX CTODPOH, IIPOXOLAT
uepe3d ogHy Touky (puc. 237)? OrBer Ha 3TOT
BONpPOC JAéT TeopeMa, KOTODPYIO AOKas3aa B
1678 r. uTanbAHCKUNA MarteMaTHk J[;KoBaHHH
Yena (1648—1734). OTH OTpPe3KH MNPOXOAAT
yepes OJHY TOUYKY TOTAA U TOJNBKO TOTAa, KOr-

Aia BBINOJIHAETCS PABEHCTBO Puc. 237
AB, CA, BC,
T A8 A~ 1 (2)

ITonyyuTe M3 3TOr0 paBeHCTBA M3BECTHBIE BAM TEOPEMBLI O 3aMeya-
TeJbHBIX TOYKAX TPEYIrOJBHHKA M IIOCTapaiTech HAWTH HOBhIe AJHA BAac
yTBepaeHus. VI 70 CHX IIOP B 'eOMETPHU TPEYroJbHUKA HaXOLAT BCE
HOBBLIE Pe3yJbTATEI.

B npeaucaosuu Hasuna I'mnsbepra k sHaMenuTtoit kaure «HarnagHada
reomerpusa» (HanucanHoili MM BMecte ¢ Kom-Poccenom), obpaiascek K eé
uuTareno, oH Hanucan: «IlycTs uuraTens mporyamBaeTcs B OTPOMHOM ca-
Oy reoMeTpHUM, B KOTOPOM KAaKIBIH MOKeT mojodparh cebe Takoil OyKer,
KakKoi eMy HDaBHUTCH».
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MNpepmeTHbIM

Bopaop 9.2

BexTop 1.1, 1.4

BexropHasa anrebpa 4.1

BexToph! KoJaauHeapHbie 1.1

— oproro"aneaeie 1.1

— napannensusie 1.1

— nepneHguKyaspHse 1.1

— HPOTHUBOIOJOXMHO  HAIpaBIeHHBIE
1.2

— NpOTHBONONOKHEIE 2.3

— paBHble 1.3

— coHamnpasJieHHble 1.2

Tomorerna 7.2, 10.2
T'pagycuas mepa ayra 11.3

Isusxenune 8.1

Hauna (Moxyae) Bektopa 1.1
— JAyI'u OKpy:KHocTH 13.2
— okpysxHOCTH 13.1
Honexasap 9.5

Bameuare/ibHble TOUKH TPEYrOJbHUKA
12.3

Hxocasap 9.5

KacarenbHasa K oxkpy:xHOocTH 11.2

Kommosnusa npeobpasosannit 7.4

Koopaunnara BexTopa Ha ocu 5.1

Koopaunarsl BEKTOpPAa Ha IJIOCKOCTH
5.2

Kocunyc 6.1

Koadpdunuenr romorerun 10.2

— nogobua 10.1

Ky6 9.5

Mertoxn BexTopHbI 4.1

MHororpaHHHKM TIpaBUiIbHBIE 9.5

— MOJYNpaBUJIbHBIE  (APXWUMEIOBHI)
13.5

MHOroyroJlbHMK NpaBUIbHBIN 9.4

Muosectea Hlonua 10.3

Hanpasnennsiit orpesox 1.1
HEHTOI{BHH{BaH TOYKa Tpeo0Opa3oOBaHUA

Obpas Touxku 7.1

— ¢urypsr 7.1

O6wpeannenue asyx ¢uryp 7.1

OKpYIKHOCTh, EBHHCAHHAA B MHOIO-
yroJibHur 12,2

ykasarenb

— — — TpeyroiasHuK 12.2

— , OINMCaHHAA BOKPYI MHOTOYroJbHH-
ka 12.1

— — — TpeyroieHuka 12.1

— OJiinepa 12.3

Oprouentp 12.3

OCHDBHOE TPHIOHOMeTPpHYeCKoe Tox e~
creo 6.1

IlapannenbHbiil nepeHoc 7.2, 8.3

Ilnomanes kpyra 13.3

Ilomobue ¢puryp 10.1

Ilosopor Ha miaockocTH 8.7

IlpaBunbHell oKTasap 9.5

— Terpasap 9.5

IIpeobpasoBaHue B3AMMHO OJHO3HAYHOE
7.3

— obparumoe 7.3

— ofparHoe 7.3

IIpeoGpasosanue Qurypsr 7.1

IlpeobpasoBaHuA B3aMMHO oOpaTHBIe
7.8

ITpoexTupoBanue purypsr 7.1
ITpoussenenue BerTOpa Ha uucao 3.1
IIpoo6pas Touku (purypsr) 7.1

PagpeHcTBo BeKTOpoB 1.3

— ¢uryp 8.9
Pasnocre BexTOpoR 2.3

Cerymaa 11.5

CummMerpus sepkansHas 7.2, 8.6, 9.1
— ocepaa 7.2, 8.5, 9.1

— nepenocHas 9.1, 9.2

— mosopoTHas 9.1

— ¢urypsr 9.1

— uenTpansHaa 7.2, 8.4

Cunyc tymoro yriaa 10.4

Cnosxenme BeKTOpoe 2.1

Cransap (ckansapHas BenuuwnHa) 1.1
CrayiapHOe IIpOM3BeJieHne BeKTOpoB 6.2
Cymma BextopoB 2.1

Cdepa 14.3

Teopema rocuHycop 6.1
— cunycop 10.4

Yron mexay BekTopamu 1.5

— — BEKTOPOM M ocbhbi0 5.2

Yron, BOHcaHHBIM B OoKpy:KHOCTHL 11.4
— peHTpanbHbeI 11.1

Ilenrp macc (TAXKeCTH) TPeyroJbHHUKA
12.3
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1.15. affc. 1.21.12. 1.27. a) 60°, 120°, 120°, 60° 6) 45°, 135°, 135°,
45°; B) 50°, 150°, 130°, 50° r) 50°, 115°, 130°, 50° x) o, 180° — B,
180° — a, o. 1.28. a) 80° 6) 140°; B) o + B, ecnn a + f < 180°, u
360° — (o0 + B), ecam o + B = 180°. 1.29. 120° uam 0°. 1.30. a) 45°;
6) 135° B) 90° r) 60°; x) 90°; e) 120°.

2.8. = 460 kM. 2,12, Hynwo. Bacua «Jlebens, Illyka u Pak».
2.13. a) V2; 6) ¥2; B) 0. 2.20. a) V2; 6) V2; B) 1; 1) 1; 1) V2.

3.5.2) AC = 0,75AB; 6) AB = 4CB; ) BC = —1AC. 3.6.2) AX =
e %Eg, B 001IeM cayuae ﬁ - ﬁﬁ; 0) ﬁ= 0,5ﬂ; B obieMm cay-
qae ﬁ'= %ﬂ; B) E - —35(.; B o0meM caydae E = —(k+ l)ﬁ.

3.7. a), 6) CO = OA = —0,5a; B), 1) AB = ~CD = 0,5a — 0,5b;
r), e) BC = -DA = 0,5a + 0,5b. 3.8.a)CD =a —b; 6)AD =¢ — b:

—

B) AC, = —-2a; 1) C,A = 2a; n) AB, = -2d - ¢ + b. 3.9.a), 6) Or 1

mo 3; B) or |x — y| o |x + y|. 3.14. a) OD = 50A + EOB; 6) p-l—q‘OA -

p -—‘.l. b — a — —b——r —b__,
P+9'OB’ B)mﬂ"'_a_'_bb, rme CA=buCB-=a.

+

5.2.a) -3; 6) 7; B) —16. 5.3. Hyas-sekTop. 5.4. 30 u —30. 5.5. a) —140;
0) 40; B) Takoi#i ToukmM He cymiectByer; r) 28. 5.13. a) (—1; 1), J2;
6) (-3; —4), 5; B) (3;4), 5; r) (-2p; —2q), 2/p® +¢°. 5.14. a) 45°, 45°%
6) 45°, 135° B) 135°, 45° r) 135° 135° x) 60°, 30° e) 150°, 120°%

®) = 56°, = 84°. 5.15.a) (3;-1); 6) (1; -1); B) (3;:-5); r) (12;—8);
o) (-1;-4). 5.16.a) (1;1); 6) (3;1); B) (1;5); r) (-8;8); m (5;4).

5.17. V6mBaer or v21 0 3. 5.18.0r 1 mo 13. 5.22.a) (-2; 1);
6) (4; —2); B) (-6; 3). 5.23. a) (0;0); 6) (-4;4); B) (0;0); 1) [—13(2; —%);

1) (-10; 10); e) (-7; 7). 5.24.8) @ = (/35 -1), b = (-2; 2¢/3);

6) (V3 — 2; —1 + 243); B) (v3 + 4; —1— 44/3). 5.25. a) Her; 6) aa; B) HeT;
r) ga; n) ma; e) mHer. 5.26.a) —6; 6) —2; B) 0; r) 0. 5.27. a), 6) (2; 1);

B) (-11;5); 1) (1 2).
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6.4. 1, f Jl_ 10, -1, -71_2_, —@, ~1. 6.5. a) 60°; 6) 120°% B) ~ 73°;

r) = 135°, x) 180°; e) 90°; :x) 0°. 6.6.a) ,/0,91; 6) —@; B) _\@

a) i—-‘/: 6) +£4/0,99; B) & T 6.8. a) Ocrpoyroasusrit; 6), r) Tymo-
yIOJIBHEII; B) OCTPOYTOJBHBIN; X) IpAMOyroabHbii. 6.9. a) = 78°, = 58°,
~ 44°; 6) = 93°, ~ 48°, = 39°; B) = 55°, = 55°, = 70°% r) 41°30’, 41°30’,
97°; x) ~ 18°, = 77° 90°. 6.18. a) 6/3; 6) —64/3; B) 6+/2; 1) 6; 1) 0;

e) —6; x) -64/2. 6.19. a) 0; 6) -4; B) 0. 6.20.a) —-2; 6) —2; B) 3; 1) 03
o) —3. 6.21. a) = 143° 6) 135° B) = 16° r) 90°; n) = 11°,

1.5. 6) BexTopsl U = (a; ¢) n v = (b; d) — emguHUYHBIE; B) |(; . 3)| <
< |uljv|. 1.7. Oxpyxnocrs. 1.8. a) JIBe runepbossr; 6) aBe runmep6oabl U
OMCCEeKTPUCHI KOOPJAMHATHBIX yrioB Oe3 mHauasa koopauuar. 1.9. a) Ilpsa-
Mas.

7.4.8) [-2; 1], [2;3], 21; 6) [1;4], [152]U[-2;-1], 0 & 1; B) [1;2] n

[é; 2], V2. 7.14. azgcos 0.

8.14. 0,258, 1,758. 8.15. %s, %s. 8.18. g 8.27.a) (x— 12 + y2 = 1;
6) (x+ 1)+ y> =1; B) (x— (2a - 1))* + y*> = 1. 8.36. 0,25 u 0,75.

8.37. %az(ﬁ -1 n —a2(3 J2).

9.17.a) 6; 6) 7. 9.19.9., 9.20.a) 5; 6)9; B) 3. 9.21.n gna n> 3.
922.n+ 1 gna n> 4.

10.4.~ & u ~ 10; = 60; ~ 18. 10.24. V2 ~ 1,25 u */5 ~ 1,75.

10.26. 0,25, 10.27.a) 3:1; 6) 9:1; B) ﬁ
I1.5. a) 'omoTeTHA ¢ LEHTPOM B MX IleHTpPe Macc U Koapduuuenrom —2.

I1.6. 6) 2 : \/g; B) KOMIOBUIMA IOMOTETHH W IIOBOPOTA; I) J§ s 2w 84,
I1.9. Her.

11.6. a) 0,5\/5, cos @ = E' 6) 2.2, cosQ = 9, B) 3\/_ 60°.

11.7. a) 2- 3 u 0,5y2++3; 6) y2—+2 u 0,5(2++2;

8) 1 u 0,5/3; r) V2 u 0,5v2; 1) V3 u 0,5; e) \H2+\/§ u 0,5\2-2;
) V2+V3 u 0,52 -3. 11.8. f(x) = x /4 - 2%, f(1) = 3
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11.9. a) Mensute 60°; 6) Gonpme 60°, HO Menbire 180°; B) MeHbIIE yrI-
na, KocuHyc Koroporo pasen 0,99995. 11.16. \{c -a®. 11.17. 0,5¢.

2
11.18.R—JR2—% u R+1/R2—%. 11.28.180° - ¢ u 180° + .

180° + @ 2)° o, o, o. o.
11.29. /0 —¢ " 11.31. (gsﬁ) . 11.34. a) 100°; 6) 35°; B) 60°; r) 80°%

) 36°; e) 110° k) 32° 3) 100°. 11.35. a) 60°; 6) 30°; B) 35° r) 20°;
) 40°. 11.86. 45°, 60°, 75°. 11.37.a) 2; 6) 24/2; B) 2V/3; 1) 4; 1) 243.
11.38. a) MeHnsb1e 2; 6) Gosablme 2\/§, HO He 0oJIbllle AMaMeTpa; B) JIIO-
f6oif OJAUHBI 10 4; ') MeHbIIe 2\@. 11.42. a) 12; 6) 3; B) 2; 1) 2; n) 32;
e) 2. 11.43. R? — a®. 11.44. a® - R%. 11.45. Ymenpmuncs B 2,5 pasa.
11.46. ¥YBeauuuica B 3 pasza. 11.47. MC =12, MA=18 u MC= 5,
MA = 25. 11.52. a) Paccrosgsaue OT CHOYTHHKA [0 JUHUM IOPH30HTA HAa
3emne = 1600 xkm.

12.3.a) &; 6) -%; ) 25, 1 T — Y W7 T
) 2 ) NE] B) &7 |I'4c — a® sin® (pcosp a) \/5

6) _2811’1((:1%—[3) . 12,17, a) a—g; —(.lb_\/____‘_ , WJIHN (‘-ITD TO JKe camoe) Io-

a+b+4a®+b®

10 ab
JIOBUHA PA3HOCTU CYMMBI KATETOB U I'MIIOTEHY3Bl; B) 3. 12.18. ———.
&(az + b2

1
13.2. YBeuuuTs Ha 3. M. 13.3. ¥YBenmuuuiaack Ha 27 M.

180° b
13.4. r) 1 > GOS8 = 13.5. a) 57; 6) u 1) m/a® + b*; B) n— 5. THe

cosB= — 2b ; M) moJjiaraf, 4TO B Tpamel U OCHOBaHue a > b,

a
HAaXOAMM KOCHHYC OCTPOTO YIJIa () TPANEIMH: COS P = —— , HAXOAUM IO

TeopeMe KOCHHYCOB AMArOHANL d TpPAIleluM, a 3aTeM HaXOZHM Pagnyc
d na 16 .

OKPYKHOCTH O GOpMyIe 5o o5 e) sing 5 ) N 13.6. a) nasina;

GCOSE

6) 2]‘{_’*_.—; B) 21‘[&@.‘52 = 0,25&2 5 r) m F 20'. . 13-7. Ecnu L]_ = ng
a+b+\/c?+b2 a+2b l+sm-§
o (L; = Ly) : 2n. 13.8. 2. 13.9. [lns1 NPaBUIBHOTO N-yroJibHUKa OTHOLIe-

HUe paBHO T :(nsm180 ] IIpu n=6 umeem 7n:3 = 1,05, npu n= 10
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umeem 7 : (10sin18°) = 1,02, npu n= 12 umeem k=1 : (12sin15°) =
=~ 1,01, npu n= 20 umeem 7:(20sin9°) = 1,00.

13.10. 2nRn. 13.17. a) %nR; 6) 1%:«R; B) %nR; r) %nR; ) %RR; e) %nR_
13.18. %nR " gnR. 13.19. a) 180°; 6) 90°; B) 30°% r) 120° 1x) 315°;

e) 330°; x) %. 13.20. Paguyc x MaJbIX OKPYXXHOCTEH yIOBJIETBODPSET

ypaBHeHHIO R = x + x%. Boabuias OKpPY’KHOCTL pas3buTa Ha LYTH IIO
120°, a maJble OKPYsKHOCTH pas3dbuTel Ha ayrua mo 60°, 150° u 150°,
13.21. %360". 13.22, Ornomenue paBHO (180° + ¢):(180° — ). Ilpn

BO3pacTaHUU yriaa ¢ oHo Bozpacraer. OHO paBHO ABYM IpH ¢ = 60°

13.33. a) 3a% 6) 5a% B) 3(a® + b?); 1) 4"

. 13.34. a) 750°% 6) 6+2f,

2 2_:.2 2
22 p) Tasin acos o - yg 35 /2 13.37.a) T5%; 6) 19%.

B)
(@a+b++a?+ bz)2 (1+sina)®

1,2 12 1 52 1,2
13.38. Kpyr, Tak Kak TEL < ?EL . 13.39. Kpyr, Tak Kak mL < HL 4
13.40. ITockoasKy 4.8 > 2\/§\/E, TO TpaHUIA KBajapara IJUHHEE.

13.41. YV mectuyroasHuka. 13.42. a) He menee 8; 6) e menee 12.

IIL.3. R(2V3 - 3). IIL4. R? (@ — %) IIL7. Vxasanue: na auaronanu AC
BIIMCAHHOIO 4eThIpéxyroiabHuka ABCD nocrpoiiTe Takyio TOuky P, 4To
ZLABP = ZCBD.
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(ok. 287 —
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